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Abstract: This paper proposes a nonlinear backstepping control strategy to improve the
inherent tradeoff between ride comfort of passengers and suspension travel. Passenger comfort
in ground vehicles usually depends on a combination of vertical motion (heave) and angular
motion (pitch and roll). Suspension travel means the space variation between vehicle body and
tires. Our active suspension design has the ability to cope with these two conflicting objectives
for improving the tradeoff between them. The novelty is in use of the nonlinear filter whose
effective bandwidth depends on the magnitudes of suspension travel. Hence, the nonlinear design
allows the closed-loop system to behave differently in various operating regions. As a result, the
excellent performance of full-vehicle active suspension is demonstrated in simulations compared
to a standard passive suspension system.

1. INTRODUCTION

The control design of active suspension systems has been
one of the favorite subjects in automotive research area.
The advantages of active suspensions have been also
promised for many years. According to its ability for the
utilization of extracting energy, a suspension system can
be classified as passive, semi-active and active.

Passive suspension systems in Miller (1998) and Karmopp
(1992) include the conventional springs and shock absorber
used in most vehicles. Current automobile suspension sys-
tems using passive components can only offer a compro-
mise between these two conflicting criteria by providing
spring and damper coefficients with fixed rates.

Semi-active suspensions in Paulides (2006) provide con-
trolled real-time dissipation of energy. For an automotive
suspension system, this is achieved through a mechanical
device called an active damper. The main feature of this
system is the ability to adjust the damping of suspension
system without any use of actuators. This type of system
requires some form of measurement with a controller board
in order to properly tune the damping.

Active suspension shown in Esmailzadh (1996); Huang
(2004); Lin (2004, 2007); Sam (2000); Thomson (2001)
employs pneumatic or hydraulic actuators which in turn
create the desired force in the suspension systems. The
performance of a vehicle suspension system is evaluated
by providing improved the ride comfort of passengers and
avoiding hitting its suspension travel limits. Even if the
traditional passive suspension system can effectively nego-
tiate this tradeoff, the active suspension systems still have
better performance and other advantages than passive
ones. For instance, the active suspension systems not only

can effectively emphasize the ride quality and handling
performance, but also obtain the secondary benefits of
better braking and cornering because of reduced weight
transfer.

The nonlinear backstepping design has been applied to
quarter-car and half-car active suspension systems in Lin
(1997, 2003) but not to full-vehicle suspension yet. The
main control objective is not only to improve the passen-
gers comfort, but also to prevent the suspension travel
from hitting its limitation. In this paper, the nonlinear
backstepping control strategy is proposed to improve the
inherent tradeoff between ride comfort of passengers and
suspension travel. Our simulation results show that the
vertical and angular motion of the vehicle body has been
simultaneously minimized to improve ride quality of pas-
senger. The remainder of the paper is organized as follows.
In Section 2, we introduce the model of full-vehicle suspen-
sion system and analyze its system dynamics. In Section
3, the nonlinear backstepping design strategy is utilized
to design an active suspension system for achieving our
control objectives. In Section 4, some comparative simula-
tion results including a passive suspension system and our
resulting active suspension are illustrated. Finally, some
concluding remarks are in Section 5 for further research.

2. SYSTEM MODEL AND DYNAMICS

The model of a full-vehicle suspension system proposed in
Chalasani (1996); Ikenaga (2000) is shown in Fig. 1. The
full-vehicle suspension model is represented as a nonlinear
seven degree of freedom (DOF) system. It consists of
a single sprung mass (vehicle body) connected to four
unsprung masses (front-right, front-left, rear-right and
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Fig. 1. Full-vehicle suspension system model

rear-left wheels) at each corner. The sprung mass is free to
heave, pitch and roll, while the unsprung masses are free
to bounce vertically with respect to the sprung mass. The
suspension between the sprung mass and the unsprung
masses are modeled as linear viscous dampers and spring
elements, while the tires are modeled simple linear springs
without damping.

