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)URP� WKH� SUHYLRXV� SDUW� LW� IROORZV� WKDW� WKH� HVWLPDWH������ GHWHUPLQHG� ZLWK� WKH� XVH� RI� 11� WUDLQHG� LQ�DFFRUGDQFH� ZLWK� WKH� FULWHULRQ ����� ZLOO� WHQG� WR� WKH�RSWLPDO�HVWLPDWH�����DV�WKH�QXPEHU�RI�UHDOL]DWLRQV� RQLQFUHDVHV�� � 7R� GR� WKLV�� RQH� VKRXOG�� VLPLODUO\� WR� WKH�ZD\�LW�ZDV�GRQH�LQ�5HIHUHQFH��6WHSDQRY�DQG�$PRVRY�������� FDOFXODWH SDUWLDO� GHULYDWLYHV� ZLWK� UHVSHFW� WR��Z DQG�: � DQG�SXW� WKHP� WR� ]HUR�� �$IWHU� VRPH�QRW�FRPSOLFDWHG�EXW�WLUHVRPH WUDQVIRUPDWLRQV�WKH�GHULYHG�HTXDWLRQV� FDQ� EH� UHVROYHG ZLWK� UHVSHFW� WR� �Z DQG�: �� � $V WKH UHVXOW�� WKH� HVWLPDWH� �a��Ö :\[11 GHULYHG�E\� WKH� PHDVXUHPHQWV� \ ZLWK� WKH� XVH� RI� 11� �����WUDLQHG�LQ�DFFRUGDQFH�ZLWK������FDQ�EH�JLYHQ�DV�
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$VVXPH� WKDW� WKH� D� SULRUL� LQIRUPDWLRQ� LV� UHSUHVHQWHG�E\� D� VHW� RI� SDLUV� �� M[ �� �� M\ �� RQM �� �� � 7KHQ� WKH�HVWLPDWLRQ� SUREOHP� FDQ� EH� VROYHG� E\� XVLQJ� 11�� LQ�SDUWLFXODU�� XVLQJ� D� OLQHDU� VLQJOH�OD\HU� 11� ZLWK� RQH�QHXURQ�� ZLWK� WKH� LGHQWLW\� DFWLYDWLRQ� IXQFWLRQ�VV  ��\ DQG� L LQSXWV�� � %HORZ� DUH� WKH� UHVXOWV�REWDLQHG� E\� WKH� VLPXODWLRQ�� FRUUHVSRQGLQJ� WR� WKH�OLQHDU� DQG� QRQOLQHDU� RSWLPDO� DQG� 11� DOJRULWKPV�GHULYHG� IRU� GLIIHUHQW� QXPEHU� RI� PHDVXUHPHQWV� L ���)RU� WKH� VLPXODWLRQ� LW� ZDV� DVVXPHG� WKDW� NL �� ������������ N ��
7KH� FDOFXODWLRQ� RI� WKH� RSWLPDO� HVWLPDWH� DQG� WKH�QRUPDOL]LQJ� IDFWRU� LQ� DFFRUGDQFH� ZLWK� ����±�����LQYROYHG QXPHULFDO� LQWHJUDWLRQ�� � 7UDLQLQJ� ZDV�SHUIRUPHG� LQ� DFFRUGDQFH� ZLWK� WKH� FULWHULRQ� ������EDVHG� RQ� WKH� LWHUDWLYH� :LGURZ�+RII� DOJRULWKP��+D\NLQ��������� 7R�SURYLGH�WUDLQLQJ��WKH�UHDOL]DWLRQV��� M[ �� �� M\ �� RQM �� �� ���� RQ ZHUH� VLPXODWHG� LQ�DFFRUGDQFH� ZLWK� ������ 