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Abstract: In this paper the well-known Relative Gain Arrd3GA) and the recently
proposed Hankel Interaction Index Array (HIIA) are utilizéor quantifying the degree
of channel interaction in a multivariable bioreactor model activated sludge process
configured for nitrogen removal. The HIIA can deal with platrictures where the RGA
fails and can furthermore also be used to evaluate muldilsicontroller structures.
It was found that the RGA method was unable to give reasoriaplg-output pairing
suggestions in some cases while the HIIA method providetulisgormation in all of
the considered caseaSopyright (©2005 IFAC
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1. INTRODUCTION try a complexity of several hundred control loops is
not unusual, see Wittenmast al. (1995). Often, it

Many systems to be controlled are multivariable. This is not obvious how to choose a proper input-output
means that they have both multiple inputs as well as pairing or the structure of a multivariable controller.
multiple outputs. Such systems are called multiple- The choice of pairing is crucial, since a bad choice
input multiple-output (MIMO) systems. Compared to may give unstable systems even though each loop
single-input single-output (SISO) systems, the control separately is stable. This problem can arise due to
design procedure for MIMO systems is more elabo- interaction between the different loops. Generally, the
rate. One reason for this is that different parts of a stronger the interactions, the harder it is to obtain
multivariable system may interact and cause couplingssatisfactory control performance using a multi-loop
in the system. This means that a change in one inputstrategy. Evidently, there is a need for a measure that
affects several outputs. can give advice when solving the pairing problem and
that also quantifies the level of interaction occurring in

| a fairl I
Often, an easy way to control a fairly decoupled the system.

MIMO system is to use a multi-loop strategy, i.e. to
separate the control problem into several single-loop One such measure is the well-known Relative Gain
SISO systems and then use conventional SISO controlArray (RGA) developed by Bristol (1966). The RGA
on each of the loops, see Kinnaert (1995) and Witten- considers steady-state properties of the plant and gives
market al. (1995). a suggestion on how to solve the pairing problem
in the case of a decentralized (diagonal) controller

In real-life applications the considered MIMO system L ) 2
PP y structure. It also indicates which pairings should be

can be rather complex: in the chemical process indus-



avoided due to possible stability and performance linear system. The RGA gives a suggestion on how
problems. to pair the input and output signals ifdecentralized
controller is to be used. It may also give warnings
in terms of large RGA elements when stability and
robustness problems may occur.

A somewhat different approach was employed by
Conley and Salgado (2000) when considering observ-
ability and controllability Gramians to measure chan-
nel interaction. In this way, the full dynamics of the However, the RGA suffers from at least two main dis-
considered system are incorporated in one single meaadvantages (as will be illustrated later in this paper):
sure. Recently, Wittenmark and Salgado (2002) re-
fined this work and proposed a new measure for chan-
nel interaction, the Hankel Interaction Index Array
(HIA). This measure seems to be able to overcome
most of the disadvantages that the RGA possessesConcerning the first of these drawbacks, it would
The Gramian based approach is further discussed inof course be better to have an interaction measure
Salgado and Conley (2004). that considers information given by all the interesting
frequencies.

(1) The RGA only considers one separate frequency;
(2) The RGA fails to give reliable information in the
case of triangular plants.

In this paper, the RGA and the HIIA will be employed
in the selection of input—output signal pairings for When dealing with triangular plants the RGA fails to
a part of a MIMO bioreactor system: an activated give reliable information: In this case the RGA does
sludge process configured for nitrogen removal. Mod- not indicate the presence of couplings through off-
elling and control of the activated sludge process havediagonal elements: a triangular plant either gives an
been an intense research area in the last decade, séRGA that equals the identity matrix or the anti-identity
for example Olsson (1993), Lindberg and Carlsson matrix. In Kinnaert (1995) it is mentioned that some
(1996), Alexet al. (1999), Vanrollegheret al. (1999), authors do not regard this as being a drawback since
Samuelsson and Carlsson (2001), Ywhml. (2002) the RGA still gives thebest possible decentralized
and Jeppson and Pons (2004). The results from thecontroller structure. This is certainly true, but if the ob-
RGA analysis will be compared with those of the jective is to find the best possible controller among all
HIIA and with results obtained from physical insights controller structures — MIMO controllers included —
of the considered system. It is also discussed what ad-then this feature of the RGA is a clear drawback.
ditional conclusions that can be drawn from the HIIA

analysis.

