Proceedings of the 17th World Congress
The International Federation of Automatic Control
Seoul, Korea, July 6-11, 2008

[FAC

Asymptotic Sensitivity Properties of Davison Type Integral
Controllers for Time-Delay Plants

Tadashi Ishihara*. Liang-An Zheng**
Hai-Jiao Guo***

*Faculty of Science and Technology, Fukushima University,

Fukushima, Japan, (Tel: 024-548-8149; e-mail: ishihara@ sss.fukushima-u.acjp).
**Department of Mechanical Engineering, National Kaohsiung University of Applied Sciences,
Kaohsiung, Taiwan, (e-mail:zla @cc.kuas.edu.tw)

***Department of Electrical and Information Engineering, Tohoku Gakuin University,
Tagajo, Japan, (e-mail: kaku@tjcc.tohoku-gakuin.ac.jp}

Abstract: Sensitivity properties of the Davison type integral controllers for time-delay plants are discussed
on the assumption that the observer gain matrix is fixes and the cheap control is used to determine the
feedback gain matrix. It is shown that the Davison type integral controller can be expressed as a limit of
the standard predictor-based LQG controller. The explicit representation of the asymptotic sensitivity
matrix is obtained by a simple limiting procedure for the standard problem. A numerical example is
presented to illustrate the difference from the standard predictor-based LQG controller.

1. INTRODUCTION

Integral control of a time-delay plant is often required in
various fields of control applications especially in process
control. Although various design techniques are currently
available, the classical LQG technique is still attractive to
design a controller with modest controller complexity.

For time-delay plants, Watanabe (1985) has proposed an
integral controller which has the robust servo-mechanism
structure proposed by Davison (1976). The controller is
constructed based on the separation principle. The LQG
theory can be used to determine the feedback gain matrix and
the observer gain matrix. However, since the structure of the
controller is different from the standard predictor-based LQG
controller, the existing results of asymptotic properties for the
predictor based LQG controllers (e.g., Lee et al., 1988, Kwon
etal., 1988, Wu et al., 1996) can not directly be applied.

The performance limitations of the Davison type controllers
for lumped non-minimum phase plants have been discussed
in the time domain and the frequency domain by Qiu and
Davison (1993) and Ishihara et al. (2006), respectively. These
results show that the Davison type controllers possess unique
characteristics that can not be obtained as a simple special
case of the LQG controllers.

The purpose of this paper is to clarify the asymptotic
sensitivity properties of the Davison type integral controllers
for time-delay plants. We focus our attention to the
sensitivity properties at the plant output side when the cheap
control is used. Our key observation is that the design of the
Davison type integral controller can be regarded as a reduced
order controller design for the extended plant. By applying
our recent result (Ishihara and Zheng, 2005) on the relation
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between full order observers and reduced order observers, we
can express the Davison type controller as a limit of the
standard predictor-based LQG controller. By a simple
limiting procedure, we can obtain the explicit representation
of the asymptotic sensitivity matrix from the known LQG
result. In addition, as a merit of our approach, we can easily
identify the estimation problem related to the obtained
asymptotic sensitivity matrix.

This paper is organized as follows: Section 2 introduces the
Davison type integral controllers for time-delay plants with
some preliminary observations. In Section 3, the explicit
expression of the asymptotic sensitivity matrix is obtained. In
Section 4, the related estimation problem is discussed. A
numerical example is presented in Section 5. Concluding
remarks are given in Section 6

2. PROBLEM FORMULATION
2.1 Davison Type Integral Controller

Consider a time-delay plant
x(t) = Ax(t)+ Bu(t—1), y(t)=Cx(?), @)

where x(f)e R" is a state vector, u(f)e R" is an output
vector, y(f)e R"is a control input and 7 is a time-delay. It
is assumed that (4, B, C) is a minimal realization without
zero at the origin (s =0) and is minimum phase.