7UDLQLQJ� ZDV� IROORZHG� E\�WHVWLQJ�� � )RU� WKLV� SXUSRVH� ���� ZQ SDLUV� RI� WKH�UHDOL]DWLRQV� �� M[ �� �� M\ �� ������ M ZHUH� VLPXODWHG�IRU�YDULRXV� NL �� �� �� N ��)LJ�� �� VKRZV� WKH� VDPSOH� U�P�V��HVWLPDWLRQ� HUURUV� IRU�WKH� QRQOLQHDU� RSWLPDO� � LVa �� DQG� 11� � 11LVa ��HVWLPDWHV��,W�VKRXOG�EH�QRWHG�WKDW�IURP�WKH�VLPXODWLRQ�UHVXOWV� LW� DOVR� IROORZV� WKDW� a H11L 3|V �� LQ� RWKHU�ZRUGV�� WKH� 11� HVWLPDWHV� DUH� FORVH� WR� WKH� OLQHDU�RSWLPDO�HVWLPDWHV��
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$V�VHHQ�IURP�)LJ� ���WKH�HVWLPDWH�RI�WKH�WUDLQHG�11�LV�FORVH� WR� WKH� RSWLPDO� HVWLPDWH�� 7KHUHIRUH� LW� IROORZV�WKDW�LQ�WKLV�H[DPSOH�WKHUH�LV�QR�QHHG�IRU�XVLQJ�D�PRUH�FRPSOLFDWHG�11�,W� LV�RI� LPSRUWDQFH� WR�QRWH� WKDW� WKH�GHULYDWLRQ�RI� WKH�RSWLPDO� HVWLPDWH� LQYROYHG� D� SULRUL� LQIRUPDWLRQ�SUHVHQWHG�LQ�WKH�IRUP�RI�WKH�DQDO\WLF�GHSHQGHQFH������DQG� WKH� NQRZQ� MRLQW� SUREDELOLW\� GLVWULEXWLRQ� GHQVLW\�IXQFWLRQ� �������� [I[I[I \\  �� � $W� WKH� VDPH� WLPH�WKH�GHULYDWLRQ� RI� HVWLPDWHV�ZLWK� WKH�XVH�RI�11�RQO\�LQYROYHG�D�VHW�RI�UHDOL]DWLRQV� �� M[ �� �� M\ �� RQM �� �
([DPSOH� �� 7KLV� H[DPSOH� LV� VLPLODU� WR� ([DPSOH� ���EXW� WKH� PHDVXUHPHQW� HUURUV� OY �� LO �� DUH� DVVXPHG�WR� EH� ]HUR�PHDQ� UDQGRP� YDULDEOHV� LQGHSHQGHQW� RI�HDFK� RWKHU� DQG� RI� [ XQLIRUPO\� GLVWULEXWHG� RQ� WKH�LQWHUYDO� @�����> DD� ��
7KH� OLQHDU� RSWLPDO� HVWLPDWH� FDQ� EH� FDOFXODWHG� E\�XVLQJ� ������ EXW� LQ� ����� �U PXVW� EH� GHWHUPLQHG� DV������ DU  �� ,W� LV� HVVHQWLDO� WKDW� WKH� RSWLPDO�QRQOLQHDU�HVWLPDWH�FDQ�EH�GHWHUPLQHG�H[DFWO\�IRU�WKLV�H[DPSOH�� �7R�H[SODLQ� LW�� OHW�XV� LQWURGXFH�WKH�GRPDLQ�: WKDW� UHSUHVHQWV� WKH� FURVVLQJ� RI� DOO� WKH� LQWHUYDOV�@�����> D\D\ OO �� � LO �� ��L�H��LO OO D\D\GG ��� @�����>@�>  �� {: � ����
,W� FDQ� EH� VKRZQ� WKDW� WKH� D� SRVWHULRUL� GHQVLW\� LQ� WKH�H[DPSOH� FRQVLGHUHG� LV� XQLIRUP� RQ� WKH� LQWHUYDO�@�> �� FF ��ZKLFK�UHSUHVHQWV�WKH�FURVVLQJ�RI�WKH�D�SULRUL�GRPDLQ� @��> E DQG� WKH� GRPDLQ� : VR� WKDW�^ `�� ��PD[ GF  � ^ `�� �PLQ GEF  � 7KHQ� LW� IROORZV�WKDW
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$VVXPLQJ�� MXVW� DV� LQ� ([DPSOH� ��� WKDW� WKH� D� SULRUL�LQIRUPDWLRQ� LV� UHSUHVHQWHG� E\� D� VHW� RI� SDLUV� �� M[ ��

�� M\ �� RQM �� ��WKH�HVWLPDWLRQ�SUREOHP�FDQ�EH�VROYHG�E\� XVLQJ�11�� � /HW� XV� XVH� ERWK� D� OLQHDU� VLQJOH�OD\HU�11� ZLWK� RQH� QHXURQ� ZLWK� WKH� LGHQWLW\� DFWLYDWLRQ�IXQFWLRQ�DQG� L LQSXWV�DQG�D�QRQOLQHDU�11��± D� WZR�OD\HU� 11� ZLWK� L LQSXWV�� T QHXURQV� LQ� WKH� KLGGHQ�OD\HU� DQG�RQH�QHXURQ� LQ� WKH�RXWSXW� OD\HU�� �7KH�11��RXWSXW�FDQ�EH�ZULWWHQ�DV��
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ZKHUH� � �PZ �� � OZP �� T�� P �� LO �� ± WKH�ELDV�DQG� WKH�ZHLJKWV� RI� WKH� KLGGHQ� OD\HU� QHXURQV�� ���Z �� ��PZ ��T�� P ± WKH�ELDV�DQG�WKH�ZHLJKWV�RI�WKH�11��RXWSXW�
OD\HU� QHXURQ�� VV

VV HH HHVWKV �
���  ��M ± WKH� DFWLYDWLRQ�IXQFWLRQ� IRU� WKH� QHXURQV� RI� WKH� KLGGHQ� OD\HU��VV  ��\ ± WKH� DFWLYDWLRQ� IXQFWLRQ� IRU� WKH� RXWSXW�QHXURQ�%HORZ�DUH�WKH�VLPXODWLRQ�UHVXOWV�FRUUHVSRQGLQJ�WR�WKH�OLQHDU�DQG�QRQOLQHDU�RSWLPDO�HVWLPDWHV�DQG�OLQHDU�DQG�QRQOLQHDU�11�HVWLPDWHV�GHULYHG�IRU�GLIIHUHQW�QXPEHU�RI�PHDVXUHPHQWV� L �� 7KH� VLPXODWLRQ� ZDV� SHUIRUPHG�XQGHU� WKH� DVVXPSWLRQ� WKDW� � E �� � D � �� T ��NL �� �� ���������� N ���7KH�FDOFXODWLRQ�RI�WKH�RSWLPDO�QRQOLQHDU� HVWLPDWH� ZDV� FDUULHG� RXW� LQ� DFFRUGDQFH�ZLWK������7UDLQLQJ� RI� WKH� OLQHDU� DQG� QRQOLQHDU� 11� LQ�DFFRUGDQFH� ZLWK� ����� UHTXLUHG� VLPXODWLRQ� RI� WKH�UHDOL]DWLRQV� �� M[ �� �� M\ �� RQM �� �� ���� RQ ��7UDLQLQJ� ZDV� IROORZHG� E\� FKHFNLQJ�� IRU� ZKLFK����� ZQ SDLUV� RI� UHDOL]DWLRQV� �� M[ �� �� M\ ZHUH�DGGLWLRQDOO\�VLPXODWHG�IRU�YDULRXV� NL �� �� �� N ��
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$V�VHHQ�IURP�)LJ� ��WKH�HVWLPDWH�RI�WKH�WUDLQHG�OLQHDU�11�DQG�WKH�RSWLPDO�OLQHDU�HVWLPDWH�DUH�LGHQWLFDO��EXW�WKH\� GLIIHU� YHU\� PXFK� IURP� WKH� RSWLPDO� QRQOLQHDU�HVWLPDWH�� � $W� WKH� VDPH� WLPH� WKH� HVWLPDWH� RI� WKH�QRQOLQHDU� 11�� LV� FORVH� WR� WKH� RSWLPDO� QRQOLQHDU�HVWLPDWH��
���&21&/86,216,W� LV� VKRZQ� WKDW� DIWHU� VRPH� DGHTXDWH� WUDLQLQJ� WKH�VXJJHVWHG� OLQHDU� 11� SURYLGHV� GHWHUPLQDWLRQ� RI� WKH�HVWLPDWH� FORVH� WR� RSWLPDO� LQ� WKH� OLQHDU� FODVV�� � )URP�WKH�SUDFWLFDO�SRLQW�RI�YLHZ�WKH�UHVXOW�GHULYHG�PD\�EH�RI�DGYDQWDJH�LQ�WKH�VLWXDWLRQV�ZKHQ��RQ�WKH�RQH�KDQG��LW� LV� NQRZQ� WKDW� WKH� XVH� RI� OLQHDU� HVWLPDWLRQ�DOJRULWKPV� DOORZV� DFKLHYHPHQW� RI� DFFHSWDEOH�DFFXUDF\��RQ�WKH�RWKHU�KDQG�� WKH�D�SULRUL LQIRUPDWLRQ�DERXW� WKH� SURSHUWLHV� RI� WKH� YHFWRUV� EHLQJ� HVWLPDWHG�DQG� PHDVXUHG� LV� SUHVHQWHG� E\� D� VHW� RI� SDLUV� �� M\ ���� M[ � RQM �� �� � ,Q� WKLV� FDVH� WKH� XVH� RI� D� OLQHDU�11������WUDLQHG�E\�XVLQJ�WKLV�VHW�RI�GDWD�DOORZV�GHULYLQJ�HVWLPDWHV�WKDW�DUH�FORVH�LQ�WKHLU�SURSHUWLHV�WR�RSWLPDO�OLQHDU�HVWLPDWHV�2I� PRUH� LQWHUHVW� LV� WKH� VWXG\� RI� WKH� HIILFLHQF\� RI�XVLQJ�11�IRU�WKH�VROXWLRQ�RI�WKH�VR�FDOOHG�HVVHQWLDOO\�QRQOLQHDU� HVWLPDWLRQ� SUREOHPV�� IRU� ZKLFK� WKH�DOJRULWKPV�RSWLPDO�LQ�WKH�OLQHDU�FODVV�FDQQRW�SURYLGH�WKH�DFFHSWDEOH�DFFXUDF\�RI�VROXWLRQ��6WHSDQRY��������'PLWULHY� HW�DO� ������� � ,Q� WKLV� FDVH� WKH� D� SRVWHULRUS�G�I��LV�QRQ�*DXVVLDQ�DQG�WKH�SUREOHP�FDQ�EH�VROYHG�LQ� D� VLPLODU� ZD\�� EXW� WKHQ� 11� KDV� WR� EH� FKRVHQ� D�QRQOLQHDU�IXQFWLRQ�,W�LV�FOHDU�WKDW�WKH�HIILFLHQF\�RI�WKH�VXFK�VROXWLRQ�ZLOO�GHSHQG� ODUJHO\� RQ� KRZ� JRRG� WKH� VHOHFWLRQ� RI�SDUDPHWUL]HG� IXQFWLRQV� ZDV� IURP� WKH� DFFXUDF\�YLHZSRLQW�� L�_�� SUR[LPLW\� RI� WKH� PLQLPXP� YDOXH� RI�WKH� FULWHULRQ� a- IRU� WKH� VSHFLILHG� FODVV� RI� IXQFWLRQV�DV� FRPSDUHG� WR� WKH�PLQLPXP� YDOXH� RI� WKH� FULWHULRQ�-a