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Abstract: A new control methodology is introduced for nonlinear, MIMO Heating, Ventilating and Air
Conditioning (HVAC) Systems. A feedback of states and disturbances is used for disturbance decoupling and
model linearization purposes. The Back-stepping controller is applied to the system’s linearized model, then. It
is shown that in this way, heat and moisture loads can be compensated completely if considered as measurable
disturbances. For non-measurable disturbances a stable observer is introduced to estimate them. The system has
good and fast tracking, offset-free and smooth response with high disturbance decoupling and optimal energy
consuming properties in the presence of a wide range of time-varying loads. Copyright © 2005 IFAC
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NOMENCLATURE

h,,,hy, Enthalpy of liquid water and water vapor

W, ,W, Humidity ratio of outdoor & supply air

W3 Humidity ratio of thermal space

Ve,V Volume of heat exchanger & thermal space
M, ,Q, Moisture & heat loads

T,,T; Temperature of supply air & thermal space
f Volumetric flow rate of recirculated air

p,C, Air mass density, Specific heat of air
T,

o
gpm Flow rate of chilled water

Temperature of outdoor air

1. INTRODUCTION

HVAC systems are one of the most challenging
plants in process control. The energy consumed by
HVAC equipments constitutes 50% of the world
energy consumption (Serrano and Reyes, 1999). In
some cases the problem of HVAC control is
inevitable for two main reasons. The first is to
receive at an optimal consumption of energy. The
second is that, in cases such as a metro system or in
the towers with hundred stages, it is necessary to
have a complete air conditioning system, which
could keep the moisture, temperature, or pressure

within acceptable ranges. There are some works done
to achieve one or all of these purposes. In (Geng and
Geary, 1993; Hartman, 1993) PID control and Direct
Digital Control are used for temperature control.
Intelligent methods have been used in (Ahmed, et al.,
1996; Jian and Wenjian, 2000) for control and
identification purposes. Zaheeruddin (1992, 1993)
introduced an optimal controller for this system. In
(Underwood, 2000) a robust methodology is applied
to the system. For the purposes of control and
minimization of actuator repositioning by Internal
Model Control, (Omidi and Yazdanpanah, 2000) can
be referred. In (Tigrek, et al., 2002) a nonlinear
optimal controller was applied to this system, too.

Although many strategies have been used to improve
the performance of these systems, there are many
unsolved problems yet. The problem of load
compensation can be considered as an example. It is
important to have an acceptable air condition in the
presence of time-varying disturbances such as heat
and moisture loads with least energy consumption.
This paper introduces a new approach using feedback
linearization and Backstepping techniques for
tracking control and disturbance decoupling goals. In
the case of non-measurable disturbances, a stable
observer is designed for estimation. The method is
then applied to a nonlinear, MIMO, HVAC system.
Simulation results show the advantages of the



method in high disturbance decoupling, good
tracking properties in the presence of time-varying
loads and oscillation-free response. This in turn,
results in longer life of actuators which is important
from economical and industrial viewpoints.

The system model is first introduced in section 2.
Sections 3, 4 and 5 discuss the feedback
linearization, observer design and Backstepping
algorithms respectively. Finally simulations and
conclusions are given in Sections 6 and 7.

2. HVAC MODEL

A single-zone Variable Air Volume (VAV), HVAC
system is considered here. This system is a time-
delayed, MIMO system in which one of the I/O
channels has a right half plane zero and so is a non-
minimum-phase system. Several models have been
considered for HVAC systems in different
references. In (Omidi and Yazdanpanh, 2000) a
linear model of the system with a time delay and in
(Underwood, 1999) a nonlinear SISO model is used.
In some other works a bilinear model is considered
for presenting the temperature(s) (Tigrek, et al.,
2002), humidity or both of them (Serrano and Reyes,
1999). Here, the last one is considered, which
presents both factors of temperature and humidity. In
spite of (Serrano and Reyes, 1999), in which the
thermal space temperature and humidity are the
outputs, the outputs here are defined as thermal space
and supply air temperatures while the humidity
would be kept within an acceptable range. Moreover,
to be more practical, the actuators’ dynamics are
considered as well. The mathematical model of the
system without actuators’ dynamics, is as in (1) and
(2), where x is the state vector, z,y are the input and

output vectors and w is the disturbance vector of heat
and humidity loads (Serrano and Reyes, 1999):
x=fixzp+ gzt pro,y=x,y=x3 (1

-,60 ,60 60 a3 —ashy
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p£45 —p345 — 560 0 0
— o, 600 0
&1 = o, 60/ 0 (2)
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Parameters and the numerical values are defined as
follows (see nomenclature for definitions):

7= [z =gpmx; =Ty,x, =Wy, =T, = O
@y =My, B =11V, B, :1/PCpVheu53 =h, /CpVhe

o =1V, =hg I CVi,a3 =1/ pC Vi,a4 =1/ pV,

T, =85°F, p=.0741b/ ft*,V,, =601 ,W, =.0018,
V, = 58464 1> C, =24 Bru/Ib.°F, W, =.007

It is obvious that if both input and disturbance

vectors are zero, x would be zero, which has a

physical meaning, as when flow rate of water and air,

moisture and heat loads are =zero, then the
temperature and humidity of thermal space would

remain invariant and so their derivative is zero. Here
the control signal is implemented to liquid valve with
the dynamic model as (Underwood, 1999):

G(s) =)/ (5) = K/1+7,9) 3)

with 7, : valve time constant, u(s)and z(s): control
signals applied to actuator and plant respectively, & :
a constant. Parameter values are 7, =.008 ir, k=5
The augmented model of the system and actuators
will be as in (4) in which, X =[x z|:
X=FX)+G(Xu+PXNw,y=[n x] @
0 00 k/z, O

T
JF(X) =
000 0 Kl

G(X) = {

[7’121 7221 vz +razy —zlt, _Zz/Tv]Ta
P(X):{ a; 0 00 OT
—azhy ag 0 0 0
71 =0160(x3 —x1) =, 60(W; —x;)
¥2 =@ 6007, —x,), 74 =~ 60003,
v3 = P1503x) +T, —4x3)
— [360(25W, +.75x, = W)

3. LINEARIZATION VIA FEEDBACK
3.1 Relative degree

Relative degree is the number of times, the output
should be differentiated to have the input be appeared
and the relative degree for a MIMO system is defined
in (Isidori, 1995) as follows. Consider the system as:

X m
X =F(X)+2 gi(X)u; + P(X)o =
F(X)+G(X)u+P(X)w,X eR", u;,weR
yi=h(X) i=1..,m, y;,eR

It has a vector input relative degree around X as

7= {rl,..., rm}, if the following conditions are met:

)L, Lph; =01<j<ml<i<mk<r,—1 (6-a)
I%h, Lie derivative, is the k™ derivative of
h(X) with respect to X along F (Isidori, 1995).

il) A(X)is nonsingular in a neighbourhood of X,
Lo LX) - Ly LFh(X)
AX) = : : (6-b)
Loy L7 0y (X) Lgij;”‘lhm (X)

3.2 Relative degree in HVAC system

Considering the model in (4), after some calculations,
it can be shown that for an HVAC system:

ky/ 0
A(X){y e } r={20)
v3k/Ty yaky /7,



3.3 Exact linearization via feedback: MIMO case

As mentioned in (Isidori, 1995), feedback
linearization is applicable to MIMO systems with
disturbances in their model, as HVAC model
discussed here. It is implied there that there exist a
feedback for the system described in (5), which
transforms it to the normal form. This feedback can
render the outputs independent of the disturbances.
The important point is that the disturbances have to
be available, or observable to be estimated:

Lemma 1: 1. There exists a feedback of the form
u=a(X)+ p(X)v, which renders the output of (5)
independent of the disturbance wif and only if
Lplhh(X)=0, 0<k<r -1,1<i<m (8)

this means that relative degree with respect to inputs
should be /ess than the disturbances’ relative degree,
2. There exists a feedback of the form
u=a(X)+ f(X)v+y(X)w which renders the output

of (5) independent of the disturbance w if and only if
Lplh(X)=0,0<k<r, -2, 1<i<m (9)

Proof: By differentiating the output relation and
using the definition of input relative degree.

There are so many systems, which cannot guarantee
the conditions mentioned in lemma 1. Here an special
conditions, more than lemma 1, are mentioned as a
new introduced lemma in which linearization and
disturbance decoupling would be possible.

Lemma 2: There exists a feedback of the form
u=a(X)+ p(X)v+y(X)w, which renders the
output of (5) independent of the disturbance w if

i) LpLhh(X)=0for0<k <r,—21<i<m (10-a)

i) L PL}_Zhi (X) is independent of state variables.
(10-b)

Introducing a new coordinate transformation,
different from the one in (Isidori, 1995), this lemma
can be proved. Here a brief proof is brought.
Proof: By differentiating the output relation
continuously it will be seen that:

yi=Lphi(X)

W = L 0+ (Lp Ly (X))o
P = L OO+ (L L By (X))u +
(LpLE b (X))o =v,

By introducing new coordinate as:

& =0 (X),6 =Lphi(X),....&, = Ly (X)

E =L 0O+ (LpLE (X))o (12)

7

and using ii) in lemma 2:
0 ) .
E(LPL;’F hi(X)=0, i=1..,m

It can be shown that by using the properties of Lie
derivative and the definition of input relative degree,
the following equations are held:

5{255’ > é}i-—l 25;1
E = Lih (X) + (Lo Ly hy (X)) +
r—1
(Lol By (XD =v,
vi=& (13)
by using fll definition, control law can be written as:
u=a(X)+ pX)v+y(X)w (14-a)
a(X)=-A""b, fX) =47 y(X)=-4""c
LpL} ™ Iy (X)
o(X) = ,b(X) =
LpL}  hy (X)

Liph (X)

(14-b)
L h, (X)
It is clear that applying a nonlinear feedback of the
states and disturbances as in (14) can linearize the
system model. Hence the output is obtained
independent of the disturbances, hence decoupled

from the disturbances, and the proof is complete.
It is worthy to mention that although the transformed

states &' are functions of the disturbance @, this

does not change the problem of achieving
disturbance decoupling. The reason is that the system
can be changed into the normal form without

considering the definition of &’ . It means that even

if &' has a term of @ in its definition, the effect of it

can be considered together with the effect of w
appeared in the feedback in the form of
u=a(X)+ p(X)w+y(X)w. In other words this

feedback depends on wand hence, defining its
coefficients as functions of @w does not result in a
problem in general cases.

3.4. Linearization via feedback in HVAC system

In the case of HVAC system these relations are held:
LpLXh(X)#0 For (0<k<2-2=0=k=0)

LpLkhy(X)=0 For (0<k<2-2=0=k=0)

So no parts of lemma 1 can be applied to it. Now try
lemma 2. Condition (10-a) is achieved automatically,
as no value can be found for & . considering (10-b):

LpLl 2 (X) = LpLyhi(X) = Lph; (X) =
oy —ash [ fori=1 & [0 0] for i=2

which are independent of state variables. So this
lemma is applicable to the HVAC system. Now a
feedback as in (14) with a coordinate transformation
in the form of (12) can transform the system into the
linear form (13). The transformation is as:

El=x, &) =riz +as(o —hgpw,) (15)
&l = X3, &3 =r3z1 t 74z
So the control law, u , in (14) with A(X) as in (7),
—a3a12160 6021(—a3a1hfg+a2a4)

c(X)=
) a3z 12145 45z1(—a3 Prhyy — Biay)



and b(X)=|L2h(X) Lihy(X) " will transform
the nonlinear system (4) into the linear form of (13).
So there will be a linear model with the outputs,
decoupled from the disturbances and a suitable
controller based on control goals can be designed for
it. Here Backstepping is used for this purpose.

4. LOAD ESTIMATION

As it was said in the previous section, a nonlinear
system in the form of (5), which satisfies special
conditions, can be transformed into the linear form of
(13) by a nonlinear feedback described in (14).
However, in order to use (14), it is necessary to know
disturbance vector or to estimate it somehow. In
some cases the disturbances are available but here, it
is assumed that they are not measurable but have
constant values, in comparison with the system time
constant, which results in the following equation:

&=0 (16)
In this way the equation (14) would be replaced with
u=a(X)+pXWw+y(X)o 'W))

in which @, the output of observer, is the estimated
value for @ . Here an observer is introduced which
has the inputs and states of the original system as its
inputs and the estimated disturbances as its outputs.

4.1. Observer design

It simply can be shown that the system described in
(1), (2) is observable (Serrano and Reyes, 1999).
Therefore an observer can be designed for it.
Considering the system in (1), by introducing

T
X :[xT a)T] and using (16), augmented system

would be given by:
- 0 0
F-|0 Xl |A 48]
0 0 |w 0 Oj|lw 0
= Z)?+]V)?zl +Bz (18)

Now by npartitioning this system as X 1 =X,

X, =, the following relations can be written:

)_(2 :ZZI)_(I +222)_(2 +N21)?121 +N22)?2Zl +§22

in which Nlj , AIJ s

partitions of N, A4 according to X;,X,. After
modifications the following equation is obtained, in

{)?1 :le)?l "r‘le)?z +N11)?121 +]v12)?221 +EIZ

i,j=12 are the corresponding

whichT = X , —LX,and X , is estimation for X, :
[A22+N2221 L(A12+N1221)]r (mlﬁzzl))_ﬁ
(32 L31)2+[A22+N2221 L(A12+N1221)]LX1
+(N21 _LNII)XIZI (19)

This equation shows the observer’s dynamics to be
added to the original system dynamics. As mentioned

before X and z are the available state and input

vectors, N, A

ij» Aij s i, j=1,2 are known and L is the

observer gain matrix to be designed such that it
guarantees the stability of the observer dynamics. It
can be shown that considering e =X, X, the
estimation error dynamic would be:

e = [A 22+N2221 —L(A 12+N1221)k:/15 (20)
Now in order to make (20) asymptotically stable
around the origin, # should be negative definite. A

value of L , which meets this condition and provides
a fast response for HVAC system is given by:

— [1 0 0]
L= x10 1)
010

Hence I' can be obtained from (19) by using (21)
and X 5 1S given by:
5=X, =T +LX, 22)

5. BACKSTEPPING METHOD

Consider the system in (23). By input transformation
(24), it can be written in the form of (25):

{_ﬁ:f(nng(n):, neR".EeR oy
= 1200+ a0 tgr Uy €R

1
= |u- ) 24
= [u-1,(1.0)] (24)
=10+ e 25)
£=u

Choose ¢ =@(7n7) such that it makes the first
equation in (25) asymptotically stable around the
origin, 7=0,{ =0 . Khalil (1996) shows that using a
lyapunov function as in (26), the control law in (27)
makes the whole system (25) asymptotically stable:

Vo, $) =V (p)+1/222 2= — (1) (26-a)

Z—,V][fw) + gem|< (). W(n): P.D.(26-b)

u=2L1 0+ g~ g - KE - o) 2T
n o

kis a design parameter, shows the negativity of ¥
and affects robustness, stability, and response speed.
It can be shown that a system described in normal
form as in (13) is a special case of the system in the
form of (25) with these definitions:

0 1 0 - 0
i : : : i i 0

S = 0 177,g(77)= U=
0 0~ 0 1

' =lge T =g 2= o) 28)

The candidates of V,¢ satisfying the conditions are:

v =12 ot = [0t 0 0 @9)

5.1 Applying Backstepping to the HVAC system

As it was mentioned previously, HVAC model used



in this paper has a vector relative degree for the
input as r = {2,2}. First we consider that the control

goal is to regulate the output around a point yfi not

necessarily the origin. So first we shift the model to
have the regulation at the origin of the new system:

' =y = & >y = & =& -Gy > 0)(30)
The Backstepping controller for the system in (15) is:
n=2=(n' =&, =&, =)=

{’7’ =4 =6 =8 o p() = 0.8(7") =1 and
=y

according to (29), V = .S(Ui)Tni,(o(ni) =—7' and:

V,=V+5z2z=C"+n (31)

hence by applying the coordinate shift as in (30), the

control law for u({ i(X )) is given by:

up=v ==+ k)& + & ~&g) =12 (32)
the k;should be designed according to the design
goals such as robustness, response speed, etc.

5.2 Control algorithm

Finally to conclude the control strategy we can
present the following algorithm:

1. If disturbance vector is measurable use control law
in (14) and transformation in (15) to transform the
nonlinear system (4) to linear one (13). If disturbance
vector is not available use its estimated value using
observer dynamics in (19) with gain matrix in (21)
and consider (17) as control law instead of (14).

2. Calculate v; according to (32) by substituting

corresponding value for & from (15).

3. Having v;,® (®)and X control law ucan be

obtained from (14) ((17)).
The control u is applied directly to the system in (4).
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Fig. 1. 1" output response for different values of k
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Fig. 2. 2™ output response for different values of &

6. SIMULATIONS

Simulations presented here, are the results of
applying proposed method to a nonlinear, MIMO,
HVAC system. In figures 1, 2 first and second
outputs and in figures 3, 4 first and second control
signals are presented. The output set points are 73
and 56°F and initial state  vector is

X :[71 .0092 SS]T. There are load changes at
t =7 hr from 289897 to 360000 and 166 to 197 for

both disturbances ( 25%). It is seen that responses are
adapted to load changes very soon with no offsets
remained in them, which show the good capabilities
of the proposed controller in overcoming
disturbances and exact regulation properties. These
can be compared with the results in (Serrano and
Reyes, 1999) for almost less percentage of the load
changes (15%). In their work, both output responses
have offset (3°F ) after load variations. It was
mentioned previously that gain & in (27) shows the

negativity of 7 . In all figures, there are comparisons
between the outputs for different values of this
parameter and as it become larger, robustness and
speed of responses, improve. Moreover, the value of
overshoots and undershoots in output decreases
significantly. The only disadvantage is the sharpness
of the control signal when load changes in figures 3,
4. This is not a problem since the minimum time
constant of actuators, .008%4r =29s is met. Also, the
value of the second state, humidity percentage, is
kept within an acceptable range of (.008,.013) as in

figure 5. Figures 6, 7 and 8 compare the responses of
proposed controller and a PID designed by Ziegler-
Nichols method. In figures 6 and 7 first and second
outputs are compared. It is seen that proposed
controller, F.L.+Bs, has no oscillations in comparison
with PID, while it has almost the same speed. As PID
does not have enough robustness to tolerate time-
varying loads, its simulations are done in presence of
constant loads. In figure 8, second control signals for
two controllers are compared. It is seen that proposed
method has an oscillation-free signal which means
less actuator repositioning and latter, in turn, results
in longer life of actuators. This is an important
advantage of this method from economical and
industrial aspects, which results in an optimal energy
consumption and can be measured via the index:

E:j'(u—ueq)zdt (33)
0

u,, is steady state value of control signal. This index

measures both value and number of control signal
oscillations. The values of E are 1293 and 97 for
PID and proposed method respectively. There is a
decrease of 90% using the introduced method
comparing to PID. Results of comparing proposed
approach with other techniques of adjusting PID
follow the same tendency, which shows proposed
technique superiority to PID for HVAC control.
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Fig. 6. 1* output for PID and F.L.+Bs controllers
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Fig. 7. 2™ output for PID and F.L.+Bs controllers
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Fig. 8. 2™ control signal for PID and F.L.+Bs

CONCLUSIONS

An algorithm was introduced for disturbance
decoupling and tracking in nonlinear MIMO systems.
In this method first the nonlinear model is
transformed into a linear one using a nonlinear
feedback of states and disturbances. Wherever the
disturbances are not available, a stable observer is
designed to estimate them. Finally a state feedback is
designed by Backstepping for the system in normal
form and control law is applied to original system.
Applying the method to a MIMO, nonlinear, HVAC
system shows the effectiveness of algorithm in
reaching the pre-specified design goals such as
output regulation, disturbance decoupling and offset
removal in the presence of wide- range time-varying
loads. Also, the responses were oscillation-free
compared with other common control strategies. This
means less actuator repositioning which in turn,
results in longer life of actuators. Hence this method
is more beneficial from an industrial viewpoint.
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