As a basic integral controller design, the method proposed by
Watanabe (1985) is adopted with slight modifications.
Assume that the plant state x(¢)is estimated by a full order
observer

(1) = AR(t) + Bu(t — 1)+ K [ y(t) - CR(1)], ©)
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where K is an observer gain matrix. Consider the extended
system consisting of the plant and the integrators

§(0)= DE()+ Tu(t =7), (1) = HE(), A3)
where 1(t)e R” is a state vector of the integrators and

O 2[¥@0) ')

dié{g 3}, ré{ﬂ, Hlo 1]

The output feedback regulator is constructed for the extended
system using the separation principle. The control input is
given by

(4)

u(ty=—FEE+7/1) (5)

where F is a stabilizing state feedback gain matrix and
E(t+7/t) is a prediction of &(¢+7) based on the input-
output data up to time ¢. The prediction is given by

E(t+1/)2 e E@)+ j' f e ru(o)do, (6)

where
Eoc[xe no]. (7)

The structure of the output feedback regulator for the
extended system is shown in Fig. 1.

Define the partition of the state feedback matrix F as
F=[F F]. ®)
Noting that the matrix exponential in (6) is written as
e’ 0

ol e([feac) 1| ®

we can express the Laplace transform of (5) as

u(s) = -M 5(s)~~ Fy(s) - N,(s)u(s).  (10)
S
where
M, éFXeAT+F,,C(_[OTeA"d0'), (11)
N, (s) = [ F, +1chj[1 —e*“’*“’](sl -A)7'B
y (12)

1 —7s T Ao
—~Fe c(joe dO')B.
Moving the integrators in the extended system to the
controller part and inserting the reference input in (10), we

can obtain the Davison type integral controller as Fig. 2.

2.2 Davison Type Integral Controller as a Reduced Order
Controller Design

From the construction of the Davison type integral controller
described in the previous section, we have the following
observation.

--------- Extended System

0 0

X(t+7/t)

State Observer

Predictor

nt+7/t)

Fig. 1. Structure of the output feedback regulator for the
extended system with the time-delay

Observer

Fig. 2. Structure of the Davison type integral controller for
the time-delay plant

The dimension of the lumped part of the extended system in
Fig. 1 is n+m while that of the controller in Fig. 1 is n which
is the dimension of the lumped part of the plant. This means
that the Davison type integral controller is designed as a
reduced order controller for the extended system. After the
design, the augmented integrator in the extended system is
moved to the controller part for the implementation.

The above observation suggests that the Davison type
integral controller in essence has characteristics of a reduced
order controller.

2.3 Asymptotic Sensitivity by Cheap Control

Assume that the state feedback matrix F in (5) is determined
by the quadratic performance index

5, 2 [ Tanon-+ R (13)

where ¢ >0 and R > 0. The optimal feedback gain matrix F
is given by

F2R'T'P, (14)
where P, is a solution of the Riccati equation
@'P+P®-PIR'T'P +qHH =0. (15)

Our purpose is to clarify the asymptotic sensitivity properties
at the point Py in Fig. 2 as the weight ¢ tends to infinity with
the fixed observer gain matrix K.
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Note that the sensitivity properties of the Davison type
integral controller at the point P, in Fig. 2 are equivalent to
those at the point P, in Fig. 1.

3. ASYMPTOTIC SENSITIVITY PROPERTIES
3.1 Fictitious Integral Controller

Consider the control system in Fig. 1. The controller transfer
function matrix from the output y(¢) to the control
input u(¢) can be expressed as

C(s)2 [ I+ Ny (s)+M(sI - A+KC) ' Be™™
[ M (s - 4+ KC)'K +(1/9)F, |,

where M_ and N_(s) are defined in (11) and (12),
respectively.

-1
J (16)

Recently, Ishihara and Zheng (2005) have shown that, for a
given reduced order observer based controller, we can always
find an equivalent controller including high gain full order
observer. A brief summary of the result is given in the
Appendix A. Applying this result to the observation given in
2.2, we reveal the asymptotic sensitivity properties.

First, we construct a controller including a high gain full
order observer for the extended system.

For the extended system described by (3) and (4), we
consider the standard predictor-based regulator including a
full order observer for the extended state £() :

E =08 O+ Tut-+K, In0-HE, 0], (17)
where K, is an observer gain matrix. Note that
ff (¢) includes the estimate of 77(¢) as well as that of x(¢) .

The control input for the fictitious controller is given by
u(ty=-F& (t+7/1), (18)
where (ff (t+7/1) is the prediction

Etrrinze”E )+ '[ [ e Cu(o)do . (19)

-

The structure of the above controller is shown in Fig. 3.
For the control system in Fig. 3, the transfer function matrix
from 77(¢) to u(t) can be expressed as
Cr()2-{I+F[1-e 7 |(sI )" T |
+Fe P (sl -+ K, H)'T} - (20)
Fe?' (s -D+K,H) K.