By applying Newton’s second law and using the static
equilibrium position as the origin for the displacement of
the center of gravity and angular the displacement of the
vehicle body, the equations of the motion for the system
can be formulated. The equation of motion for heave is
represented as follows:

Z̈ =
1

ms

{

− (Ks1 + Ks2 + Ks3 + Ks4)Z − f1 − f2 − f3

− (Bs1 + Bs2 + Bs3 + Bs4)Ż + Ks1Zu1 + Bs1Żu1

+
[

− a(Ks1 + Ks2) + b(Ks3 + Ks4)
]

sin θ + Ks2Zu2

+
[

− a(Bs1 + Bs2) + b(Bs3 + Bs4)
]

θ̇ cos θ + Bs2Żu2

+
[

c(Ks2 + Ks4) − d(Ks1 + Ks3)
]

sinφ + Ks3Zu3

+
[

c(Bs2 + Bs4) − d(Bs1 + Bs3)
]

φ̇ cosφ + Bs3Żu3

+ Ks4Zu4 + Bs4Żu4 − f4

}

(1)

and the equation of the motion for pitch and roll is
represented as follows:

Iθ θ̈ = a cos θ
[

Ks1(Zs1 − Zu1) + Bs1(Żs1 − Żu1)

+ Ks2(Zs2 − Zu2) + Bs2(Żs2 − Żu2) − f1 − f2

]

− b cos θ
[

Ks3(Zs3 − Zu3) + Bs3(Żs3 − Żu3)

+ Ks4(Zs4 − Zu4) + Bs4(Żs4 − Żu4) − f3 − f4

]

(2)

Iφφ̈ = − c cosφ
[

Ks2(Zs2 − Zu2) + Bs2(Żs2 − Żu2)

+ Ks4(Zs4 − Zu4) + Bs4(Żs4 − Żu4) + f2 + f4

]

+ d cosφ
[

Ks1(Zs1 − Zu1) + Bs1(Żs1 − Żu1)

+ Ks3(Zs3 − Zu3) + Bs3(Żs3 − Żu3) + f1 + f3

]

(3)

where ms is the mass of the vehicle body and Iθ, Iφ are its
centroidal moment of the inertia. With applying Newton’s
second law again on the front-left, front-right, rear-left and
rear-right wheels un-sprung masses, the equations of the
motion can also be formulated as follows:
• Front-left wheel

mu1Z̈u1 = Ku1(Zr1 − Zu1) + Ks1(Zs1 − Zu1)

+ Bs1(Żs1 − Żu1) + f1 (4)

• Front-right wheel

mu2Z̈u2 = Ku2(Zr2 − Zu2) + Ks2(Zs2 − Zu2)

+ Bs2(Żs2 − Żu2) + f2 (5)

• Rear-left wheel

mu1Z̈u3 = Ku3(Zr3 − Zu3) + Ks3(Zs3 − Zu3)

+ Bs3(Żs3 − Żu3) + f3 (6)

• Rear-right wheel

mu4Z̈u4 = Ku4(Zr4 − Zu4) + Ks4(Zs4 − Zu4)

+ Bs4(Żs4 − Żu4) + f4 (7)

The state assignment of system variables is assigned in the
following:

x1 = Z, is the ride height (heave)

x2 = Ż, is the payload velocity
x3 = θ, is the pitch angle
x4 = θ̇, is the pitch velocity
x5 = φ, is the roll angle
x6 = φ̇, is the roll velocity
x7 = Zu1, is the front-left wheel unsprung height
x8 = Żu1, is the front-left wheel unsprung velocity
x9 = Zu2, is the front-right wheel unsprung height
x10 = Żu2, is the front-right wheel unsprung velocity
x11 = Zu3, is the rear-left wheel unsprung height
x12 = Żu3, is the rear-left wheel unsprung velocity
x13 = Zu4, is the rear-right wheel unsprung height
x14 = Żu4, is the rear-right wheel unsprung velocity

