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*+,-./0-1 2343./5 056,37896.: 3;<.3,,=64, 69 5=43/. 064-=4>6>,8-=:3 ,?,-3: .3@,<64,3,� /.3 73.=A37B CD3 ,?,-3: 3=E34A/5>3, 0/4 +3 .3/5 /47F6. 06:<53;� /47:/? +3 .3<3/-37B * .30>.,=A3 06:<>-/-=64/55? /--./0-=A3 :3-D67 =, 96.:>5/-37+? GD=0D -D3 </.-=/5 9./0-=64 3;</4,=64 063H0=34-, 0/4 +3 06:<>-37 9/,- /47/00>./-35?B CD3 056,37896.: 3;<.3,,=64, =405>73 -D3 4>:3./-6. 063H0=34-, 69 -D3-./4,93. 9>40-=64� / :/-.=; 064-/=4=4E -D3 </.-=/5 9./0-=64 3;</4,=64 063H0=34-,
/47 -D3 ,?,-3:I, 3=E34A/5>3,� /47 / A30-6. 064-/=4=4E -D3 =473<34734- -=:38+/,=,
9>40-=64,B J=ED3.86.73. .3,<64,3, 0/4 3/,=5? +3 06:<>-37 =4 056,37 96.: 9.6: -D3=:<>5,3 .3,<64,3B KLMNOPQRS 0©TUUV WXYK
Z3?G6.7,1 [:<>5,3 .3,<64,3� </.-=/5 9./0-=64 3;</4,=64� 056,37896.: 3;<.3,,=64�D=ED3.86.73. .3,<64,3

\B []C^_`abC[_]
b56,37896.: -./4,93. 9>40-=64 .3,<64,3, 96. 064@-=4>6>,8-=:3 ,?,-3:, /.3 69 064,=73./+53 =4-3.@3,- =4 -D3 /.3/ 69 064-.65 ,?,-3:, /47 c5-3.
73,=E4� ,33� 3BEB� de.6E/4� \ff\g� d_E/-/� \ffhg/47 d_<<34D3=: /47 i=55,j?� \ffkgB b56,37896.:-./4,93. 9>40-=64 .3,<64,3, =4 dJ/>j,7l--=.� \ffmgD/A3 6<3437 >< :/4? 43G =4-3.3,-=4E /<<5=0/@-=64,� 3BEB� ,65A=4E 96. 6<-=:/5 n3.6 560/-=64,+? :=4=:=n=4E -./4,=34- .3,<64,3, dJ/>j,7l--=.�\ffmg� :=4=:=n=4E -D3 ,-3< .3,<64,3 73A=/-=64
9.6: E=A34 .393.3403 ,-3< .3,<64,3, dJ/>j,7l--=.�\fffo� phh\� phhpg� /47 /<<.6/0D=4E -D3 :6735
.37>0-=64 <.6+53: dJ/>j,7l--=.� phhhg +? :=4=@:=n=4E -D3 7=q3.3403 =4 -D3 =:<>5,3 .3,<64,3 69-D3 6.=E=4/5 /47 -D3 .37>03786.73. :6735� j33<=4E/ ,>+,3- 69 -D3 6.=E=4/5 3=E34A/5>3, /47 / 73,=.37.35/-=A3 73E.33B CD3 056,37@96.: 3;<.3,,=64, /.3
9>.-D3. >,37 =4 -D3 7=.30- 06:<>-/-=64 69 063H@

1 rstu vuw xwyz{t|w}t ~� ��w�t{s�z� z}� �~|y�tw{�}�s}ww{s}�� �}s�w{�st� ~� ��w�z}�� �w���z���� ��w�z}�����������
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0=34-, 96. �[` 064-.6553., dJ3.�l59,,64 /47 J/>j,@7l--=.� phh�g /47 dJ3.�l59,,64� phh�gB
CD3 056,37@96.: 3;<.3,,=64, /.3 3;-34737 =4 -D=,
</<3. -6 =405>73 .3<3/-37 3=E34A/5>3, /, G355 /,
464.3<3/-37B CD3 </.-=/5 9./0-=64 3;</4,=64 0639@c0=34-, 96. / >4=-/.? 4>:3./-6. -./4,93. 9>40-=64=, -.3/-37 =4 �30-=64 p� =405>7=4E /4 3;/:<53B CD3E343./5 </.-=/5 9./0-=64 3;</4,=64 063H0=34-, /.3-D34 -.3/-37 -6E3-D3. G=-D -D3 =:<>5,3 .3,<64,3=4 �30-=64 � /47 -D3 3/.5=3. 3;/:<53 =, .3A=,=-37B
J=ED3.86.73. .3,<64,3, /.3 c4/55? <.3,34-37 =4
�30-=64 � /47 06405>,=64, =4 �30-=64 �B

pB b_��aC*C[_] _  �*^C[*¡  ^*bC[_]¢£�*]�[_] b_¢  [b[¢]C�
i3 /,,>:3 -D/- -D3 E343./5 ¤-D86.73. 7=q3.34-=/5
3¥>/-=64 69 -D3 96.:

y(n)(t) + a1y
(n−1)(t) + · · · + any(t)

