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Abstract: An H∞ approach to robust control of bilateral teleoperation systems under
communication time-delay is considered. First stability conditions in both cases of
constant and time-varying delays are given. Then, the problem of controller design that
robustly stabilizes the system w.r.t environment uncertainties (and for any delay) is
formulated as anH∞ problem. When delay independent stability cannot be achieved, a
way to determine the maximal allowed time-delay is provided. Simulation results point
out the interest of the proposed methodology.c©IFAC Copyright 2005
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1. INTRODUCTION

This paper deals with bilateral teleoperation systems
trough communication network, i.e. when the force
sensed at the environment is reflected back to the
master side to provide a good fidelity to the opera-
tor. However the incurred communication time delay
may destabilize a bilaterally controlled teleoperator
(Anderson and Spong, 1989). As briefly described
below, many control schemes have been proposed to
overcome the instability due to the communication
time delay issue.
Passivity theory has been largely used to ensure the
stability of time-delay teleoperation systems (Chopra
et al., 2003). In this approach, wave variable transfor-
mations are used to ensure passivity of the communi-
cation link, which allows to get passivity of the whole
system. However, as pointed by Tanner and Niemeyer
(2004) non- idealities can violate passivity. Moreover
cautious digital implementations are necessary as pas-
sivity may be lost if no specific mechanism is done to
handle missing packets (Beresteskyet al., 2004).
In (Niculescu et al., 2002; Taoutaouet al., 2003),

frequency sweeping test is used to derive conditions
on PI-type controller such that the global system is
asymptotically stable. However, the study cannot be
directly generalized for other types of controller. Au-
thors have also proposed in (Fattouh and Sename,
2003a) a finite spectrum controller for bilateral tele-
operation systems. However, the time-delay must be
known and robustness is difficult to analyze.
In this work, anH∞ approach is proposed. In this
framework, Leunget al. (1995) have usedµ-analysis
and synthesis to design robust controllers for bilat-
eral teleoperation systems. However, the time delay
is treated as a disturbance on the system and not as
a system parameter. As well, in (Fattouh and Sename,
2003b), the authors have designed anH∞ impedance
controller and provided a stability analysis w.r.t the
time-delay, but considering it as an uncertainty which
leads to a conservative result.
In this paper, the tracking behavior of a teleoperation
system is controlled in the presence of environment
and communication time-delay uncertainties. To our
knowledge this problem has not been tackled before.
First a necessary and sufficient condition to ensure the



stability of the nominal system for any constant com-
munication time-delay is derived and a sufficient cri-
teria for stability w.r.t time-varying delay is then pro-
vided. TheH∞ framework allows us to design a con-
troller that ensures robust stability w.r.t environment
impedance uncertainties and for all constant delays.
When such a solution cannot be obtained, a graphical
Nyquist-type procedure (in the presence of environ-
ment uncertainties) is provided to determine the maxi-
mal delay uncertainty (added to a known constant one)
that preserves the stability of the teleoperation system.
The outline is as follows. A general representation of
teleoperation systems is given in section 2, followed
by a stability analysis of the nominal system in section
3. The robustness of the bilateral teleoperation system
is studied in Section 4. Section 5 presents simulation
results that support the theoretical work and conclu-
sion is drawn in section 6.

2. SYSTEM REPRESENTATION

A bilateral teleoperation system can be represented
as in Fig. 1 where:Fh is the force applied by human
operator,Fe is the contact force with the environment
andXm, Xs are the position of master and slave manip-
ulators respectively.

Fig. 1. Bilateral teleoperation system.

The operator commands a position forward to the
environment through the master, the communication
channel and the slave. Likewise, the force sensed at the
environment is transmitted back to the human operator
through these blocks. Notice that, since the teleopera-
tor is controlled bilaterally, the arrows in Fig. 1 can
be reversed. In this case the operator commands force
forward to the environment and position is sent back
to the master.
Generally, three controllers are designed for this sys-
tem: two local controllers for master and slave manip-
ulators in order to achieve desired master and slave
compliances and second slave controller such that, in
steady state, the slave positionXs is equal to the master
position Xm and the global system is asymptotically
stable. Here, both local controllers are assumed to
be already designed and integrated in the master and
slave transfer functions. Only the design and robust-
ness of the second slave controller is thus tackled.

3. STABILITY ANALYSIS

In view of previous section, letPm andPs be the stable
transfer functions of master and slave manipulators
including the local controllers,Ze be the environment

impedance,h1 ≥ 0 andh2 ≥ 0 be time delays of com-
munication forward and backward channels respec-
tively, andC be the second slave controller. With these
notations, Fig. 1 can be redrawn as shown in Fig. 2.