3. THE HANKEL INTERACTION INDEX ARRAY
2. THE RELATIVE GAIN ARRAY (RGA) (HIIA)
In the previous section it was seen that the RGA
Lo suffers from some important disadvantages. In the

RGA(G) = G(0). = (G(0)™") (1) light of this, Conley and Salgado (2000) proposed a
where G(0) is the steady-state transfer function ma- New interaction measure base_d on G_ramlans, able to
trix and “.+" denotes the Hadamard or Schur product handle both of the above-mentioned pitfalls. Recently,
(i.e. elementwise multiplication). Each element in the & modified version of the interaction measure was
RGA can be regarded as the quotient between theSuggested by Wittenmark and Salgado (2002) where
open-loop gain and the closed-loop gain. The RGA the Hankel norm is used.

element {, j) is hence the quotient between the gain consider a linear system, with inputs given by the
in the loop between inpuj and outputi when all ;. 1 vectoru(t) and outputs given by the x 1

other loops are open and the gain in the same 100pyectory(t). The system can be described as a state-
when all other loops are closed. For a full derivation space realization

of the RGA, see e.g. Bristol (1966), Kinnaert (1995)
or Skogestad and Postlethwaite (1996).

The RGA for a quadratic plant is given by

. X(t) = Ax(t) + Bu(t)
In the case of &x2 system, the following RGA y(t) = Cx(#) + Du(t) 3)

matrix is obtained:
) whereA, B, C andD are matrices of dimensianx n,
1—X A n x m, p x n andp x m, respectivelyx(t) is the
Depending on the value of five different cases occur ~ State vector. The controliability Gramial., and the
(see Kinnaert (1995)); the main conclusion is to select °PServability Gramiaril’,, for the system given in (3)
a pairing so that the relative gain is positive and as &€ defined as

close to one as possible. Negative pairings should I — OCeATBBTeATTdT 4)
definitely be avoided. “ Jo

RGA(G):[ A 1”}

®)

As previously seen, the RGA provides a very simple L - o0 ATr (T ATy
way of characterizing interactions present in a MIMO " Jo € e ar



These are measures of how hard it is to control and 4. THE BIOREACTOR MODEL

to observe the states of the given system. As shown

by Conley and Salgado (2000), it is possible to split In the complex process of wastewater treatment, many
the system given byA, B, C,D) into fundamental  different cause-effect relationships exist, and there-

subsystemq A, B;, C;,D,;) whereB; is the j:th fore, there are many possible choices of input and

column inB, C; is thei:th row in C and D;; is output signals, see Olsson and Jeppsson (1994). Con-
the (4, j):th element ofD. Then for each of these, sequently, this can motivate the study of wastewater

the controllability and the observability Gramian can treatment plant models with respect to the selection of

be calculated. The controllability and observability input and output signals.

Gramians for the full system will then be the sum of

the Gramians for all the subsystems. From a theoretical point of view, the bioreactor models

are non-linear multivariable systems that may contain
Unfortunately, both the controllability and the observ- a significant degree of coupling. Hence, this also gives
ability Gramian will depend on the chosen state-spacean interesting opportunity to test the performance of
realization. However, the eigenvalues of the product of the methods for input-output pairing selection dis-

these will not. cussed in the previous sections.

The Hankel norm for a system with transfer function The objective in this paper is to find suitable control
G(s) is defined as structures. If the couplings between the different con-
o trol handles in the system are sufficiently low, then a
IG ()l = VAmaz(Lelo) = a3 (6) controller selection involving several decoupled SISO

where ¢!’ is the maximum Hankel singular value. controllers may be suitable. If this is not the case, a

Hence, this measure is invariant with respect to the MIMO controller structure will provide a better so-

state-space realization and it is therefore well suited lution. The MIMO solution will, however, generally

as a combined measure for controllability and observ- be much more complex. Both the RGA and the HIIA
ability. In Wittenmark and Salgado (2002) it is shown Mmethod will be used in the sequel.

that the Hankel norm of:(s) given in (6) can also be ¢ considered model is a simplified version of the
interpreted as a gain between past_lnputs and futureIAWQ Activated Sludge Model No. 1 (ASM1) that
outputs. Then, if the Hankel norm is calcu!ated for_ models an activated sludge process configured for
each fundamental subsystem and arranged in & matrifjyrqgen removal. ASM1 is thoroughly described by
X given by Henzeet al. (1987). In this study the bioreactor con-
Eulij = 1Gi () ||la (7) sists of two tanks of equal volume (one anoxic and