= b0u
(m)(t) + b1u

(m−1)(t) + · · · + bmu(t) d\g
=, E=A34B CD3 06..3,<647=4E -./4,93. 9>40-=64 =,



Y (s)

U(s)
=

b0s
m + b1s

m−1 + · · · + bm

sn + a1sn−1 + · · · + an

=
b0s

m + b1s
m−1 + · · · + bm

(s + λ1)d1(s + λ2)d2 · · · (s + λν)dν

=

ν
∑

i=1

di
∑

j=1

µij

(s + λi)
j

dpg

GD3.3 µij
/.3 -D3 </.-=/5 9./0-=64 3;</4,=64 0639@c0=34-,� E=A34 +?

µij =
1

(di − j)!

d(di−j)

ds(di−j)

[

(s + λi)
di

Y (s)

U(s)

]∣

∣

∣

∣

s=−λi

. d�g

CD>,� -D3 =:<>5,3 .3,<64,3 =, E=A34 +?

yi(t) =

ν
∑

i=1

di
∑

j=1

µij

t(di−j)

(di − j)!
e−λit. d�g

[- =, /,,>:37 -D/- -D3 ,?,-3: D/,
ν 7=,-=40- 3=E34@A/5>3,�−λ1,−λ2, . . . ,−λν

� -D3 3=E34A/5>3−λi

+3@=4E .3<3/-37 di
-=:3,� i = 1, 2, . . . , ν � ,>0D -D/-

∑ν

i=1 di = n B  >.-D3.:6.3 =- =, /,,>:37 -D/- -D3,?,-3: =, 0/>,/5� =B3B� m < n B
CD3 -3.: ¦o§P¨ O©§ML¤§© .393., -6 -D3 .3,<64,3 69/ -./4,93. 9>40-=64 064-/=4=4E 645? <653, /47 /
>4=-? 4>:3./-6.� =B3B� -D3 +/,=0 =:<>5,3 .3,<64,3
yb(t)

=, -D3 ,65>-=64 69
y
(n)
b (t) + a1y

(n−1)
b (t) + · · · + anyb(t) = δ(t). d�g

CD34� +? 5=43/.=-?� -D3 -6-/5 =:<>5,3 .3,<64,3 yi(t)=, E=A34 +?
yI(t) = boy

(m)
b (t) + b1y

(m−1)
b (t) + · · · + bmyb(t).dmg

i3 0/4 -D3.396.3 G.=-3 -D3 +/,=0 =:<>5,3 .3,<64,3=4 -D3 ¡/<5/03 76:/=4 /,

Yb(s) =
1

sn + a1sn−1 + · · · + an

=
1

(s + λ1)
d1 (s + λ2)

d2 · · · (s + λν)
dν

=

ν
∑

i=1

di
∑

j=1

κij

(s + λi)
j
, dkg

GD3.3 κij
/.3 -D3 </.-=/5 9./0-=64 3;</4,=64 0639@c0=34-,� E=A34 +?

κij =
1

(di − j)!

d(di−j)

ds(di−j)

[

(s + λi)
diYb(s)

]∣

∣

s=−λi
. dªg

CD>,�

yb(t) =

ν
∑

i=1

di
∑

j=1

κij

t(di−j)

(di − j)!
e−λit. dfg

`3c43

κ̂ij(s) =
1

(di − j)!

d(di−j)

ds(di−j)

[

(s + λi)
diYb(s)

]

. d\hg

]6G� =- =, 3/,? -6 0/50>5/-3 κ̂idi

� =B3B� 96. j = di
�

κ̂idi
(s) =

ν
∏

q=1,q 6=i

(s + λq)
−dq , d\\g

/47 96. j = di − 1 �

κ̂i(di−1)(s) = κ̂idi
(s)(−1)

ν
∑

p=1,p6=i

dp

(s + λp)
. d\pg

^3<3/-=4E -D=, <.6037>.3 96. j = di − 2, di −
3, . . . , 1 � =- =, 6+,3.A37 -D/- E343./55? κ̂ij

0/4 +3
3;<.3,,37 +?