Now we give an explicit procedure for constructing the
fictitious integral controller equivalent to the controller (16).

Proposition 1: Consider the controller (20) with the fixed
feedback gain matrix F' and the special choice of the observer
gain matrix

21

K, [(A + /”LI)K} ,

CK + Al

1

1

1

1

:

1

1

i -F |

! State Observer for

| -F, Predictor | | Extended System
E 7(t,0)

R Fictitious Controller ------------

Fig. 3. Structure of the fictitious controller

where A is a positive scalar and K is the observer gain matrix
used in the controller (16). Let C, (s, ) denote the controller
transfer function matrix (20) with (21). Define the controller
given by C, (s,4)/s as the fictitious integral controller. Then

lC/ (s,A) = C(s), (22)
Pt

as A — oo pointwise in s. O

The matrix (21) is obtained from the Proposition A in the
Appendix A by choosing 4,=4, A4,=0, 4, =C and
A4,, =0 with L = K in (A.6). The proof is almost similar to
the Proposition A but requires somewhat different matrix
calculation due to the structural difference. The outline of the
proof is given in the Appendix B.

Note that the fictitious integral controller consists of the
integrators in the extended system and the controller (20)
with (21).

3.2 Asymptotic Sensitivity Matrix

Consider two limiting operations ¢ —> < and A -— e for
the fictitious integral controller. It is known that the feedback
gain matrix F depends linearly on ¢ for sufficiently large g.
In addition, by the definition (21), A appears in matrix
bilinear form in the denominator and numerator matrices in
the controller transfer function matrix (20) with (21). It can
be shown that the two operations are interchangeable for a
fixed s so that identical result is obtained irrespective of the
order of the operations.

Proposition 1 guarantees that the desired asymptotic
sensitivity matrix is obtained by applying A — oo followed
by g — oo since it is equivalent to the direct approach using
the transfer function matrix (16) with g — oo .

We take a reverse approach. Fixing A in the controller (20)
with (21), we apply ¢ — o as a first step followed by 4 —> oo,
For the first step, we can use the result of the standard
predictor-based LQG controller (Wu ef al., 1996) as follows,

Lemma 1: Consider the predictor-based LQG controller
given by (17)-(19) with the observer gain matrix (21) for the
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fixed 4. Assume that the state feedback gain matrix F is
determined by the quadratic performance index (13). As
g — oo, the sensitivity matrix at the point P, in Fig. 3
approaches

L) E{I+H[ 1= [(sI-®) ' K (D] Z,(5), (23)
where
Iy () EU+H(I-D) K ()] (24)
is the sensitivity matrix of the observer (17). |

As the second step, we can easily show the following result
by letting 4 — oo in (23) and (24).

Proposition 2: Consider the Davison type integral controller
shown in Fig. 2 with the full order observer gain matrix K
and the state feedback gain matrix F determined by the
quadratic performance index (13). Asg — oo, the sensitivity
matrix at the point P, in Fig. 2 approaches

/() 2V,(5)0(s), (25)
where
V() ET+C[I-e 7 |(sI-A)'K
. (26)
—e ™ [1 + C(j eA"dO')K} :
0
and
O(s) 2[1+C(sT-A) 'K 27)
is the sensitivity matrix of the observer (2). |

From the above result, we readily have the following
approximations in high frequency region.

Corollary 1: For sufficiently large o),

0

Z(jo)y=I-e'”" {1 + CUTeA“dajK}, (28)

0

I (o) 21X (jw)=e ™ {I+C(jre/*"d0'jl(} ., (29)

where /7] (jw) is the complementary sensitivity matrix.

Remark 1: It can easily be checked that V,(s) defined in (27)
satisfies V,(0) =0 for all 720, which guarantees the integral
action in the controller.

Remark 2: For the delay-free case (7=0), it follows from
(27) that V,(s)=0 for all s, which implies that the zero
sensitivity for all frequencies is asymptotically achieved for
arbitrary choice of the observer gain matrix K. In our view,
this result is plausible from the fact that the Davison type
integral controller is equivalent to the fictitious integral
controller including a high gain full order observer. This
property has been pointed out by Ishihara et al. (2006).

