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Abstract: This paper focuses on the problem of robust Hy, control for a class of switched
nonlinear systems with neutral uncertainties via the multiple Lyapunov function approach.
Uncertainties are allowed to appear in channels of state, control input and disturbance input.
Conditions for the solvability of the robust H, control problem and design of both switching law
and controllers are presented. As an application, a hybrid state feedback strategy is proposed to
solve the standard robust H., control problem for nonlinear systems when no single continuous

controller is effective.
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1. INTRODUCTION

Due to theoretical significance and practical applications,
the study of switched systems has attracted rapidly grow-
ing interest (Liberzon (2003); Persis et al. (2003); Cheng et
al. (2005); Xie & Wang (2003); Zhao & Dimirovski (2004);
Sun & Ge (2005)). Many systems encountered in practice
exhibit switching between several subsystems depending
on various environmental factors such as mechanical sys-
tems, the automotive industry, switching power converters
and many other fields. A switched system can also be used
to describe an overall system of a single process controlled
by means of multi-controlller switching. Loosely speaking,
a switched system consists of a family of continuous-time
subsystems and a rule that specifies the switching among
them. Regarding design of switched systems under some
properly chosen switching law, the multiple Lyapunov
function approach has been proven to be a powerful and
effective tool regarding design of switched systems (Bran-
icky (1998); El-Farra et al. (2005);).

On the other hand, the H,, control problem has been
well understood and extensively explored for continuous
and discrete systems. The remarkable achievements may
be the algebraic Riccati inequalities for linear systems
and Hamilton-Jacobi inequalities for nonlinear systems
(Schaft (1996)). However, it has been rarely addressed for
switched systems. This is mainly because more difficulties
arise from the interaction between continuous variables
and discrete switching signals. The H,, control problem
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was studied in Zhai et al. (2001) by using average dwell
time approach incorporated with a piecewise Lyapunov
function. Hespanha (2003) gave a method of computing
the root-mean-square gains of switched linear systems.
Other method such as LMI (Ji et al. (2006)) was also
dedicated to the studies of the H,, control problem for
switched linear systems. For the nonlinear case, however,
results are relatively rare and mainly explored with special
structures. The problem of the H., control for switched
nonlinear systems is addressed in Zhao & Hill (2004) and
Zhao & Zhao (2006) via the multiple Lyapunov function
approach.

Since uncertainties are unavoidable in practice, robust
control is of great importance and has been extensively
studied in the control field. However, switched systems
with neutral uncertainties have not been investigated so
far. This paper considers the problem of robust H., con-
trol for a class of switched nonlinear systems with neu-
tral uncertainties. On the basis of the multiple Lyapunov
function technique, a sufficient condition for the switched
nonlinear systems to be asymptotically stable with H .-
norm bound is derived for all admissible uncertainties.
Then, for a non-switched nonlinear system with neutral
uncertainties, when a single continuous feedback control
law can not solve the standard robust H,, control problem,
the problem is solved by controller switching among finite
candidate controllers. Finally, an example illustrates the
effectiveness of the proposed approach. Compared with
the existing results, this paper considers neutral uncer-
tainties since practical parameter perturbations are often
nonlinearly state and nonlinearly state derivative depen-
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dent. Additionally, it also allows uncertainties to appear
in channels of state, control input and disturbance input.

2. PROBLEM FORMULATION

Consider switched nonlinear systems described by the
state-space model of the form

T+ AJo(&,t)=fo () + Ao (2,1)+ (90 () + Ago (z, 1) Jus
+(po(2)+Aps (2, 1)) wo,

z=he(x)+ks(z)uy, (1)
where o (t): Rt — M ={1,2,...,m} is the right continuous
piecewise constant switching signal to be designed, z € R"
is the state vector, u; € ™ and w; € NP which belong
to L2[0,00) denote the control input and disturbance
input of the i-th subsystem respectively, z € R% is the
regulated output, f;(z), g;(x), p;(x), hi(x) and k;(x) are
known smooth nonlinear function matrices of appropriate
dimensions with f;(0) = 0 and h;(0) = 0, Ayj;(d,1),
Afi(x,t), Ag;(x,t) and Ap;(z,t) denote unknown smooth
nonlinear function matrices, ¢ € M. Additionally, we
assume all uncertainties satisfy the following assumptions.