κ̂ij(s) =
1

di − j

di−j
∑

q=1

κ̂i(j+q)(s)(−1)q

ν
∑

p=1,p6=i

dp

(s + λp)q
, «¬®

GD=0D 0/4 +3 <.6A37 +? =47>0-=64� ,33 *<<347=;*B  =4/55?� G3 0/4 G.=-3

κij = κ̂ij(s)|s=−λi
. d\�g

T¯° ±²o³M´© °
b64,=73. -D3 -./4,93. 9>40-=64

G(s) =
1

(s + 1)2(s + 2)1(s + 4)4(s + 7)2
,

/<<5?=4E d\\g d\�g /47 d\�g� E=A3,
κ11 µ − 0.00091449 � κ12 µ 0.00034294 �
κ21 µ 0.00250000 �
κ31 µ − 0.00145748 � κ32 µ − 0.00291495 �
κ33 µ − 0.00308642 � κ34 µ − 0.00617284 �
κ41 µ − 0.00012803 � κ42 µ − 0.00006859 B

CD=, .3,>5- /E.33, G=-D -D3 643 6+-/=437 +? -D3
P¤S¶·P̧ ¶¹¶§ººº 9>40-=64 =4 �/-5/+B

�B CJ¢ [��a¡�¢ ^¢��_]�¢
[- =, <6,,=+53 -6 G.=-3 -D3 +/,=0 =:<>5,3 .3,<64,3=4 dfg� =4 A30-6. 96.:

yb(t) =

ν
∑

i=1

h0iEi(t),
d\�g

GD3.3

h0i =
[

κi1 κi2 · · · κidi

] d\mg
/47

Ei(t) =















e−λit

te−λitBBB
t(di−1)

(di − 1)!
e−λit















. d\kg



[- 0/4 /5,6 +3 G.=--34 /,

yb(t) = H0E(t), d\ªg
GD3.3

H0 =
[

h01 h02 · · · h0ν

] d\fg
/47

E(t) =











E1(t)
E2(t)BBB
Eν(t)











dphg

[4 6.73. -6 c47 -D3 -6-/5 =:<>5,3 .3,<64,3 =4 dmg
yb(t)

/47 =-, m 7=q3.34-=/5, :>,- +3 j46G4B CD3
c.,- 7=q3.34-=/5 =, 3/,=5? 6+-/=437 9.6: dfg

y′
b(t) =

ν
∑

i=1

(

(−λiκi1 + κi2)e
−λit

+(−λiκi2 + κi3)te
−λit + . . .

+(−λiκidi
)

t(di−1)

(di − 1)!
e−λit

)

dp\g

GD=0D 0/4 +3 3;<.3,,37 =4 :/-.=; 96.: /,

y′
b(t) =

ν
∑

i=1

h1iEi(t)
dppg

GD3.3

h1i =
[

(−λiκi1 + κi2) (−λiκi2 + κi3)

· · · (−λiκi(di−1) + κidi
) (−λiκidi

)
]

. dp�g
e>- 46G =- =, <6,,=+53 -6 0/50>5/-3 -D3 h1i

9.6:
h0i

�
h1i = h0iWi

dp�g
GD3.3

Wi =



















−λi 0 · · · · · · 0

1 −λi

B B B BBB
0 1 −λi

B B B BBB
BBB B B B B B B B B B

0
0 · · · 0 1 −λi



















. dp�g

CD>,� y′
b(t)

0/4 +3 3;<.3,,37 =4 -3.:, 69 -D3 ,/:3
9>40-=64, /, yb(t)

� 645? G=-D 7=q3.34- 064,-/4-,B
C6 0/5>5/-3 y′′

b (t)
-D3 ,/:3 <.6037>.3 =, .3<3/-37�=B3B� +? 7=q3.34-=/-=4E dp\g� G3 E3- -D/-
h2i = h1iWi,

dpmg
/47 =4 E343./5

hki = h(k−1)iWi, k = 1, 2, . . . , m. dpkg
CD3 -6-/5 =:<>5,3 .3,<64,3 0/4 -D>, +3 G.=--34 /,

yI(t) = BHE(t), dpªg

GD3.3
B =

[

bm bm−1 · · · b0

]