The system state equations with these assigned state vari-
ables for the full-vehicle suspension system are as follows:
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ẋ1 =x2

ẋ2 =
1

ms

{

− (Ks1 + Ks2 + Ks3 + Ks4)x1 − f1 − f2 − f3

− (Bs1 + Bs2 + Bs3 + Bs4)x2 − f4 + Ks1x7 + Bs1x8

+
[

b(Ks3 + Ks4) − a(Ks1 + Ks2)
]

sinx3 + Ks2x9

+
[

b(Bs3 + Bs4) − a(Bs1 + Bs2)
]

x4 cosx3 + Bs2x10

+
[

c(Ks2 + Ks4) − d(Ks1 + Ks3)
]

sin x5 + Ks3x11

+
[

c(Bs2 + Bs4) − d(Bs1 + Bs3)
]

x6 cosx5 + Bs3x12

+ Ks4x13 + Bs4x14

}

ẋ3 =x4

ẋ4 =
cosx3

Iθ

{

[

− a(Ks1 + Ks2) + b(Ks3 + Ks4)
]

x1

+
[

b(Bs3 + Bs4) − a(Bs1 + Bs2)
]

x2 − af1

−
[

a2(Ks1 + Ks2) + b2(Ks3 + Ks4)
]

sin x3

−
[

a2(Bs1 + Bs2) + b2(Bs3 + Bs4)
]

x4 cosx3 + bf2

+
[

c(aKs2 − bKs4) − d(aKs1 − bKs3)
]

sin x5 − af3

+
[

c(aBs2 − bBs4) − d(aBs1 − bBs3)
]

x6 cosx5 + bf4

+ aKs1x7 + aBs1x8 + aKs2x9 + aBs2x10 − bKs3x11

− bBs3x12 − bKs4x13 − bBs4x14

}

ẋ5 =x6

ẋ6 =
cosx5

Iφ

{

[

c(Ks2 + Ks4) − d(Ks1 − Ks3)
]

x1

+
[

c(Bs2 + Bs4) − d(Bs1 + Bs3)
]

x2 + df1 − cf2

+
[

c(aKs2 − bKs4) − d(aKs1 − bKs3)
]

sin x3

+
[

c(aBs2 − bBs4) + d(−aBs1 + bBs3)
]

x4 cosx3

−
[

c2(Ks2 − Ks4) + d2(−Ks1 + Ks3)
]

sin x5 + df3

−
[

c2(Bs2 − Bs4) + d2(−Bs1 + Bs3)
]

x6 cosx5 − cf4

+ dKs1x7 + dBs1x8 − cKs2x9 − cBs2x10 + dKs3x11

+ dBs3x12 − cKs4x13 − cBs4x14

}

ẋ7 =x8

ẋ8 =
1

mu1

[Ku1x1 + Bs1x2 + aKs1 sinx3 + aBs1x4 cosx3

+ dKs1 sin x5 − (Ku1 + Ks1)x7 − Bs1x8 + KulZr1

+ dBs1x6 cosx5 + f1]

ẋ9 =x10

ẋ10 =
1

mu2

[Ku2x1 + Bs2x2 + aKs2 sinx3 + aBs2x4 cosx3

− cKs2 sin x5 − (Ku2 + Ks2)x9 − Bs2x10 + Ku2Zr2

− cBs2x6 cosx5 + f2]

ẋ11 =x12

ẋ12 =
1

mu3

[Ku3x1 + Bs3x2 − bKs3 sin x3 − bBs3x4 cosx3

+ dKs3 sin x5 − (Ku3 + Ks3)x11 − Bs3x12 + Ku3Zr3

+ dBs3x6 cosx5 + f3]