Assumption 1. The uncertain functions Aj;, Af;, Ag;, and
Ap; are gain bounded smooth functions described by

A]l(xat) = eji(sji(j:’t)7 Héjz” < ”W]sz’
Afi(z,t) =epdp(2,t), |[0p ]| < Wy ()|,
Agi(x,t) = egi(sgi (l',t), H(S!h < HW z(x)H?
Api('r7t) = epidpi (l‘,t), H(s 1” < ”szH

with known constant matrices ej,, ef, eq,, €p, and
unknown function vectors &j,, &y, 04, Op, satisfying
9;,(0,t) = 0 and 64,(0,t) = 0. W;,, Wy, Wy, are known
smooth function matrices, W, are given weighting matri-

ces, 1€ M.

For convenience, we adopt the following notations (Bran-
icky (1998)) for switched system (1). Let

Y= {.130; (io,to), (ilatl)v Tty (lnatn)a Tty |lk € Ma ke N}
denote a switching sequence with the initial state zg and

the initial time ¢y, where (ig,tx) means that the ix-th
subsystem is active for tp <t < tpy1.

Now, the robust H., control problem for switched system
(1) can be formulated as follows:

Given a constant v > 0, design a continuous state feedback
controller u;(x) for each subsystem and a switching law
1 = o(t) such that

(a) The closed-loop system is asymptotically stable when
W; = 0.

(b) System (1) has finite robust Lo-gain v from w; to z for
all admissible uncertainties, i.e., there holds

T T
/ ST 2(1) dt < A2 / T (#)ws(8) dt + Blao)
0 0

for all T'> 0 and all admissible uncertainties, where 5(-)
is some real-valued function.

Throughout this paper, 1™ denotes the n-dimensional
Euclidean space, and for a matrix P, P >0 denotes that P
is positive definite, the superscript “I” stands for matrix
transpose, I is the identity matrix, || - || represents either
the Euclidean vector norm or the induced matrix 2-norm,
and &(-) denotes the largest singular value of a matrix.

3. MAIN RESULTS

In this section, we shall present a condition for the robust
H, control problem to be solvable, and design continuous
controllers for subsystems and a switching law.

First, we consider the robust H,, control problem of the
switched system

T4+ Ajo (2, ) =fo(2) + Af (2, 1) + (Po(2) + Apo(, t) )wo,
2=hy (). (2)

Theorem 1. Let a constant v > 0 be given. Suppose that
(1) (fi+Afi, h;) is detectable.

(2) There exist nonnegative functions 3;;(z) (i,7 € M),
positive constants Aj,, Ar,, Ap,, and radially unbounded,
positive definite smooth functions V;(x), V;(z(0)) =0 (i €
M) such that the following partial differential inequalities

1 9V;
22 9

s +Y2CTC 4 ( B+CTD>

! (WB +CI'p; T+§mjﬁ Vi—V;)<0,i€M (3)
271 O = 'LJ
hold, where

2
S B Ip e Aper Asen
,Y’L 1 + 5'(Wpl)/>\1271 ) Bl [pl ]1€Jz f’zef'b P'Lepz ]’

(1§1A/7)i%i]/%f (1/A (;W B
Oz— (1/)\61)”/}1 ,Dz— 8 ’RZ_I DiDz-

Then, the robust He, control problem for (2) is solved
under some switching law.

Proof Obviously, for any x
i € M such that Vj(z)—V;(z
switching law is taken as

o(t)=min{i : { = argmax V;(z)}. (4)
i jeEM
Associated with the switching law (4) and nonnegative
functions G;;(x), for any fixed z € R7, it follows that
> i1 Bij (Vi—Vj) > 0 for some i € M and Vj € M. It
can be easily obtained from (3) that

€ R™\{0}, there exists an
) >0, Vj € M. Then, the

i+72CTC 442 (212 %V B;+CID; )
1 aVB +CI'D; T<o i€M (5)
2v% Ox - '

Consider neutral uncertainty Aj;(Z,t) as an exogenous
disturbance and define a new extended disturbance input
including it. To this end, let

dl =[w! —(1/X)06], (1/Af)87 (1/Ap )wi6) ]
In view of
a(Wy,)
df di = ||w;||*+ 5T531+ X 5T5fl TPHMH
Di
(W ) 1
= (0 7 k™ g8 s,

we obtain that

—?lwi]? =—~?d] di+ ¢ 6T6J1+ 07 6% (6)
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Considering Assumption 1, there holds