Remark 3: For the standard LQG controller including full
order observer with finite observer gain, the asymptotic
complementary sensitivity always has roll-off in high

frequency region. The expression (29) shows that the
Davison type integral controller does not have this property.
The difference arises from the fact that the Davison type
integral controller is equivalent to the fictitious integral
controller including a high gain full order observer.

4. RELATED ESTIMATION PROBLEM

It is well known that, for the standard LQG controller, the
asymptotic sensitivity properties achieved by the cheap
control is related to the estimation error dynamics of the
observer (e.g., Stein and Athans, 1987). For the predictor-
based LQG controller, Wu et al. (1996) have discussed
related estimation problem. For our problem, their result can
be stated as follows.

Consider the estimation problem with the observation delay:

SO =DEW), ut+1)=HE®), (30)

where &(¢), @ and H are defined in (4) and u(¢t+7)is the
observation vector with the observation delay 7. Using the
observer gain matrix K, (4) used in (23), we can construct a
filtering type observer for (28) as

A

&)= DEN+ K, (D ue+-HED ], (3D

where f(t) is an estimate of &(¢) based on the data up to
time ¢t +7 . Define the prediction values of &£(¢) and ()
based on the observation up to time ¢ as

Eze”é-1), a,(0)2 HE (t-7),

respectively.

(32)

The dynamic system generating the prediction error has the
following feedback properties.

Lemma 2: Define the prediction errors of fp () and f,(¢)
for the estimation problem (30) as

E()EE)-E (), 1, ()2 u)—f,(1),

respectively. Then the prediction errors are generated by the
feedback system consisting of two subsystems

(33)

E)=®E ()+v(t), [1,(t+7)=HE(s),
V() =—-Z,(s)f1, (1)

34
(35)

where

E(9) 2K W1+ H[ 1= |51 -®)' K (D)) .

(36)
The subsystem (34) corresponds to an open loop error
dynamics while the subsystem (35) is an error compensator
with the infinite-dimensional frequency-shaped feedback gain
matrix (36). For the feedback system, the sensitivity matrix at
the output of the system (34) is given by (23) and (24). O

Letting A — « in the expression (36), we can identify the
prediction error dynamics corresponding the asymptotic
sensitivity matrix (25) .
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Proposition 3: Consider the estimation problem where the
prediction errors are generated by the two subsystems

{ (0= A%, (O +v, (1), 71,(6)=CT, (1) +V, (1),

37
a,(t+7)=1,(0), G

v (t) eArK
|:Vl]([):| T I+C(Ifer'do-jK VT (S)/up(t) (38)

0

where I7T(s) is defined by use of (26) as

V.(5)=V,(5). (39)
s

Then, the sensitivity matrix at the output of the subsystem

(37) coincides with (25). O

The above result gives a simpler feedback system which
provides the same sensitivity properties as the asymptotic
sensitivity properties of the Davison type controller. However,
the prediction error dynamics is rather complex compared
with the standard LQG controller.

Remark 4: As pointed out in Remark 1, V,(s) defined in (26)
has always has a zero at s =0so that s in the denominator of
(39) is cancelled by the zero of V,.(s) at s =0.

Remark 5: In the case that the matrix A4 is non-singular, it is
easy to show that the matrix V_(s) defined in (39) can
explicitly be given as

V.(s)=h(s)[I +C(s - A)' K]

(40)
+e"C(sI-—A) "' (I-e")A'K,
where
h(s)=(1-e™)/s. (41)
5. NUMERICAL EXAMPLE
Consider a simple time-delay plant given by
—5s
G(s) : (42)

T (+10s5)(1+60s)

As a realization of the lumped part of (42), we choose

-0.017 -0.017 0
A:{ 0 ol } B:{OJ, c=[1 0]. (43)

The observer gain matrix K is determined as the Kalman
filter gain for the dynamic noise covariance matrix
W = pBB’ with the positive parameter p and the observation
noise variance V' =1.

The magnitude characteristics of the asymptotic sensitivity
(25) and the corresponding complementary sensitivity are
shown in Fig. 4 for three Kalman filter gain matrices
corresponding to p=1,10 and 100. As p increases, the
sensitivity at low frequency region decreases. The peaks and
dips of the sensitivity in high frequency region can be
explained by the approximation (28). The complementary
sensitivity becomes flat without roll-off at high frequency

Sensitivity
20
0
~ 7 ¥ !
m -20 /’,:’ ; b )
2 - e co
= P - - 0
£ - =10
T 40 PR p
S oy -== p=10'
-~ _ p=10%
-60 P
-80
-3 -2 -1 0

Log Frequency (rad/sec)

Complementary Sensitivity

Gain(dB)
N

(K=]

3 -2 -1 0 1
Log Frequency (rad/sec)

Fig. 4. Asymptotic feedback properties for the example

region as expected from (29), which has been pointed out in
Remark 3.

For a finite ¢, the complementary sensitivity has 40dB/dec
roll-off in the frequency region higher than a frequency
determined by ¢g. Note that the convergence to the asymptotic
sensitivity function or the complementary sensitivity function
occurs frequency-wise. We confirm numerically that the
convergence as g — oo occurs from low frequency with
significant differences in high frequency region.

Although care should be taken in interpreting the asymptotic
properties in high frequency region, the asymptotic
sensitivity and the complementary sensitivity provide useful
information for the choice of the observer gain matrix K.

6. CONCLUSIONS

Our recent result (Ishihara and Zheng, 2005) has been used to
reveal the asymptotic sensitivity properties of the Davison
type integral controllers for time-delay plants.

It is an interesting future problem to compare the result with
the other type of integral controller designs (e.g., Ishihara et
al., 2005, Ishihara and Guo, 2007, Wu et al., 2007).
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APPENDIX A. REDUCED ORDER OBSERVER AS A
HIGH GAIN FULL ORDER OBSERVER

Consider the state estimation problem for the plant
x(t) = Ax(t)+ Bu(t), y(¢)=Cx(2), (A1)

where x(t)e R", u(t)e R"and y(t)e R". Assume that the
state vector and the matrices are given in the partitioned form

X 2[x@) %],

A:[j“ j‘z}, B:Lﬂ, Cz[o 1].

21 22

(A.2)

For the state space representation (A,l), we can easily
construct a reduced order observer as

Z(O)=Dz)+O y(O)+ T u),

“t—fc‘(t)—[ t+L t
x(1) = y(t)—OZ() Iy(),

where z(f)e R"™™ is a state vector of the observer, L is an
(n—m)Xm matrix and

(A3)

(A.4)

@ =A,-LA4,, I', =B —LB,,

. (A.5)
O, 2 AL+ A, LA, — LA, L.

Ishihara and Zheng (2005) have shown that, for a given
reduced order observer based controller, we can always find
an equivalent controller including a high gain full order
observer. The result is formally stated as follows.

Proposition A: Assume that the reduced order observer with
the matrix L is given. Consider the controller generating the
control input u(z) = —Fx(¢) , where x(¢)is the state estimate
given by the reduced order observer. Let C(s) denote the
controller transfer function matrix of the reduced order
observer based controller. Construct the full order observer
with the observer gain matrix

K. (1) {KL](Z)} {(/11+AH)L+A12

S A.6
K,,(4) Al+ A4, L+ 4, } (A.6)

where L is a design parameter of the given reduced order
observer and A is a positive scalar. Consider the controller
given by u(f)=—Fx,(t) , where X (¢) is a state estimate
obtained by the full order observer with the observer gain
K, (4). Let C,(s,4) denote the controller transfer function
matrix of the full order observe based controller. Then

C,(s,4) > C(s), (A7)
as A — oo pointwise in s. O
APPENDIX B. OUTLINE OF THE PROOF OF
PROPOSITION 1
Define
T, 2 LK (B.1)
=0 11 .
Then it can easily be checked that
A-KC 0 |__,
-K H=T|" = T (B.2)
-1
(s/-®+K, H)
~ (sI— A+KC)" 0 L, B3
s+ A7 CsI—A+KCO)" (s+ AT F

Using the above matrix identities and the expression (9) for
the matrix exponential, we can easily show that the
numerator matrix in (20) satisfies

Fe™(s|-®+K,H) 'K,

(B.4)
— M, (sI - A+KC)'K+F,,

as A — oo pointwise in s. By similar straightforward matrix
calculation, we can show that the denominator matrix in (20)
converges to that of (16). Consequently, the relation (22) can
be proved.
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