ẋ13 =x14

ẋ14 =
1

mu4

[Ku4x1 + Bs4x2 − bKs4 sin x3 − bBs4x4 cosx3

− cKs4 sin x5 − (Ku4 + Ks4)x13 − Bs4x14 + Ku4Zr4

− cBs4x6 cosx5 + f4] (8)

3. ACTIVE SUSPENSION DESIGN

The control objective is not only to improve the ride
quality for guaranteeing the passenger comfort, but also to
prevent the suspension travel from hitting its limitation.
The novelty is in use of the nonlinear filter whose effec-
tive bandwidth depends on the magnitudes of suspension
travel. The new regulated variable is selected as follows:

z1 = x1 − ξ̄ (9)

where ξ̄ is a filter version of ξ

ξ̄(s) =
ǫ0 + κϕ(ζ)

s + ǫ0 + κϕ(ζ)
ξ(s) (10)

and ξ is defined as the linear combination of front-left,
front-right, rear-left and rear-right wheel displacements,
that is,

ξ = κ1x7 + κ2x9 + κ3x11 + κ4x13 (11)

where κi > 0, for i = 1, . . . , 4 and κ1 +κ2 +κ3 +κ4 = 1. In
(10), ǫ0 and κ are the positive constant and the nonlinear
function ϕ(ζ) illustrated in Fig. 2 is defined as follows:

ϕ(ζ) =



















(
ζ − m1

m2

)2 , ζ > m1

0 , |ζ| ≤ m1

(
ζ + m1

m2

)2 , ζ < −m1

(12)

where m1 ≥ 0, m2 > 0 and ζ = x1 − ξ is the suspension
travel.

ϕ(ζ)

ζ

m1 m1 m2m2

0

1

Fig. 2. Nonlinear function ϕ(ζ)

The nonlinearity function which contains a deadzone is
defined by the −m1 ≤ ζ ≤ m1. While the suspension
travel is smaller than m1 in magnitude, the nonlinearity
function remains dormant. In this region, the bandwidth of
the nonlinear filter which is constant and equal to ǫ0 can
be selected to be small for satisfying the ride quality of
passenger requirement. The nonlinear filter then becomes
identical to the linear filter shown to possess good ride
quality properties. As long as the suspension travel leaves
this deadzone, the nonlinearity ϕ(ζ) is activated, and the
effective bandwidth of nonlinear filter will be rapidly in-
creased, therefore shifting the control objective to mini-
mize the suspension travel. Hence, the introduction of the
nonlinearity function with the control objective admits the
controller to react diversely in different operating regions.
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STEP 1: The derivative of z1 is computed as

ż1 = x2 +
(

ǫ0 + κϕ(ζ)
)

(ζ − z1) (13)

And utilize the x2 as the first virtual control variable, for
which the stabilizing function is selected as

α1 = −c1z1 −
(

ǫ0 + κϕ(ζ)
)

ζ (14)

where c1 is a positive design constant. The corresponding
error state variable is defined as z2 = x2 − α1, and the
resulting error equation is

ż1 = −
(

c1 + ǫ0 + κϕ(ζ)
)

z1 + z2 (15)

STEP 2: The derivative of z2 is computed as

ż2 =
1

ms

{

− (Ks1 + Ks2 + Ks3 + Ks4)x1 − f1 − f2

− (Bs1 + Bs2 + Bs3 + Bs4)x2 + Ks1x7 + Bs1x8

+ [b(Ks3 + Ks4) − a(Ks1 + Ks2)] sin x3 + Ks3x11

+ [b(Bs3 + Bs4) − a(Bs1 + Bs2)]x4 cosx3 + Bs3x12

+ [c(Ks2 + Ks4) − d(Ks1 + Ks3)] sin x5 + Ks4x13

+ [c(Bs2 + Bs4) − d(Bs1 + Bs3)]x6 cosx5 + Bs4x14

+ Ks2x9 + Bs2x10 − f3 − f4

}

− c2

1z1 + c1z2

− c1

(

ǫ0 + κϕ(ζ)
)

z1 +
(

ǫ0 + κϕ(ζ)
)dζ

dt
+ κζ

dϕ

dζ

dζ

dt
(16)