Vi(z(®)+ 11212 =7 [lwil?
3‘/{ 2 2
o it Afitpiwit Apiwi—Agi) + || 2]* =7l
OV 'yz %
(fl+B d)+hlh; — QddeiJrTQéjTé +A2 5765,7)
Furthermore,
2
;\y; 5}:‘%17 Z (fi+Afi+piwi+Apiwi_Aji)Tqu;
W‘-(f¢+Afi+piwi+Apiwi—Aji)
fTWTW;ifZ- ;; d'BIWIW; B,d;
27’ S, Bud. (8)

Substituting (8) into (7) and considering (5), then, by
completing the squares, we have

Vi(z(t))+ )12l =7 [lwil®
6

(fz+Bd)+hTh «deTd+ fTWTW i

;; d'BIWIW,; Byd; +
o,
a

= Zfri-%z clc;
ox

fTWTWG,B d; + 6?%

(fit Bid;)+72CTC; —~2d Rid; +2720TD d;

2

-

1 9V,
228

T
>Rl 1<212 %V B, +C’TD)

T
—? L Bi+CTD; )

R}di—R?(

,( 1 aV,
i\ 292 Bz

Zfi+%~20iTCi

,( 1 0V N/ 1 0V o\
+7(2288+CD : 22aB+CD

<0.

Therefore, we can obtain that
Vi(a(t)+ 12" = [lwil* < 0. (9)
Now, we introduce
T
Jr =/ ("2 —v*wlw;) dt.
0

According to (9) and the switching sequence X, suppose

to = 0, z(tp) = «(0), when T € [tg,txt1), for any
admissible uncertainties, we have

kLt .

j—o b

_Z z] ]+1 ‘/'L](:E(tj)>)

(10)
= Vor(2(tr)), (10
Vi(x(tr))
+D (Vig(@(tjen) = Vi(x(tjs1)))

7=0
SV( ( )= Vi(x(tr))

) leads to

T T
/ T(1)2(t) dt < A2 / Tt ws (1) dt + B(z(0))
0 0

holds for all admissible uncertainties and disturbance
input w;, which means switched system (2) has finite Lo-
gain.

When w; = 0, it follows from (9) that Vi(z(t)) <
2|2 4+ Vi(z(t)) < 0. The detectability of (f; + Afi, hs)
gives asymptotical stability of the switched system (2) by
LaSalle’s invariance principle. This completes the proof.

Next, we consider the robust H,, control problem of the
switched system (1). We shall derive such a state feedback
control law that the closed-loop system has robust Lo-gain
performance.

Theorem 2. Let a constant v > 0 be given. Suppose that

(1) (fi + Afy, hy) is detectable.

(2) There exist nonnegative functions j3;;(x) (i, j € M), pos-

itive constants Aj,, Af,, Ap,, Ag, and radially unbounded,

positive definite smooth functions V;(z), V;(x(0))=0 (i €

M) such that the following partial differential inequalities
1 0V;

8‘/1 2~T~ 2 -
O Ji+7 Ci Cit+n; 2 2 O R

1 7 o\ -
8VB +CIDy;) - o: E;+CFSiDy; ) St
272 Ox Ox

T m

(‘WE +CTs, Dm) +> Bi;(Vi—V;) <0, ie M. (11)
d =

[Pi Aj€ji Areri—Ag€g Aggi Ap€pils

hold, where B; =

(L/y)hi U (/)i
~ (1//\J1)szf1 N (1//\37)1/‘/”31 B 0
Ci=| /X)Wy, |, Dui= 0 y Doi= 0 ,
(1/)‘fi)Wfi 0 (1/)‘9L)%L
0 0 0
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R;=I1-DIDy;, Si=~? (Dliéi_lblTi-i-I), S;=D3.8; Dy,

1 -~ ~ ~
Bi=3 (gi+BiR;1D¥;D2i) V=

1+0(W,,) /X2,
Then, the hybrid state feedback controllers
OV g
w=to)= 37 (GE B CTSDn) (12

solve robust H, control problem under switching law (4).

