DISCRETE-TIME MODEL FOR LINEAR CONTINUOUS-TIME REPETITIVE SYSTEM
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Abstract. A discrete-time model is proposed for continuous-time repetitive process.
Model is calculated based on the zero order hold on input approach and trapezoidal ap-
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INTRODUCTION

Repetitive or multipass processes play important role
in industry. We say that the process is repetitive if
the same action is repeated many times and the time
interval of this action is constant and finite. The
process can be illustrated by considering machining
operations where the material or workpiece involved
is processed by a sequence of passes of the process-
ing tool. Classical examples of repetitive process are
coal miner in strip mine or metal rolling operations
(Rogers and Owens, 1992). Other examples one can
find in paper and steel industry, agriculture, etc.

We will deal with the problem of calculation of dis-
crete-time model for continuous-time linear repeti-
tive system. In the literature one can find references
to the so-called single step, trapezoidal and single
step higher order discretization methods for calcula-
tion of the model, see for instance (Gatkowski et al.,
1999; Gatkowski, 2000; Gramacki, 2000). There are
also some references to calculation of discrete-time
model for continuous-time 2-D Roesser system with
application of step-wise approximation of state sig-
nal (Chen et. all., 1999). In this note we present an
exact calculation of the discrete-time model under
assumption of the step-wise and trapezoidal-wise
approximation of the input signals to the differential
state equation of the system. The model is easy for
calculation and seems to be better than the other

known models. We will also discuss stability prob-
lem of the calculated model.

PROBLEM FORMULATION

Mathematical model of continuous-time repetitive
process can be given by the following equation
(Rogers and Owens, 1992)

X = Ax + By, +ELy,

(1)
Vi =Cxpy + Doy +FLy,

where xeR" is a state vector, ueR" is an input signal,
yeR’ is an output signal and / denotes a repetition;
A, B, E., C., D, F. are real matrices of appropriate
dimensions. It is assumed that every repetition is
carried out in finite constant time ¢<[0,7]. Initial
conditions for the system are as follows

x(0)=xy, [=12..and y,=y,(¢), t€[0,T] (2)

The problem can be now formulated the following
way: given repetitive process (1), find discrete-time
model for the system in the form

X, (k+1) = Ax,, (k) + Bu,,, (k) + Ey,(k)

3

Vi (k) = Cx,, (k) + Duy,, (k) + Fy, (k)
It is expected that model (3) will have the same
properties as system (1), e.g. concerning system
stability. Moreover, we are interested to find a model
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that retains system properties with bigger sampling
time. This model will be more useful in engineering
applications.

STEP-WISE APPROXIMATION MODEL

It is well known that solution x to equation (1) has
the following form

T
X (t+T) =, () + J.eALTBc”M (t+7)dr
) ° 4)
+jeA”anAt+zjdr
0

For calculation of the integrals one can assume that
signals # and y can be approximated by step-wise
functions: u(t+7)=u(f) and y(t+7)=y(t) for z<[0,7).
This model we will call DSS (Direct-Step-Step).

Then, one obtains from (4)

T
X (t+T) = e (6) + [ € By, (DdT
0

) (s)
+ IeA"TECy,(t)dT
0

Thus, assuming that 7, denotes sampling time, the

discrete-time model (3) has the following matrices

AT,

Y T
A=e™", B= J‘eA‘TBCdT, E = J.eA‘TEch,
0 0
c=C, D=D, F=F,

For comparison, assuming that integral of state x can
be approximated by trapezoid one obtains the follow-
ing matrices for model (3) (Gramacki, 2000)

T T\
A=|T+A4 2| 1-4"
2 2

B=(I+4,)B.T, E=(+A)ET, (6)

T -1
c:q@-4éﬂ, D=D, F=F

This model we will call TSS (Trapezoidal-Step-
Step).

STEP-WISE AND RAMP-WISE
APPROXIMATION MODEL

For calculation of the first integral in (4) one can
assume that input signal u can be approximated by
step-wise function as above. This approximation is
exact in the case when computer generates control
input signal. Unfortunately, this approximation is not
appropriate for calculation of the second integral, y;
is not a step-wise signal since it is output of the con-
tinuous-time system from previous operation. There-
fore, we propose ramp-wise approximation for signal
vi(k+7), 7€[0,7), in the second integral in (4), namely

yi(t+o)=y O+ [y (E+T)- yz(t)]% for 7e[0,7).

This model we will call DST (Direct-Step-
Trapezoidal).