Fig. 2. Considered control structure

Definition 1. Consider the bilateral teleoperation sys-
tem of Fig. 2. This system is said to beasymptotically
stableif:

(1) The transfer function from̄Xm to Xs is asymptot-
ically stable with unitary gain.

(2) The transfer function fromFh to Xm is asymp-
totically stable either for any time-delay or for a
bounded time-varying delay.

3.1 Analysis of Condition 1 in Definition 1

The control scheme for the system̄Xm/Xs is shown in
Fig. 3 whereW1(s) is a weighting function reflecting
the desired tracking performance.

Fig. 3. Master→ Slave positions system.

NotingP̄s = Ps
1+PsZe

, the sensitivity and complementary
sensitivity functions are given by

Ss :=
1

1+CP̄s
; Ts :=

Xs

X̄m
=

CP̄s

1+CP̄s
(1)

Using an ad hoc choice of the weighting function
W1, the condition 1 can be expressed as the following
H∞ problem: find a controllerC that ensures internal
stability and

‖W1Ss‖∞ < 1 (2)

3.2 Analysis of Condition 2 in Definition 1

From block diagrams 2 and 3, the transfer function
from Fh to Xm can be described in the block diagram
of Fig. 4 whereh = h1 +h2. Hence,



Fig. 4. Operator force→ Master position system.

Tm :=
Xm

Fh
=

Pm

1+PmTsZee−sh (3)

Case of constant time-delay.Our objective now is to
provide a condition that ensures asymptotically stabil-
ity for any time delayh. Let us first recall the following
result (Niculescu, 2001).

Lemma 2.Let P(s) and Q(s) be two polynomials
in complex variables satisfyingQ(s) is stable, and
degs[P(s)] < degs[Q(s)].
Then, the polynomialQ(s)+P(s)e−sτ is stable for all
τ ≥ 0 if and only if

|Q( jω)|> |P( jω)| ,∀ω ∈ℜ (4)

In view of above lemma, the following proposition is
obtained.

Proposition 3.Consider the closed-loop system of
Fig. 4. Let

Pm(s) =
Nm(s)
Dm(s)

, Ts(s) =
Ns(s)
Ds(s)

(5)

Assume thatPm and Ts are stable and such that
degs(NmNsZe) < degs(DmDs), then the transfer func-
tion Tm given in (3) is asymptotically stable for any
time delayh if and only if

‖W2Ts‖∞ < 1, whereW2 = PmZe (6)

Proof: The transfer functionTm given in (3) can be
rewritten as follows

Tm =
NmDs

DmDs+NmNsZee−sh (7)

Due to the assumptions, the two conditions of Lemma
2 are satisfied. Therefore, using Lemma 2, system (3)
is asymptotically stable for all time delayh if and only
if

|DmDs( jω)|> |NmNsZe( jω)| ,∀ω ∈ℜ (8)

which is equivalent to condition (6). 4

Case of time-varying time-delay.Here, the result of
Kao and Lincoln (2004) is used to give a stability test
when time-varying bounded delay is considered. The
following proposition states this result.

Proposition 4. (Kao and Lincoln, 2004) Consider the
closed-loop system in Fig 4 whereh is time-varying.
The system is stable for any time-varying delay0≤
h(t)≤ δmax if∣∣∣∣

NmNsZe

DmDs+NmNsZe

∣∣∣∣ <
1

δmaxω
,∀ω ∈ [0,∞] (9)

4. ROBUST DESIGN AND ANALYSIS

In this section, robustness w.r.t environment and com-
munication time-delay uncertainties is analyzed. We
assume here that the environment impedanceZe be-
longs to some admissible setΞ, and that the time-
delay is constant and defined ash = h0 + τ whereh0

is known and constant , andτ represents the unknown
delay uncertainty.
Our aim is to find conditions s.tTs andTm are robustly
stable for allZe ∈ Ξ in both following cases: first for
all positive delayh, and otherwise for a maximal delay
uncertaintyτmax (added to a constant oneh0).
First, according to Fig. 3,Ts is only subject to environ-
ment uncertainties (not delay one). The environment
impedance is assumed to belong to a setΞ of multi-
plicative input uncertainties, defined as:

Ξ = {Ze = Z0
e(1+We∆)} (10)

where∆ is the uncertainty matrix s.t‖∆‖∞ < 1, andWe

the uncertainty weight. Now, define the following set
of transfer functions:

P̃s = {P̄s : Ze∈ Ξ} (11)

The setΞ is said to be admissible, if̃P0
s (for nominal

impedanceZ0
e) andP̃s have the same unstable poles.