Proof. The closed-loop system of (1) with state feedback
u;(x) is given by

T+AjT, t) = fr.(2)+ Afr,(z,t) + (pi(z)+ 2pi (2, t))w;,

= hg(2), (13)
where ka( ) fz(x) + gz(x)ui(x)v Afki(x7t) = Afi<x7t)+
Agi(x,t)ui(z), hi(x) = hi(z) + ki(x)u;(z), and function

Afy, are defined by
Afki($7t):eki6ki7 | ( )H ieM
with ey, = [ef,—pieqg; pieg,]; 5T [6f (5f—|—(1/u,) iT(SgTJ’
and WI=[W} Wi+(1/p)u qu1] where u; (i € M) are
positive constants. Hence, from Theorem 1, the robust H,
control problem of (13) is solved under switching law (4),
if there exist nonnegative functions 0;;(z) (i,j € M),
positive constants Aj,, Ay, Ap, such that the following
partial differential inequalities
2 -1

ClCr+7i (2 % B )Rk,-

T m

1 9V,
(272 —B,, +C,Z’D,€) +Y B (Vi=V;)<0, i€ M. (14)
Jj=1
have radially unbounded, positive definite solutions V;(z),
Vi(2(0)) =0 (i € M), where
Ry, :I—D,fkai,
(1/’Yi)hki 0

_ (I/A]z)VVszZ _ (1/)‘]1)”/1137%
Cr= L, | Pe=
0

8V 1 9V,

By, = [pi i€, Afer, )‘Pz‘emL

0

Let Ay, = piAs,. Then, it can be shown that (14) is
equlvalent to (11). In fact, it follows from the switching
law (4) and (12) that

6V 1 9V,

292 dx

Ck: Ck +’Y1/ (

1 9V, I
(272 o Bk+Cka> +jzlﬁ” (Vi=Vj)
v, .V

Zaif'i‘a gi

(L Vg
%223

42 1 9V, ~
4 292 Oz

;5 +c,{Dk>R !

u; 20T Ci+ 27y C  Dojui +~2u; DIDou;

19V -
T
CD“) : <22a

T
C’TDM)

—|—’yLu D DMR DlzDQzU +Zﬁzy V V)
Jj=1

ov;

Jr x

13V, = —r= \ s
+7 (2 75, B +CiTD1i)Ri =
+Zﬂij(Vi—V})

j=1
% g 1 0V, -
= ox f1+’7¢20;rcz+71 (2 2 O CTDM)

T
< ! %VB +CTD11> (%VE +CTs; D2>Si1

8V T m
<a E +CTS D21> +Zﬁu V V)
Jj=1
Finally, using the same arguments as in the proof of
Theorem 1, the desired result follows.

Remark 1. When M = {1}, the switched system (1)
degenerates into a regular nonlinear system and the robust
H, control problem becomes the standard robust Hs,
control problem for nonlinear systems. Additionally, if
f(z)=Az, g(x)= Bz, p(x)=Bi, h(z)=Cx, and k(z)=D,
this result is equivalent to the condition given by Shen et
al. (1996).

Remark 2. For the switched linear system

I+E; X, F;,]e=[Ai+ EqXq,(t)Fo,]z

+[Bi+EbiZbi( )sz]ul
+[Hi+Epn,(t) Fp,Jwi,
z=Cix+D;u;, (15)

with state feedback w; = K;z, where uncertain matrices
satisfy LT(t)2(t ) <I, ee {jl,al,bl, hi, i€ M}. Let 6,

S (00F) i, O, = S (1) Fa,, 0, = S(t) Py, 0y, =St )Fh :
then it is clear that 5€,€ € {jz,az,bz,h“ i€ M} satisfy
Assumption 1 with W;, = Fj,, Wy, = F,,, Wy, = Fy,,
Wy, =F},,. (11) turns out to be matrix inequalities

~ 1
P A+ AP+~ CICi+~} (,yz

i

aa+@nggl
1 ~ e \T ~ ~ ~ ~

: (2PiBi+CZ-TDh-) —<2RE1»+CZ-TSZ~D22»)S[1
i

O N\
: (2PZE2+01TSZD21) +Zﬁij(Pi_Pj) <0, Z€M(16)

j=1
where Bi:[Hi )\jiEji AfiEaiiAgiEbi )\giEbi )\PiEhiL
(1/7)C; U (1/v)D
. (1/)\ji)Fj Ail L/ X)) EBi| 0
Ci=| (L/Af)Fa; |, D= 0 y Dai= 0 ;
1/ Af) Fa, 0 1/ Ag) Fp
0 0 0

R;=1-DI.Dy;, S;=~? (DliRi_lblTi+I>, S; = DI.5;Dy;,
4

- 1 e~
E; = f(Bi B;R:'DLD 7-) =1
) + L 14724 ) ’YZ 1 Fh /)\p7
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Then, the hybrid state feedback controllers are
N L - \T
u; = Kjx = —Si_l (2P1E1+01T51D21) x

Remark 3. For the switched system (15), suppose that
DT[C; D;] = [0 I]. If uncertain function E;;(t)F;, =0,
and Ey X, (t)F),, =0, we can choose E,, =E,, =E;, E;j, =0,
F;,=0, Ey, =0, and Fj, =0, then (16) becomes

2%
)\2

PA+AT P+ ClCi+ - FIF +— PHHTP
V7

K2

A V; V: -
+— 2 PE,E'P,— P,Bi+—+—FF, || I+ <+ FF,
Vi AfAg >‘2
T .
(PB +)\fl)\g F; Fb> + E: ﬂij(Pi—Pj) <0, 1eM.

In fact, the same result for switched linear system has been
shown by Ji et al. (2006).

Next, we consider how to apply the obtained results to
non-switched nonlinear systems by controller switching.
For a nonlinear system, a continuous robust H,, controller
may not exist or may be sometimes too complex to imple-
ment. Thus, in some control problems, control actions are
decided by switching between finite candidate controllers.
Subsequently, we try to use hybrid state feedback strategy
to solve the robust H,, control problem for uncertain
nonlinear systems.

Consider the following nonlinear system

i+ A (&, 1)=f (2)+Af (x,1) +(9(x) + Ag(z, t))u
+ (p(x)+Ap(z, 1)) w,
z=h(x)+k(z)u, (17)

where z € R" is the state vector, u € #™ and w € RP de-
note the control input and disturbance input respectively,
z € R is the regulated output, f(z), g(z), p(x), h(z) and
k(z) are known smooth nonlinear vector functions of ap-
propriate dimensions with f(0)=0 and h(0)=0, Aj(Z,1),
Af(z,t), Ag(z,t) and Ap(x,t) denote unknown smooth
nonlinear vector functions. Additionally, we assume all
uncertainties satisfy the following assumptions.

Assumption 2. The uncertain functions Aj, Af, Ag and
Ap are gain bounded smooth functions described by

Aj(a,t) = eo;(@,t), 0] < Wyl

Af(l’ t) = efop(z,t),  ||of]l < [Wy(2)],
Ag(z,t) = 695 (z,8),  [0g]l < [Wy(2)ll;

Ap(z,t) = epbp(x,t), [|0p]| < Wy

with known constant matrices e;, e¢, €4, €, and unknown
function vectors ¢&;, df, 04, 0, satisfying J,(0,¢) = 0
and 6¢(0,t) =0. W;, Wy, W, are known smooth function
vectors, W), is given weighting matrix.

For system (17), suppose that there exists the following
class of finite candidate state feedback controllers

s = ug(x) = =5~ (%V )T, (18)

where V;(z) will be specified later, the control law w is
generated by switching among them.

Theorem 3. Let a constant v > 0 be given. Suppose that
(1) (f+Af, h) is detectable.

(2) There exist nonnegative functions f;;(z) (i,j € M),
positive constants Aj, Ar, A,, Ay and radially unbounded,
positive definite smooth functions V;(x), V;(x(0))=0 (i €
M) such that the following partial differential inequalities

6V 9

1
CTC—MI( Wi OTD>

277 Ox
1av ¢ am~ Tor ) a1
av ’
( OTSD2> +Z@jv V;) <0, i€ M.(19)
Ox =
hold, where B=[p Aje; Arer—Ageq Agey Apeyl,
(1/m)h 0 (L/71)k
- (/AW (1/2)WB| 0
C= (1/)‘f>I/I/f 7D1_ 0 7D2: 0 )
(1/Ap) Wy 0 (1/A0)W,
0 0 0

R=I-DTD,, S=+? (D1R*1D1T+I), S=DISD,,

E

2
+BRTDID, ), 3=y
(g 2 1+6(W,) /X2
Then, the hybrid controllers (18) with the switching law
(4) solve the robust H, control problem for (17).