Then, one obtains from (4)

T
xl+1 (t + T) = eACTxH] (t) + J.eALTBcdmlH (t)
0

T
+ ‘[eA"TECdTy, (?) @)
0

T
+J‘eA(,TE wr »+T)—y, @)
0 ‘ T

Calculating the third integral one gets

.T[eA‘TECTdT = IJ@A‘TdTECT - .[_[eA”rdTEng -G, -

0

7=0

= .[eA"dz'

= E, - IIeA‘TdeTEC

Henceforth, one can present (7) in the following
form

Xy (t+T) = Ax,,, (8) + Buy,, () + Ey, (1)
+(E, - E))ly,(t+T) - y, ()]

where

T T
A=e*", B= jeA‘TBcdz', E = jeA‘TECdT
0 0

E = IeA‘TEch

~ 1%
, E, =?II6A"ECdeT
0

=T

. . . A
Next, using the series expansion of the ¢ one ob-
tains

2
Ie”"dt = j[l+1A+[—A2 +...Jdt
1! 2!
= It+iAt2 +iAzt3 +iA3t4 +...
2! 3! 4!

Thus, we have I eA’Bdt‘ =0. Similarly one obtains
=0

jjeA’Bdtdt‘ = 0. From this it follows that E = E, .
=0
Hence, we have from (8)
X (1) = Ay (0 + Bu, O+ By o
+E v, @t+T)

where
A-d=e'", B=B, E-F-F+E -F,
B —F -F -FE-F,

Let 7=T, where T, is a sampling time and =kT,,.
Based on the above one can write the following dis-
crete-time model for system (1)
X (k1) = Axyy (k) + Buy, (k) + Ey, (k)
+E,y,(k+1) (10)
Vin(k) = Cox,y (k) + Doy, (k) + F,y, (k)

where

Azﬂ B=8
=T,

’ET = (E_EQ) rer



Next, introducing the new vector y as follows
Zralk+ D) =x,,(k+ D)= Ery(k+1) (1)

one obtains from (10) a discrete-time model for sys-
tem (1)

Xin(k+1) = Ay, (k) + Bu,, (k) + Ey,(k)

(12)
Vin(k)=Cx,, (k) + Du,, (k) + Fy,(k)

where
1,

A=A=e*" B=B= J.eAL’Bcdr,C=CC,D=Dc
0

E=E+AE,
1 Tﬂ Tp

= T—([ —e™h )J‘J.eA‘TEcdrdr +etl J.eA"’E(,dT

0

p 0

7,
F=F,+CE, =F,+C,[e"E dr
0

Based on (2) one easily finds initial conditions for
this system

2(0)=xy —E;y,,(0), [=12,..
and
y0=y0(t), ZE[O,T] (13)

Considering stability of system (12) along the repeti-
tions we find that the system is asymptotically stable
if and only if all eigenvalues of F' are inside the unit
circle, e.g. (Kurek and Zaremba, 1993). From series
expansion of ¢*’ one has

T, T

_ P 1 I3

E,. = IeA"’Ecdr——J‘J.eA“’Ecdz'dr

0 TP 0

(L2 ler it e

2007 3 45 ¢

Thus, it follows from (12) and the above that eigen-

values of matrix F depend on 7, and E.. However,

for 7,0 we have ET —0 and F—F,.. Thus, the

discrete time model retains stability properties of
continuous time system for small enough sampling
time 7, i.e. placement of eigenvalues of F is similar
to the placement of eigenvalues of F.. System dy-
namics along the time is properly modeled.

Summarizing, in order to obtain proper model the
sampling time 7, for the system should be chosen in
such a way that:

1. Matrix F has to have eigenvalues in the same
region as matrix F,, i.e. inside or outside the unit
circle in order to retain stability properties of the
continuous-time system (1).

2. System dynamics along the time is properly
modeled; according to the practical suggestions
one should presume for asymptotically stable
processes T, < Tys/6, where Tos is a setting time
of the 95% step response, e.g. (Iserman, 1989).

For trapezoidal approximation of integrals of state x
and output y, and step-wise approximation of integral

of input u in (1) one obtains the following matrices
for model (3), (Kurek, 1995):

-1
T T
A=|T+4 2| 1-4 -2
2 2

T
B=(I+A4)BT, E-= (1+AC)EL,7”
(14)

c

T -1
C:CC[I—ACTPJ , D=D

T T\ T
F=F +CE~L=F +C|I-4-L| E L
2 2 2

The model we call TST (Trapezoidal-Step-
Trapezoidal). Clearly, for 7,—0 we have F—F, too.

RAMP-WISE APPROXIMATION MODEL

The proposed model (12) is appropriate for modeling
of control system where u is a step-wise control
signal, e.g. computer generated control input. How-
ever, in the case of a system where u is a continuous-
time signal it could be suitable to calculate the first
integral in (4) using ramp-wise approximation:

w(t+7)=u,(t)+[u,(+T)-y, (t)]% for 7e[0,7).