Since the actual control inputs f1, f2, f3 and f4 appear in
(16), the control laws are chosen as follows:

f1 = Q(x) + Ks1x7 + Bs1x8

+
[(

ǫ0 + κϕ(ζ)
)

+ κζ
dϕ

dζ

]

(
1

4
x2 − κ1x8)

f2 = Q(x) + Ks2x9 + Bs2x10

+
[(

ǫ0 + κϕ(ζ)
)

+ κζ
dϕ

dζ

]

(
1

4
x2 − κ2x10)

f3 = Q(x) + Ks3x11 + Bs3x12

+
[(

ǫ0 + κϕ(ζ)
)

+ κζ
dϕ

dζ

]

(
1

4
x2 − κ3x12)

f4 = Q(x) + Ks4x13 + Bs4x14

+
[(

ǫ0 + κϕ(ζ)
)

+ κζ
dϕ

dζ

]

(
1

4
x2 − κ4x14)

(17)

where

Q(x) =
1

4

{

− (Ks1 + Ks2 + Ks3 + Ks4)x1

− (Bs1 + Bs2 + Bs3 + Bs4)x2

+ [b(Ks3 + Ks4) − a(Ks1 + Ks2)] sin x3

+ [b(Bs3 + Bs4) − a(Bs1 + Bs2)]x4 cosx3

+ [c(Ks2 + Ks2) − d(Ks1 + Ks3)] sin x5

+ [c(Bs1 + Bs4) − d(Bs1 − Bs1)]x6 cosx5

}

+
1

4
ms

[

z1 − c2

1z1 − c1

(

ǫ0 + κϕ(ζ)
)

z1

]

and c2 is a positive design constant. Therefore, the deriva-
tion of z2 becomes in the following:

ż2 = −z1 − c2z2 (18)

After finishing the procedure of nonlinear backstepping
design with two steps, now let us consider the following
Lyapunov function for the analysis of system stability:

V =
1

2
z2

1
+

1

2
z2

2
(19)

From (15)-(18), the derivative of (19) is calculated as

V̇ = −
[

c1 +
(

ǫ0 + κϕ(ζ)
)]

z2

1
− c2z

2

2
< 0 (20)

According to the Lyapunov stability theorem, it implies
that the error system is globally exponentially stable.
Alternative stability analysis can be done by writing the
resulting closed-loop error system as follows:

[

ż1

ż2

]

=

[

−c1 −
(

ǫ0 + κϕ(ζ)
)

1
−1 −c2

] [

z1

z2

]

(21)

It is clear to show that the 2×2 square matrix is Hurwitz,
so the error system has a globally exponentially stable at
equilibrium point. This is true with any positive constants
for c1 and c2, although very small values of constants may
lead to unacceptably large errors. Moreover, under our
investigation of zero dynamics, the resulting closed-loop
system is also stable. That is to say, the displacement of
the center of gravity is indeed minimized to achieve our
desired control objective for improving the ride comfort of
passengers without any unacceptable wheel oscillations.

4. SIMULATION RESULTS

The model of full-vehicle suspension system is shown in
Fig. 1. The parameters of full-vehicle model for this paper
are given as follows:

Table 1. System parameter values

Parameter Value Parameter Value

mu1 59 kg mu2 59 kg

mu3 59 kg mu3 59 kg

Ks1 35000 N/m Ks2 35000 N/m

Ks3 38000 N/m Ks4 38000 N/m

Bs1 1000 N/m Bs2 1000 N/m

Bs3 1100 N/m Bs4 1100 N/m

Ku1 190000 N/m Ku2 190000 N/m

Ku3 190000 N/m Ku4 190000 N/m

a 1.4 m b 1.7 m

c 1 m d 2 m

ms 1500kg Iθ 2160 kgm2

Iφ 460 kgm2

Let the road disturbances employed on the front-left, front-
right, rear-left and rear-right wheels be:

Zr1(t) = Zr2(t) = µr

(

1 − cos(8πt)
)

, 0.5 ≤ t ≤ 0.75

Zr3(t) = Zr4(t) = µr

(

1 − cos(8πt)
)

, 3.0 ≤ t ≤ 3.25

where µr is the amplitude (meters). The other simulation
parameters with nonlinear filter design are as follows:

• Simulation time: 10 seconds.
• Suspension travel limitation: ± 12 cm.

Table 2. Design constants

Design Constant Value Design Constant Value

ǫ0 1.5 κ 0.0165

m1 0.015 m2 0.005

c1 1 c2 1

κ1 0.25 κ2 0.25

κ3 0.25 κ4 0.25

The results are able to certify the utility of the nonlinear
backstepping controller by comparing our backstepping
active suspension design (solid line) with active suspension
with linear filter (dotted line) and a standard passive
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suspension (dashed line). The simulation results are shown
in two kinds of diverse consequences with the different
choice of road bump height: (I) µr = 0.025 and (II) µr

= 0.06.

(I) Road bump height with µr = 0.025:

The plots of displacement and acceleration of body center,
pitch angle and its acceleration, roll angle and its accel-
eration are shown in Fig. 3. The plots of front-left and
rear-right suspension travel and wheel displacement are
shown in Fig. 4. While the road bump height is 5 cm,
the suspension travel is smaller than m1 in magnitude. In
that region, the nonlinear filter becomes identical to the
linear filter shown to possess good ride quality properties.
Therefore, the simulation results shown in Fig. 3 indeed
verify that our active suspension design here possesses
potentials to simultaneously minimize the displacement
and acceleration of heave, pitch and roll motions for guar-
anteeing the improvement of ride quality.

(II) Road bump height with µr = 0.06:

The plots of displacement and acceleration of body center,
pitch angle and its acceleration, roll angle and its accel-
eration are shown in Fig. 5. In addition, Fig. 6 illustrates
the front-left and rear-right suspension travel and wheel
displacement. A further increase in the height of road
bump reaches to 12 cm. The suspension travel leaves this
deadzone. The nonlinearity ϕ(ζ) is activated to shift the
restraint of suspension travel. According to Fig. 6, the
active suspension design with nonlinear filter is the one
which does not hit its suspension travel limitation. As
the result, the backstepping design with nonlinear filter
exactly has the ability to improve the tradeoff between
ride quality and suspension travel. Therefore, it can behave
to deal with the conflicting control objectives in different
operating regions.

5. CONCLUDING REMARKS

In this paper, the nonlinear backstepping control strategy
has been proposed for the control of full-vehicle active
suspension systems. The main control objective is not
only to improve the ride quality, but also to prevent the
suspension travel from hitting its limitation. According to
the simulation results, the active suspension design has
clearly demonstrated that the nonlinear controllers possess
potentials to improve the two conflicting control objec-
tives which are passenger comfort and suspension travel.
In the future researches, while the road-adaptive and
modular adaptive backstepping control design proposed
in Lin (1996, 1997) have been well developed in active
suspension with quarter-car model, we are interested in
extending these design methods to the full-vehicle active
suspension systems. Furthermore, the novel conception
is the coordination design of four active suspensions. If
the mutual coordination among all active suspensions can
be achieved, then the passenger comfort will be capable
of being strongly enhanced because reduction of vertical
acceleration at each end has been guaranteed.
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Fig. 3. The response of heave, pitch and roll with road
bump height 5 cm
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Fig. 4. The response of front-left and rear-right suspension
and wheel with road bump height 5 cm
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Fig. 5. The response of heave, pitch and roll with road
bump height 12 cm
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Fig. 6. The response of front-left and rear-right suspension
and wheel with road bump height 12 cm
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