) ) ] ) one aerobic of 1000 fneach) and a settler, see Figure
this matrix can be used as an interaction measure. Iny  The influent flow rate(, is 18446 m/day. The
Wittenmark and Salgado (2002) a normalized version, model is valid in the medium time-scale (i.e. hours to
the Hankel Interaction Index Array (HIIA), is pro-  gays). For a discussion of the model parameters, see

posed: Halvarsson (2003).
(= }_M (8) : P
0 Sl Gr(s)a Two different processes, nitrification and denitrifi-

cation, are simultaneously being performed. To get
an indication of how well these processes are be-
ing performed the effluent ammonium concentration
(Snh,2(t)) and the nitrate concentratiorbyo 2(t)),
respectively, can be considered. Hence, these concen-
trations are selected as output signals. The considered
input signals are the concentration of dissolved oxy-

I L . gen (DO set pointSo 2(t)) in the aerobic compart-
g’ :rialrgs’tdctzjc?ntt?;Irl]grns(i:umcetlﬂf: ttlﬁgi thi\?eas!n; Sut%ﬂ;s :g;ment and the intermal recirculation flow ra@(t)).
olnepas ossible. In the slightl gifferent interaction According to Ingildsen (2002) the denitrification is
P - N he sightly mainly influenced byQ;(¢) (among the selected in-
measure, the participation matrix (PM), proposed by : : A O
L é)ut signals) while the nitrification is mainly influ-
Conley and Salgado (2000) this is used. See Salgad tnced bySo. (). Hence, if the couplings between
and Conley (2004) for a further discussion of the PM. ¥20,2(t). ' ping

With this normalization, the sum of all elements in
Yy is one. If the intention is to use a decentralized
controller then the HIIA can be used and interpreted
in the same way as the RGA. Even though not directly
stated by Wittenmark and Salgado (2002), expected
performance for different controller structures can cer-
tainly be compared by summing the element&in:

. . Influent, Q Effluent
WhenG,; = 0 the Gramian produc?’T”, will — 50 —
be zero and so will the corresponding element in the rroric Aemblc
matrix Xg. This implies that the structure dfy
will be the same as the structure 6 and thus, memaecrcuion 0| Seer
non-diagonal elements will not be hidden as in the Sludge recirculation Excess sludge

case of the RGA. Hence, the HIIA can also be used _ _ .
to evaluate other controller structures than just the Fig. 1. A basic activated sludge process (ASP) config-
diagonal, decentralized, ones. ured for nitrogen removal.



Q. (t) andSo »(t) are low, then the denitrification and different operating points, at least in the lower operat-
the nitrification process may be considered separatelying point,u;, compared to the upper operating points,
when choosing controller structure and thus, SISO uz andug. Note, however, that these operational maps
controllers may be selected. can only be used to give an indication of the interac-

. . . tions in the system.
Three different operating points were selecte@hese y

correspond to the input signals:

e u; = [10000 m3/day 2 mg/I]T, 5. RGA ANALYSIS
e u, = [36892 m*/day 2 mg/l|7,
e u3 = [50000 m?/day 2 mg/l”. The steady-state RGA matrices for the linearized

) _ model in the three operating points are:
Since both the RGA and the HIIA are defined for

linear models, the simplified ASM1 model was lin- RGA(Gu, (0)) — {0-0055 0-9945] (11a)
earized around each operating point using the MAT- 0.9945 0.0055

LAB function linmod. In a small neighbourhood of 0.0051 0.9949

each operating point the linearized model will mimic RGA(Gy,(0)) = [0 9949 0 0051} (11b)
the characteristics of the nonlinear system. Thus, the ' )

analysis in the following sections is strictly valid only RGA(Gy, (0)) = [0'0041 0'9959} (11c)
in the above mentioned neighbourhoods. However, as 0.9959 0.0041

can be seen in the lower part of Figure 2, the opera-Apparently, the RGA suggests the anti-diagonal pair-
tional maps can be divided into two different regions iNg Snw,2(t)=So.2(t) and Sno.2(t)-Q:(t) for all of
where the process shows different stationary charac-the three operating points. This contradicts the results
teristics. It is therefore probable that each operating from the operational maps in Figure 2.

point describes the corresponding area fairly well.

The obtained linear models can be represented in 6. HIIA ANALYSIS
standard state-space form as:
Ax(t) = AAx(t) + BAu(t) The HIIA is a scaling dependent tool. This motivates a
Ay(t) = CAx(t) 9) scaling of the systems before the HIIA is considered.
) ) A reasonable scaling procedure is to scale the systems
wherex(t) is the state vector given by so that the maximum deviation from the average point
x(t) = [Snra(t) Snnz(t) Snoalt) of the considered variables lies in the interjall, 1]

T (for a detailed description of this scaling procedure,
Snoa(t) Ssa(t) Ss2(t)]" (108)  goq Halvarsson (2003)). If all of the three operating
where the elements are the concentrations of ammo-

x 10"

nium (Snn ), nitrate Snoy,) and readily biodegrad- 6
able substrateSs,,) in compartment: in the biore- 5t * Sy, (MO
actor. The operatoA refers to the deviation from = 4| . g, . '
the operating point. For a more thorough description 2 ,| T
see Halvarsson (2003). The input signal veet@r) is i_ S B
given by: A \ \ A
it
u(t) = {5%5(2) } (10b) o 15 2 25 3

. . So Mo/l
and the output signal vector is:

_ | Snna(t)
y(H) = |:SNO,2(t):| (109 _ Shoz Mol
> 4F 4
and 3 s / |
010000 E
o 2

C= {0 0010 0} : (10d) 4 // 'i
1:8%:—/}*

The steady-state operational maps for the model, are Oé%k/ﬂ?fr/:‘/ﬂ—?ﬁ:d—@
shown in Figure 2. The output signalSyy »(¢) and ! e Sozfmg”] 2% *
Sno2(t) are plotted against the two input signals ’
So2(t) andQ; (?). Fig. 2. Steady-state operational maps for the consid-
The operational maps in Figure 2 clearly indicate that ered bioreactor model. The upper plot shows the
different controller structures should be used in the level curves for the first output signal, the out-

going ammonium concentratioSyy, 2, and the

L _ _ _ _ lower one shows the outgoing nitrate concentra-
These operating points do not necessarily correspond $ibfea tion. S, The operation points are indicated in

choices concerning an optimal operation of the plant. Iktéeese 1 ONO,2- p P

are chosen in order to illustrate different interactionnpmi the plots.




points are scaled in the same way the following steady 7. DISCUSSION
state transfer function matrices are obtained:

scaled 0.0004 —0.7048
= 12 ) . .
G0 {00748 0.6674 } (122) In the RGA analysis of the bioreactor model it was
Gscaled(o) [ —0.0001 —0.7050 (12b) seen that the R.QA method did not prpvide reasongble
u; = | 20.0135 0.6422 input-output pairings in all of the considered operating

points. The reason for this can be found if the steady-
] . (12¢) state gain matrices for the considered systems are

studied. Triangular systems will always give the same
Furthermore, since the HIIA is a dynamic measure RGA, namely the identity matrix (under the assump-
that considers all possible frequencies while the con-tion that the rows in the transfer function matrix are
sidered model is only valid in a limited frequency band permuted to get nonzero elements along the diagonal
it is also reasonable to perform a band-pass filtering before calculating the RGA). The transfer function
before calculating the HIIA. This was carried out us- matrices of the (scaled) model are almost right under
ing a simple first-order low-pass filtef,(s), given by: triangular, see (12a)—(12c). Therefore, the structure of

0.001 the RGA will be similar for all of them: almost the

F(s) = 510,001 (13)  anti-identity matrix. The RGA matrices are given in
' equations (11a)—(11c), and evidently they are all very
close to the anti-identity matrix.

—0.0313 —0.7069

scaled —
Gy 0) = [4.9176 0.4526

wheres is the Laplace-variable. This filter has a 3 dB
cut-off frequency at approximately0—2 rad/s which
is reasonable since the considered bioreactor modelbviously, the HIIA provides an interaction analysis
is valid for frequencies ranging from approximately that goes deeper than the RGA is able to. When
1075 rad/s up tol0~? rad/s. Note also that this filter considering the information given by the HIIA there
does not introduce any additional scaling in the steadyis no longer any contradiction with the steady-state
state. The filtering can be expressed as: results in the operational maps in Figure 2. This can
Gliltered _ G (14) also be seen as a confirmation that the applied scaling
procedure is reasonable. Note once again, that these
If the systems are scaled in the suggested way andsteady-state operational maps can merely be used to
filtered using the low-pass filtdf given in (13) before  give an indication of the interactions in the system,
the HIIA is calculated, then the following HIIA matri- and what a reasonable controller structure may look
ces, Xy, are obtained for the three operating points: like.

Sus [00003 0-4869} (15a)  Compared to the RGA, the HIIA possesses several
0.0517 0.4611 advantages. Evidently, the HIIA is able to deal with

s 0.0001 0.5181 special transfer function matrix structures such as the
Xy = {0.0099 0.4719} (15Db) analysed nearly triangular ones. The HIIA does not
. 0.0052 0.1157 require decentralized (diagonal) controller_structures

Xy = {0.8050 010741] . (15c) as the RGA does. Instead, the HIIA considers each

subsystem in the model independently. Therefore, the
If a decentralized controller structure is to be used, the HIIA can be used to suggest MIMO controller struc-
HIIA analysis suggests the same input-output pairings tures as seen in Section 6. The RGA method is unable
as the RGA, i.e the anti-diagonal pairing in all of the to do this.
considered operating points. However, sifEer]s is
large foru, andus this indicates thao - affects both
outputs,Syn.2 and Sno 2. This in turn means that the
suggested decentralized controller structure could be
insufficient to provide good control performance. In-
stead, improved control performance can be expecte
if a (multivariable) triangular controller structure that
also includes the impadip » has onSyo 2 is used.

It was also observed that the HIIA method is scaling-
dependent. This means that some effort must be spent
on finding proper scaling matrices. However, this is
not necessarily a drawback, since this gives an oppor-
dtunity for the user to weight the considered signals
according to his own choice. The RGA method is
scaling-independent and does not offer this possibility.

Based on the RGA results in this particular case, it
should not be concluded that the couplings are low
between the DO set poinf§ »(¢)) and the internal re-
circulation flow rate @;(¢)) independent of operation
point. Instead, the operational maps indicate that there
are some couplings between the nitrification and the
denitrification process. A MIMO controller structure
Concerning the scaling procedure, it was found that can therefore be expected to give better control perfor-
reasonable small changes in the scaling matrices (formance compared to a solution involving decentralized
instance+40% in the element that scal€g;) do not control. The HIIA analysis supports this view, and also
alter the HIIA recommendations. suggests possible controller structure selections.

In the lowest operating pointy;, the HIIA also sug-
gests a triangular controller structure, even though not
as strongly as fon, andug. In fact, in this operating
point a decentralized controller may be good enough
since the sum of the anti-diagonal HIIA elements is
0.9207 which is close to one.
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The RGA method provides a simple way to decide trient Sensors. PhD thesis. Dep. of Industrial
how a set of input signals should be utilized to control Electrical Engineering and Automation, Lund
a given set of output signals. Often this method per- University, Sweden. CODEN:LUTEDX/(TEIE-
forms well, but in the analysis of the considered biore- 1030)/1-366/(2002).

actor model, it was clearly seen that the RGA method Jeppson, U. and M-N Pons (2004). The COST bench-
does not work properly in all cases. The reason for mark simulation model-current state and fu-
this was found to be the almost triangular structure ture perspectiveControl Engineering Practice

of the transfer function matrices. From this it can be 12(3), 299-304. Editorial.
concluded that the RGA should be used with care. Itis Kinnaert, M. (1995). Interaction measures and pair-

advisory to include an examination of the structure of ing of controlled and manipulated variables for
the considered transfer function matrices in the RGA multiple-input multiple-output systems: A sur-
analysis. vey. Journal A 36(4), 15-23.
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Furthermore, the newly suggested HIIA method was
employed to quantify the level of interactions occur-
ring between the inputs and outputs in the considered
bioreactor systems. It was shown that for the HIIA
method to give reasonable information, the considered
systems had to be both scaled in a physically relevant
way and low-pass filtered. The filtering was performed
to select the frequency band of interest. When treating
the systems according to this procedure, the HIIA
method suggested the same decentralized controller
structure as the RGA, but it also gave suggestions
on other controller structures that may perform better.
The RGA is unable to give this extra information.
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