This model we will denote as DTT (Direct-
Trapezoidal-Trapezoidal). Then, one obtains simi-
larly to (7)

T
X (t+T) = e (6) + [ B,dmu,, (2)
0

U (t+T)—u,, (1)
T

T
+ J-eA“TBCrdT
0

T
+ j e E dry,(t)
0

T
+J-eA“TECTdTyl(t+T; »,(?)
0

Next, similarly to (8) we have
X, (+T)= me(t) + E“M(t)
+(B, = B)[u,(t+T)—u,,,(t)]+ Ey, (1)
+(E, - )y, (t+T) - 3,(1)]
where

B, = J.eA‘TBcdr

~ 1%
, Bzz?jjeA"’Bcdm’r
0

=T

It can be easily shown, as in the case of E, , that
B=B,.
Finally, we have form similar to (9)
X (t+T) = Ax,, () + Buy, (¢) + By, (t +T)
+ Ey,(0)+ E,y,(t+T)



Then, for 7=T, one obtains

x,,,(k+1) = Ax,,, (k) + Bu,,, (k) + Byu,,,(k +1)
+ Ey, (k) + Ey,(k +1) (15)
Vi (k) = Coxp (k) + Dy, (k) + Fy, (k)
where
B:@Pﬂ,éfqﬁ—@%ﬂ
Using notation similar to (11)

Mk +1) =x, (k +1) = B, (k+1)— Epy, (k+1)

one obtains from (15) the following discrete-time
model for system (1)

Ntk +1)=An,, (k) + Bu,, (k) + Ey,(k)

Yia(k)=Cny, (k) + Du,,, (k) + Fy, (k)
where

(16)

A=A=e"", C=C,
B=B+ 4B,
T, 1 T,
=(I+e*" )J- e B dr ——e™*" II e*" B drdr
0 T, %
E=E+ ,ZET
1 Tp T/I
=—(I-e™" )J“[eA“’EL,d‘rdr +etl jeA“’ECdr
T, 0 0
D=D,+C,B,

=D + CC[]EeA"’Bch - L]ﬁ_f eA“TBchdTJ
0 ];’ 0

F=F +CE,
:E+C{}ATdrn—jj“Edm€
0 P 0

Based on (2) one easily finds initial conditions for
this system

1(0) = xo, = B,u,(0)— E; ., (0),

and

[=1.2,..

Yo =yo(0), t€[0,T] (17)

Using trapezoidal approximation of integrals of state
X, input © and output y in (1) one obtains the follow-
ing matrices for TTT (Trapezoidal-Trapezoidal-
Trapezoidal) model (2), similar to (14)

-1
T T

A=|T+4, 2| 1-4 -2
2 2

T T,
B=(+A)B,~2, E=(I+A)E,~~
2 2
C=C|I-4 -2 18
[r- 2j 19)
T T
D=D +C,|I-A4 -~ B;ﬂ
) 2

F = F+C[[ A,

N ‘\;ﬂ
—
f"

) ‘E’ﬂ

NUMERICAL EXAMPLES

Consider the first order repetitive process given in
(Galkowski, 2000) for t€[0,2] (Process 7)

X ==0.5%,, +u,, +0.5y,

(19)
Y =X, 0.9y,

Initial conditions and control input to the system
were as follows

x1+1(0)=0 for [=0,1,..., yo(£)=0 for t<[0,2]

and

0 0.5t for /=0 1[0.2]
u,(t) = , te[0,
! 0 for/>0

It is easy to note that the system is asymptotically
stable in the time and repetition domains and its
setting time 79s=6 in time domain. Thus, in order to
obtain well-defined model of the process along time ¢
one should assume 7,<1. However, for 7,=1 we have
F=1.0804 for DTT model (16). Thus, the discrete-
time model is unstable and one should assume
smaller sampling time. Note, that TTT model (18) is
also unstable in this case, one obtains then F=1.1.

The system is also unstable for sampling time
T,=0.5. However, for 7,=0.4 we have the following
matrices of the discrete-time model DTT (16) and
TTT (18), respectively

A=0.8187, B=0.3308, E=0.1752,
C=1, D=0, F=0.9876
and
A=0.8182, B=0.3636, E=0.1818,
C=0.9091, D=0.1818, F=0.9909

In fig. 1 there are presented output of the real system
(T,=0.001) and DTT and TTT models with 7,,=0.4. It
is easy to see that both models are stable, but outputs
calculated using the models are unacceptable, they
are too big. However, output of the DTT model is

significantly smaller.

Process 7, DTT(0.001)k- , DTT(0.4)k—, TTT(0.4)k:
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Fig. 1. Output in time /=2 versus repetitions / of the
proposed DTT model (16) and TTT model (18) with
sampling times 7,=0.001 and 7,=0.4 for system (19).

Next we have calculated models DST (12) and TST
(14) with 7,=0.2 for the system receiving the follow-
ing matrices



A=0.9048, B=0.1903, E=0.0907,
C=1, D=0, F=0.9468
and, respectively
A=0.9048, B=0.2000, £=0.0952,
C=0.9524, D=0, F=0.9476

In fig. 2 and 3 there are presented graphs similar to
the ones given in (Galtkowski, 2000). We see that
DTT and TTT models generate almost exact outputs
of the system. They are much better then the output
calculated by method proposed in (Gatkowski,
2000), compare fig. 3 with fig. 4 and 7 presented in
(Gatkowski, 2000). Models DST and TST give very
similar outputs but much worse then DTT or TTT
models. In general, it is clear that the difference
depends if nature of the input signal to the model
state equation is properly recognized and taken into
account. If the signal is different than step-wise then
for larger sampling period we get worse results using
step approximation than trapezoidal approximation.
The same problem occurs when one uses trapezoidal
approximation for step-wise signal. The difference
should be made at the stage when the model is cho-
sen. Of course, if the sampling time is small enough
there is no difference. This can be seen in fig. 4
where continuous line in the middle refers to the
output of the real system.

Process 7, DST(0.001)k- , DST(0.2)k—, TST(0.2)k:

y1,10

sec

Fig. 2. Output in the 10th repetition of the proposed
DST model (12) and TST model (14) with
sampling times 7,=0.001 and 7,=0.2 for system

(19).

Process 7, DTT(0.001)k- , DTT(0.2)k--, TTT(0.2)k:

y1,10

Fig. 3. Output in the 10th repetition of the proposed
DTT model (16) and TTT model (18) with
sampling times 7,=0.001 and 7,=0.2 for system
(20).
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Fig. 4. Output in time /=2 versus repetitions / of the
proposed DTT model (16) and TTT model (18)
with sampling times 7,=0.001 and 7,=0.2 for
system (20).

Now consider the following first order repetitive
process (Process 4) given in (Gramacki, 2000)

%, =—16.36x,, +9.09y,

(20)
Vi =X +0.8y,

Initial conditions for the system were as follows
x1+1(0)=0 for [=0,1,... and yy(r)=1 for t<[0,2]

One easily finds that the system is asymptotically
stable in the time and repetition domains and its
setting time 795=0.1834. As previously mentioned, in
order to obtain well-defined model of the process
along time ¢, one should assume 7,<0.03. However,
it is interesting to note that for greater 7,=0.1 we
have DST model (12) stable but TST model (14)
unstable. In the latter case we obtain F=1.0804.

For 7,=0.03 we have the following matrices of the
discrete-time model DST (12) and TST (14)

A=0.6121, E=0.1771, C=1, F=0.8990
and, respectively
A=0.6059, E=0.2190, C=0.8030, F=0.9095

In fig. 5 we see that for larger sampling time that is a
great difference between the same approximation of
the input but different approximation of the state
vector, trapezoidal and exact solution, TST and DST
models. Continuous line refers to the real output of
the system (7,=0.001). From fig. 6 one finds that for
small sampling time one gets the same output of the
system independent on the approximation of the
input signals to state equation. However, we note
that using step approximation of the system output
instead of trapezoidal one we have to increase calcu-
lation effort more than 10 times, the sampling time
for DSS model should be 10 times smaller than for
DST model for the system in order to obtain similar
simulation results.



Process 4, TST(0.001)k- , TST(0.03)k--, DST(0.03)k:
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Fig. 5. Output in time #=0.3 versus repetitions / of the
proposed DST model (12) and TST model (14)
with sampling times 7,=0.001 and 7,=0.03 for
repetitive process (20).
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Fig. 6. Output in time #=0.3 versus repetitions / of the
proposed DTT model (16) and TTT model (18)
with sampling times 7,=0.001 and 7,,=0.0001 for
repetitive process (20).

CONCLUDING REMARKS

New method for calculation of discrete-time model
for continuous-time repetitive processes is presented.
Proposed model could be useful for computer simu-
lation of repetitive processes. It has some advantages
comparing with other models. This is illustrated by
numerical examples of calculation of simple repeti-
tive processes. Note, that one has to take into account
the knowledge about the input signals to the repeti-
tive system state equation, i.e. if it is a step-wise
signal or not.

The proposed model usually enables ones to calcu-
late discrete-time model with sampling time larger
than using other methods. However, it should be
noted, that since there is a change of matrix F in
discrete-time model it can affect stability of the
process along passes. In this case one should choose
smaller sampling time in order to preserve stability
of the repetition process. A simple suggestion for the
choice of sampling time is given.
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