Proof. Substituting the designed controllers (18) into the
system (17) results in a switched nonlinear system. Then,
applying Theorem 2 yields the result.

4. EXAMPLE
In this section, we give an example to demonstrate the

effectiveness of the proposed design method. Consider the
following switched nonlinear system

E+Aji(E,t) = fi(x) +Afi(z,t)+(g:(2) +Agi(z, 1)) u;
+(pi(z)+Api(z,t))wi,
z=hi(z)+ki(x)u;, =12, (20)
where
22, pi(x) =—1, ha(x) =2®, ky(z) =1,

filx)=—22°, gi(x) =
)=—2x, go(x) =2z, po(x) =1, ho(x)=—z, ko(x) =1,

Aji(,t)=a1&sint, e;, =1, 6;,(&,t)=ar1dsint, W, =1,
Ajo,t)=ask cost, ej,=1, §;,(&,t) =aqd cost, W, =1,
Afi(z,t)=bixzcost,er,=1,d¢(x,t)=bixz cost, Wy, =u,
Afox,t)=bsxsint,er,=1,dy,(x,t) =boxsint, Wy, ==z,
Agi(z,t)=cre tcosm,eq, =1,84, (2, t)=cre cos z, Wy, =1,
Ago(z,t)=coe tsinz, e, =1, y,(z,t)=c2e 'sinz, W,,=1,
Apy(z,t)=die™", ey, =1, 8y (z,t)=dre™", W, =1,
Apoz,t)=doe™, ep,=1, dpy(z,t) =d2e™", W, =1,

and a;, b;, ¢;, d; are unknown constants belonging to [0, 1].
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Let 72 =2, \j,=Ap, =Ny, =\, =1, ﬁl(w):%axz, Ba(x)=
22241, then following Theorem 2, we have vy, =v, =1,

Bi=[-11011],Bo=[11011],Cf=[a?
Cf=[-z -2z 2 2 0], D, =[0 BT 00 0],
DIy=[0 Bf 000], DI =[10010], DL,=[1001 0],

R; = I-DI,Dy, Si = DyR™D];+1, S; = DI.8;Dq;,
- 1 ~
E; = B (gi"‘BiRi lDliDQi)’ =12
We choose
Vi(z) =22°, Va(z) =2, weR"

Both of them are globally positive definite and V;(0) =
V2(0) = 0. Then

oV, 1 0V; -
71f1+’)’ C1+'Yl (8lBl+C D11>R1 1
71
1 oV, Trovi - = \al
. <27% 8 1B1—|—C?D]1> — (a;El +C,{SID21>51 1
R1% r
( 3 1E1+CT51D21> +61 (Vi—Va)
_ D96 94 23,
= 6:10 633 5 x
<0
and
oV- 1 0V,
sz-F’Yz C2+“/§( R B2+C’2TD12>R2
1 OV, P N2 ) - U N
(272 Oz BQ+02D12> (a.TIE2+CQ SaDao
oV r
(62E2+02S2D22) +52(Va—V1)
10 1 1
_ o8 W Ly 19
= —8x 33& 3 333
<0

The switching law

J(t)_{l if —V2<z <V,

2 otherwise.
and the hybrid controllers

gl—l( Tagvl

VY . A
—S;l(EgaxQ%—DgQSQOQ) = —92z*.

1
+D215101) = 7%I3 - 5:177

solve the robust H,, control problem.
5. CONCLUSION

This paper has discussed the robust H,, control prob-
lem for a class of uncertain switched nonlinear systems.
Uncertainties are considered to be nonlinearly dependent
on state and state derivative and allowed to appear in
channels of state, control input and disturbance input.
A sufficient condition has been derived by designing a

2% z x 0],

switching law and hybrid state feedback controllers via the
multiple Lyapunov function approach. Moreover, a hybrid
state feedback strategy is proposed to solve the robust H,
control problem for uncertain nonlinear systems.
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