, dpfg

H =











h01 h02 · · · h0ν

h11 h12 · · · h1νBBB BBB BBB
hm1 hm2 · · · hmν











d�hg

/47 E(t)
/, =4 dphgB

[- ,D6>57 +3 3:<D/,=n37 -D/- dpªg =, -D3 E343./5056,37896.: =:<>5,3 .3,<64,3 96. 5=43/. 064-=4>6>,8-=:3 ,?,-3:, 06..3,<647=4E -6 / E343./5 -./4,93.
9>40-=64 69 -D3 96.: dpgB CD3.3 /.3 46 .3,-.=0-=64,�-D3 3=E34A/5>3, 0/4 +3 .3/5 /47F6. 06:<53;� .3@
<3/-37 /47F6. 46- /47 ,-/+53 /47F6. >4,-/+53B
[- ,D6>57 /5,6 +3 46-37 -D/-

µ =
[

µ11 · · · µ1d1
· · · µν1 · · · µνdν

]

= BH d�\g
GD3.3 µij

/.3 -D3 063H0=34-, =4 dpgB CD>, G3 D/A3/ 43G 3/,=5? 06:<>-/+53 .30>.,=A3 96.: 69 </.-=/5
9./0-=64 3;</4,=64 063H0=34-,� E=A34 +? -D3 G355j46G4 3;<.3,,=64 d�g� 96. / E343./5 -./4,93. 9>40@-=64 69 -D3 96.: dpgB
 >.-D3.� -D3 43G 96.: dpªg .37>03, -6 /4 3/.5=3.
96.: =4 -D3 0/,3 69 464.3<3/-37 3=E34A/5>3, /,
<>+5=,D37 =4 dJ/>j,7l--=.� \ffm� \fffo� \fff¦�
phhh� phh\� phhpg� dJ/>j,7l--=. /47 J�/5-/7l--=.�
phh�g /47 dJ3.�l59,,64� phh�g dJ3.�l59,,64 /47
J/>j,7l--=.� phh�gB  6. 464@.3<3/-37 3=E34A/5>3,-D3 353:34-, 69 H

0/4 +3 3;<.3,,37 3;<5=0=-5? /,

hki =
(−λi)

k−1

∏ν

q=1,q 6=i(−λi + λq)
d�pg

/47 -D34 -D3 =:<>5,3 .3,<64,3 0/4 +3 G.=--34 /,

yI(t) = BH











e−λ1t

e−λ2t

BBB
e−λνt











= BΛ









































e−λ1t

ν
∏

q=2
(−λ1 + λq)

e−λ2t

ν
∏

q=1

q 6=2

(−λ2 + λq)

BBB
e−λνt

ν−1
∏

q=1
(−λν + λq)









































d��g

GD3.3 B
=, /, =4 dpfg�
B =

[

bm −bm−1 · · · (−1)mb0

] d��g
/47



Λ =











1 1 · · · 1
λ1 λ2 · · · λνBBB BBB BBB
λm

1 λm
2 · · · λm

ν











d��g

-D3 »/473.:6473 :/-.=;B CD3 5/--3. 96.: 0/4 +3
3;-34737 -6 -D3 0/,3 69 .3<3/-37 3=E34A/5>3, +?
.3<5/0=4E -D3 »/473.:6473 :/-.=; +? /4 /<<.6@
<.=/-3 064¼>34- »/473.:6473 :/-.=; de�½.0j /47�3.3?./� \fkhgB J6G3A3.� -D3 96.: dpªg G=-D -D3.6G, 69 -D3 :/-.=; d�hg +3=4E 0/50>5/-37 .30>.@,=A35? /006.7=4E -6 dpkg� =, 06:<>-/-=64/55? :6.3
3H0=34-B

¾¯° ±²o³M´© T
]6G� 064,=73. -D3 -./4,93. 9>40-=64

G(s) =
3s4 + 2s3 + s2 + 2s + 3

(s + 1)2(s + 2)1(s + 4)4(s + 7)2
.

CD3 κ8063H0=34-, G3.3 0/50>5/-37 =4 ¢;B \B CD3
µ8063H0=34-, 0/50>5/-37 9.6: d\mg� dp�g� dpkg�
dpfg� d�hg /47 d�\g +306:3

µ11 µ − 0.004801 � µ12 µ 0.001029 �
µ21 µ 0.087500 �
µ31 µ 0.493570 � µ32 µ − 1.440844 �
µ33 µ 2.175926 � µ34 µ − 4.018519 �
µ41 µ − 0.576269 � µ42 µ − 0.449588 B

iD=0D /E/=4 /E.33, G=-D P¤S¶·P̧ ¶¹¶§ºººB

¾¯T ±²o³M´© ¾

J/A=4E 06:<>-37 -D3 µ8063H0=34-, /, =4 ¢;B
p� =- =, -.=A=/5 -6 0/50>5/-3 -D3 =:<>5,3 .3,<64,3
9.6: dpªgB CD3 =:<>5,3 .3,<64,3 =, ,D6G4 =4 =E>.3 \� /47 06:</.3, G355 -6 ,-/47/.7 .3,>5-,6+-/=437 +? 4>:3.=0/5 =4-3E./-=64B J3.3� D6G3A3.�
46 /<<.6;=:/-=64, 6. 4>:3.=0/5 :3-D67, /.3 >,37�/4 /00>./-3 .3,>5- =, 6+-/=437� 9/,- /47 3H0=34-5?B

�B J[2J¢^8_^`¢^ ^¢��_]�¢�
i3 0/4 0/50>5/-3 -D3 ,-3< .3,<64,3� yS(t)

/- -=:3
t ≥ 0 � +? ,=:<5? =4-3E./-=4E -D3 =:<>5,3 .3,<64,3Ba,=4E -D3 9/0- -D/- d,33 /4? ,-/47/.7:/-D3:/-=0,D/47+66jg

∫ t

0

tr1
r!

e−λit1dt1 = −
1

λr+1
i

e−λit1 −
1

λr
i

t1e
−λit1

− · · · −
1

λ2
i

tr−1
1

(r − 1)!
e−λit1 −

1

λi

tr1
r!

e−λit1

∣

∣

∣

∣

t

0

. d�mg

G3 E3- -D/-�

0 1 2 3 4 5 6 7 8 9 10
−2
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0
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1

1.5

2
x 10

−4

Time (sec)

A
m

pl
itu

de

 =EB \B [:<>5,3 .3,<64,3 96. -./4,93. 9>40-=64 =4¢;/:<53 pB
∫ t

0

Ei(t1)dt1 = ViEi(t1)|
t
0 , d�kg

GD3.3

Vi =























−
1

λi

0 · · · 0

−
1

λ2
i

−
1

λi

B B B BBB
BBB BBB B B B

0

−
1

λdi

i

−
1

λdi−1
i

· · · −
1

λi























. d�ªg

]6-3 -D/- Vi

=, -D3 =4A3.,3 69 -D3 :/-.=; Wi

=4
dp�gB CD3 ,-3< .3,<64,3 =, -D>,

yS(t) =

∫ t

0

BHE(t1)dt1

= BHV (E(t) − E(0))

= BHV E(t) +
bm

an

d�fg

GD3.3

V =













V1 0 · · · 0

0 V2

B B B BBB
BBB B B B B B B

0
0 · · · 0 Vν













. d�hg

CD3 ./:< .3,<64,3 =, 96>47 +? =4-3E./-=4E -D3,-3< .3,<64,3

yR(t) =

∫ t

0

(

BHV E(t1) +
bm

an

)

dt1

= BHV 2 (E(t) − E(0)) +
bm

an

t. d�\g

J=ED3.86.73. .3,<64,3, 0/4 3/,=5? +3 6+-/=437 =4/ ,=:=5/. :/443. /,

yγ(t) = BHV γE(t)(γ − 1)!

−BH

γ
∑

p=1

V pE(0)
(γ − 1)!

(γ − p)!
tγ−p. d�pg



�B b_]b¡a�[_]

CD3 056,37896.: 3;<.3,,=64, 69 -./4,93. 9>40-=64.3,<64,3, 73.=A37 =4 dJ/>j,7l--=.� \ffmg G3.3
3;-34737 =4 -D=, </<3. -6 =405>73 -D3 0/,3 69.3<3/-37 3=E34A/5>3,� ,33 /5,6 dJ/>j,7l--=. /47
J�/5-/7l--=.� phh�g /47 dJ3.�l59,,64� phh�g 96.
3/.5=3. A3.,=64,B  >.-D3.� / .30>.,=A3� 06:<>-/@-=64/55? 3H0=34- 3¥>/-=64 96. </.-=/5 9./0-=64 3;@
</4,=64 063H0=34-, G/, 73A356<37B CD3 056,378
96.: 3;<.3,,=64, 73.=A37 =405>73 -D3 4>:3./-6.
063H0=34-, 69 -D3 -./4,93. 9>40-=64� / :/-.=; 064@-/=4=4E -D3 </.-=/5 9./0-=64 3;</4,=64 063H0=34-,/47 3=E34A/5>3,� /47 c4/55? / A30-6. 064-/=4=4E
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