ZLWKRXW� LQWURGXFWLRQ� RI� DQ\� UHVWULFWLRQV� RQ� WKH�FODVV�RI� IXQFWLRQV�� �%HVLGHV��RI�QR� VPDOO� LPSRUWDQFH�LV� WKH� FRPSOH[LW\� RI� ERWK� WKH� WUDLQLQJ� DOJRULWKP� ±ILQGLQJ� WKH�SDUDPHWHUV� WKDW�SURYLGH� WKH�PLQLPXP�RI�WKH� FULWHULRQ� ������ DQG� WKH� DOJRULWKP� IRU� WKH�FDOFXODWLRQ RI� WKH� HVWLPDWH� LWVHOI�� � 7KH� ILUVW�FLUFXPVWDQFH�VHHPV�WR�EH�RI�YLWDO�LPSRUWDQFH�DV�DIWHU�WKH� VXEVWDQWLDWHG� VHOHFWLRQ� RI� WKH� 11� WRSRORJ\��VWUXFWXUH�� LWV� WUDLQLQJ� FDQ� EH� FDUULHG� RXW� ZLWK� WKH�PHWKRGV� GHYHORSHG� IRU� WUDLQLQJ� 11� XVHG� IRU� WKH�VROXWLRQ�RI�RWKHU�SUREOHPV���,W�LV�LQ�WKLV�GLUHFWLRQ�WKDW�IXUWKHU� LQYHVWLJDWLRQV� LQ� DSSOLFDWLRQ� RI� 11� IRU� WKH�VROXWLRQ� RI� DSSOLHG� HVVHQWLDOO\� QRQOLQHDU� HVWLPDWLRQ�SUREOHPV�ZLOO�EH�FRQGXFWHG�
5()(5(1&(6$OHVVDQGUL�$��� 7�� 3DULVLQL�� DQG�5�� =RSSROL�� 6OLGLQJ�ZLQGRZ�QHXUDO�VWDWH�HVWLPDWLRQ�LQ�D�SRZHU�SODQW�KHDWHU� OLQH�� 3URFHHGLQJV� RI� WKH� $PHULFDQ�&RQWURO�&RQIHUHQFH�6DQ�'LHJR��&DOLIRUQLD��-XQH����� SS�����±����

*HOE� $�� ������� $SSOLHG� 2SWLPDO� (VWLPDWLRQ 0�,�7��3UHVV��&DPEULGJH��0$�'PLWULHY� 6�3�� DQG�2�$��6WHSDQRY� ��������1RQOLQHDU�ILOWHULQJ� DQG� QDYLJDWLRQ�� 3URFHHGLQJV� RI� �WK�,QWHUQDWLRQDO� &RQIHUHQFH� RQ� ,QWHJUDWHG�1DYLJDWLRQ�6\VWHPV��5XVVLD��&65,�(OHNWURSULERU��6DLQW�3HWHUVEXUJ�SS�����±����+D\NLQ�� 6�� �������� 1HXUDO� QHWZRUNV�� $�FRPSUHKHQVLYH� IRXQGDWLRQ� 0DF0LOODQ� &ROOHJH��1HZ�<RUN�+D\NLQ� 6�� DQG� 3�� <HH� �������� 2SWLPXP� QRQOLQHDU�ILOWHULQJ�� ,(((� 7UDQV�� 2Q� 6LJQDO� 3URFHVVLQJ�������������±�����+D\NLQ� 6�� �������� .DOPDQ� ILOWHULQJ� DQG� QHXUDO�QHWZRUNV��-RQK�:LOH\�	�6RQV��,QF���1HZ�<RUN�-D]ZLQVNL�� $�+�� �������� 6WRFKDVWLF� SURFHVVHV� DQG�ILOWHULQJ�WKHRU\��$FDGHPLF�3UHVV��1HZ�<RUN��.DOPDQ� 