Proposition 5.Consider the system of Fig. 3 with the
family of transfer functions (11) andΞ is admissible.
Assume that the system is internally stable for nominal
impedanceZe (which is ensured by (2)), then the
system is internally stable for allZe∈ Ξ if

‖WIU Ts‖∞ < 1 (12)

whereWIU is a weighting transfer function satisfying

|WIU ( jω)| ≥max
Ze∈Ξ

∣∣∣∣
P̃s( jω)
P̃0

s ( jω)
−1

∣∣∣∣ , ∀ω ∈ℜ (13)

andP̃0
s = P̃s for nominal impedanceZe.

proof: Using (13), the family of transfer functions (11)
can be written as follows:

P̃s = P̃0
s (1+WIU ∆) (14)

where P̃0
s = P̃s for nominal impedanceZe and ∆ is

a variable stable transfer function satisfying‖∆‖∞ <
1. From (14) and robust control theory (Zhouet
al., 1996), the robust stability condition forTs w.r.t
multiplicative input uncertainties is given by (12).4

4.1 Robust design w.r.t environment uncertainties

In view of (2), (6) and (12), the following theorem
is the main result to ensure nominal performance and
robust stability.



Theorem 6.Consider the system of Fig. 2 with the
family of transfer functions (11) andΞ is admissible.
Define the uncertainty weight as:

|W4 ( jω)|= max

{
|WIU ( jω)| ,max

Ze∈Ξ
|W2 ( jω)|

}
, ∀ω ∈ℜ (15)

The teleoperation system is robustly asymptotically
stable for any time-delay according to Definition 1 if
there exists a controllerC that ensures internal stability
of Ts and ∥∥∥∥

W1Ss

W4Ts

∥∥∥∥
∞

< 1 (16)

which can be solved as a mixed sensitivity problem.
proof: If (16) is satisfied, then‖W1Ss‖∞ < 1 which
means that nominal performance is achieved. Further-
more we have

‖WIU Ts‖∞ < 1 and‖W2Ts‖∞ < 1, ∀Ze∈ Ξ

Therefore, using Propositions 3 and 5, we can con-
clude thatTs andTm are asymptotically stable for all
Ze∈ Ξ and for all constant delayh.

4.2 Robustness analysis w.r.t environment and delay
uncertainties

In this section we consider the case where the delay in-
dependent stability condition (6) cannot be achieved.
We assume that a controllerC has been designed for
Ts to achieve nominal performance (2) (and if possible
robust stability (12)).
The environment uncertainties are considered of the
form (10) and the delay is s.th = h0 + τ, whereτ
represents the uncertain part of the delay.
Now, as the delay uncertainties only affectTm, a robust
stability analysis is performed to determine the max-
imal delay uncertaintyτmax that preserves stability of
the teleoperation scheme in Fig 2-4, in the presence of
environment uncertainties. A graphical method, based
on the Nyquist plot, and due to Tsypkin and Fu (1993),
is here considered.
Following the method in (Tsypkin and Fu, 1993), we
will note:

Wτ = PmTsZee
−sh andW0 = PmTsZ

0
ee−sh0 (17)

Then:

Wτ = W0(1+We∆)e−sτ (18)

The procedure to determine the maximal allowed de-
lay uncertainty is given below.

Proposition 7. (Tsypkin and Fu, 1993) Let us consid-
ered the teleoperation scheme of Fig 4. Assume that
environment uncertainties of the formΞ as well as
delay uncertainty are considered (h = h0 + τ). Then,
the maximal allowed delayτmax that preserves robust
stability (in the presence of environment uncertainties)
can be determined by the following procedure:

Step 1: Draw the Nyquist plot of the nominal system
W0.

Step 2: Define the uncertainty circles as,∀ω ∈ℜ:

Z (ω) = C [W0( jω), |W0( jω)||We( jω)|], (19)

and plot the ”blurred” Nyquist plot.
Step 3: Define Ω the set ofω s.t. Z (w) intersects

C [0,1] and compute the minimum angleθ(ω) from
the intersections to the negative real axis. Then:

τmax= min
ω∈Ω

θ(ω)
ω

(20)

Remark 8.Note here that, findingC that also solves
the robust stability condition (12) is not necessary as
the previous Proposition ensures its robust stability
w.r.t environment and delay uncertainties.

5. ILLUSTRATIVE EXAMPLE

Consider the following dynamics of the master and the
slave manipulators

{
Mmv̇m = Fh +um

Msv̇s = −Fe+us

(21)

where vm and vs are the angular velocities for the
master and the slave respectively,um and us are the
respective motor torques,Mm andMs are the respec-
tive inertias,Fh is the operator torque andFe is the
environment torque.
In order to stabilize the above system, Anderson and
Spong (1989) have proposed the following PI control
law





um = −Bmvm−Bs1(vm−vs)−Ks

∫
(vm−vs)dt

us = −Bs2vs−α f Fe+Bs1(vm−vs)+Ks

∫
(vm−vs)dt

(22)

whereMm = 0.4kg, Ms = 1kg Bm = 3N/m, Bs2 =
0.2N/m, Ze = 1, α f = 0.5 and Ks and Bs1 are the
parameter of the PI controller which must be chosen
such that the closed-loop system is stable.
In the presence of communication time delayh≥ 0,
Niculescuet al. (2002) have ensured that forKs =
5 and Bs1 = 2.8, the closed-loop system is stable
for all h > 0. However, when the admittance of the
environment changes toZe = 2, the system becomes
unstable. In this case, choosingKs = 12andBs1 = 2.8,
the closed-loop system is proved to be stable for all
h < 0.3027sec.

Based on the above discussion, the master and slave
transfer functions with local controllers are given by

Pm =
1

0.4s2 +3s+5
, Ps =

1
s2 +0.2s+2.8

(23)

The impedance of the environment is modelled as
Ze = Bes+Ke, where0≤ Be≤ 2 and0≤ Ke≤ 4 (the
nominal value isZe = s+ 2), which includes the free
motion case (without contact).
The nominal communication time-delay is chosen as
h0 = 1.5sec.



5.1 Robust design

The H∞ problem to be solved is (16). First the track-
ing weightW1 is chosen as :W1(s) = s/Ms+wb

1+wbε with
ε = 10−4, Ms = 1 andwb= 0.3.
Then the weightW4, representing the robust stability
constraint (see (15)), is chosen as represented in Fig 5.
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Fig. 5. Uncertainty weightW4

Solving theH∞ problem (16) leads to a controller solu-
tion C (of order 5) where the solved mixed sensitivity
problem is represented in Fig 6.

10
−2

10
−1

10
0

10
1

10
2

−30

−20

−10

0

10

10
−2

10
−1

10
0

10
1

10
2

−20

−10

0

10

20

30

Sensitivity S=1−T
s

Frequency (rad/sec)

S
in

gu
la

r 
V

al
ue

s 
(d

B
)

T
s
 with weights

Frequency (rad/sec)

S
in

gu
la

r 
V

al
ue

s 
(d

B
)

Weight W
1
 

Sensitivity S
s
 

Stability criterion 1/|P
m

Z
e
| Environment induced

uncertainty weight 1/|W
4
| 

T
s
 

Fig. 6. Sensitivity functionsSs andTs with weights

5.2 Stability analysis w.r.t time-varying delay

Applying the result in Proposition 4, it is shown that
the teleoperation scheme in Fig 4 remains stable for all
time-varying delay s.t.0≤ h(t) ≤ 0.23sec., as shown
in Fig 7.

5.3 Robustness analysis w.r.t time-delay uncertainties

Here we consider the case where the delay indepen-
dent stability condition (6) is not satisfied, e.g. when
the environment impedance chosen asZe = Bes+ Ke

with 0≤ Be≤ 6 and0≤ Ke≤ 10. A controllerC has
been designed forTs to achieve nominal performance
(2). However the solution of theH∞ problem leads to
‖W2Ts‖∞ = 1.99 (for Ze = Zmax

e ).
Now, using the procedure described in Proposition 7,
it will be shown that the system is robustly stable for
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Fig. 7. Stability test w.r.t time-varying delays

all delays s.t.h = h0 + τmax, whereτmax is the delay
uncertainty. In Fig 8 the Nyquist plot of the nominal
modelW0 is plotted as well as the uncertainty circles
(w.r.t environment uncertainties) with the ”stability”
circleC [0,1].
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Fig. 8. ”Blurred” Nyquist plot ofWτ

Using the method described in Proposition 7, the max-
imal delay uncertainty that ensures robust stability
(w.r.t environment uncertainties) is given by:

τmax= 7.34sec,

which proves that the teleoperation scheme will re-
main stable for all delays up toh = 8.84sec.
Notice that, in this case, the previous stability criterion
w.r.t time-varying delay givesdmax = 0.19sec, which
is much more conservative.
Let us notice that, applying the previous Proposition 7
with a nominal delay equal to7sec leads to a max-
imal delay uncertainty that preserves stability equal
to τmax = 1.60sec, which proves that this methods is
quite independent of the prespecified nominal delay
value.

5.4 Simulation tests

Here, simulations in time-domain are provided. The
environment is s.tZe = Bes+Ke where0≤Be≤ 2 and
0≤Ke≤ 4, and the communication time-delay is here
time-varying and s.t.0.9≤ h≤ 2.1. A step disturbance
of magnitude 0.2 is applied at timet = 60sec. that



represents an increase of the external force (i.e of the
contact at the environment).
Fig. 9, 10 and 11 show that the slave position pur-
suits the master position for variable communication
time delay and nul, nominal and maximal environ-
ment impedance, which proves the robustness of the
proposed scheme. Note that a good disturbance atten-
uation property is obtained.
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These simulation test emphasize the interest of the
proposed approach, where uncertainties in the envi-
ronment impedance and in the communication time-
delay are taken into account to design a robust teleop-
eration scheme. As a trade-off the teleoperation sys-
tem behaves quite slowly.

6. CONCLUSIONS

In this paper stability criteria w.r.t constant and time-
varying delay have been provided. The robust control
design of a bilateral teleoperation system for all com-
munication time delay and in the presence of environ-
ment uncertainties has been solved as anH∞ mixed-
sensitivity problem. When delay independent stabil-
ity is not achieved, the maximal uncertainty (upon a
constant communication delay) that keeps stability has

been obtained using a Nyquist graphical method. The
next step is to deal with control design that ensures
robust performance w.r.t both environment and com-
munication delay uncertainties.

REFERENCES

Anderson, R. J. and M. W. Spong (1989). Bilateral
control of teleoperators with time delay.IEEE
Trans. on Automatic Control34(5), 494–501.

Berestesky, P., N. Chopra and Spong M. (2004). The-
ory and experiments in bilateral teleoperation
over the internet. In:Proc. of the 2004 IEEE In-
ternational Conference on Control Applications.
Taipei, Taiwan, September 2-4.

Chopra, N., Spong M., S. Hirche and M. Buss
(2003). Bilateral teleoperation over the internet:
the time varying delay problem. In:Proc. of
the IEEE American Control Conference. Denver,
Colorado, June 4-6, 2003.

Fattouh, A. and O. Sename (2003a). Finite spectrum
assignment controller for teleoperation systems
with time delay. In:Proc. 42nd IEEE Confer.
on Decision & Control. Hyatt Regency Maui,
Hawaii, USA.

Fattouh, A. and O. Sename (2003b). H∞-based
impedance control of teleoperation systems with
time delay. In:5th IFAC Workshop on Time Delay
Systems. INRIA, Rocquencourt, France.

Kao, C-Y and B. Lincoln (2004). Simple stability cri-
teria for systems with time-varying delay.Auto-
matica40, 1429–1434.

Leung, G. M. H., B. A. Francis and J. Apkar-
ian (1995). Bilateral controller for teleoperators
with time delay viaµ-synthesis.IEEE Trans. on
Robotics and Automation11, 105–116.

Niculescu, S.-I. (2001).Delay effects on stability.
A robust control approach. Vol. 269. Springer-
Verlag: Heidelbeg.

Niculescu, S.-I., D. Taoutaou and R. Lozano (2002).
On the closed-loop stability of a teleoperation
control scheme subject to communication time-
delays. In:Proc. 41st IEEE Confer. on Decision
& Control. Las Vegas, Nevada, USA. pp. 1790–
1795.

Tanner, N. A. and G. Niemeyer (2004). Pratical lim-
itations of wave variable controllers in tele-
operation. to be presented at IEEE Confer-
ence on Robotics, Automation, and Mechatronics
(RAM), December 1 - 3, 2004, Singapore.

Taoutaou, D., S.-I. Niculescu and K. Gu (2003). Ro-
bust stability of teleoperation schemes subject
to constant and time-varying communication de-
lays. In: Proc. 42nd IEEE Confer. on Decision
& Control. Hyatt Regency Maui, Hawaii, USA.
pp. 5579–5584.

Tsypkin, Y.Z. and M. Fu (1993). Robust stability of
time-delay systems with an uncertain time-delay
constant.Int. Journal of Control57(4), 865–879.

Zhou, K., J. C. Doyle and K. Glover (1996).Robust
and optimal control. Prentice-Hall Inc.