5�(�� ������� 1HZ� $SSURDFK� WR� /LQHDU�)LOWHULQJ�DQG�3UHGLFWLRQ�3UREOHPV��-��%DVLF�(QJ��0DUFK��������/R� -�� 7�� +�� �������� 6\QWKHWLF� DSSURDFK� WR� RSWLPDO�ILOWHULQJ�� ,(((� 7UDQV�� 1HXUDO� 1HWZRUNV�� ���������±�����0HGLWFK�� -�6�� �������� 6WRFKDVWLF� RSWLPDO� OLQHDU�HVWLPDWLRQ� DQG� FRQWURO� 0F�� *UDZ� +LOO�� 1HZ�<RUN�3DUORV�$��*���6�.��0HQRQ��DQG�$�)��$WL\D���������$Q�DOJRULWKPLF� DSSURDFK� WR� DGDSWLYH� VWDWH� ILOWHULQJ�XVLQJ� UHFXUUHQW� QHXUDO� QHWZRUNV�� ,(((� 7UDQV��1HXUDO�1HWZRUNV� �����������±�����3XVNRULXV� *�9��� /�$� )HOGNDPS�� DQG� /�,�� 'DYLV��������� '\QDPLF� QHXUDO� QHWZRUN� PHWKRGV�DSSOLHG� WR� RQ�YHKLFOH� LGOH� VSHHG� FRQWURO�� 3URF��,(((����������±�����6LPDQGOH�0��3��+HULQJ��/��.UDO���������,GHQWLILFDWLRQ�RI� 1RQOLQHDU� 1RQ�*DXVVLDQ� 6\VWHPV� E\� 1HXUDO�1HWZRUN��3URFHHGLQJ�RI�12/&26���� 6HSW���±��6WXWWJDUW��*HUPDQ\��SS�����±����6WHSDQRY�� 2�$�� �������� 1RQOLQHDU� ILOWHULQJ� DQG� LWV�DSSOLFDWLRQ� LQ� QDYLJDWLRQ� 5XVVLD�� &65,�(OHNWURSULERU��6DLQW�3HWHUVEXUJ��,Q�5XVVLDQ�6WHSDQRY� 2�$�� DQG� 2�6�� $PRVRY� ��������1RQUHFXUUHQW� OLQHDU� HVWLPDWLRQ� DQG� QHXUDO�QHWZRUNV�� ,)$&� :RUNVKRS� RQ� $GDSWDWLRQ� DQG�/HDUQLQJ�LQ�&RQWURO�DQG�6LJQDO�3URFHVVLQJ��DQG�,)$&� :RUNVKRS� RQ� 3HULRGLF� &RQWURO� 6\VWHPV��<RNRKDPD��-DSDQ��$XJXVW����± 6HSWHPEHU����SS�����±����<DUO\NRY�� 0�6�� DQG� 0�$�� 0LURQRY� �������� 7KH�0DUNRY� WKHRU\� RI� HVWLPDWLQJ� UDQGRP� SURFHVVHV��,Q�� 7HOHFRPPXQLFDWLRQV� DQG� 5DGLRHQJLQHHULQJ������±���� 3XEOLVKHG�E\�%HJHOO�+RXVH��,QF���1HZ�<RUN��=DULWVN\� 9�6��� 9�%�� 6YHWQLN�� DQG� /�,�� 6KLPHOHYLFK���������7KH�0RQWH�&DUOR�WHFKQLTXHV�LQ�SUREOHPV�RI� RSWLPDO� LQIRUPDWLRQ� SURFHVVLQJ�� $XWRPDLRQDQG 5HPRWH &RQWURO����������±�����9DSQLN� 9�1�� �������� (VWLPDWLRQ� RI� GHSHQGHQFHV�EDVHG� RQ� HPSLULFDO� GDWD�� 1HZ� <RUN�� 6SULQJHU�9HUODJ�


