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Abstract: This paper addresses the robust H., issue of uncertain Markovian jump
linear systems (MJLSs) with mode-dependent time-delays. A new delay-dependent
condition on the stochastic stability is proposed by a new stochastic Lyapunov-
Krasovskii functional. The stability conditions are formulated as bilinear matrix
inequalities solvable by an iterative linear matrix inequality (LMI) method. Then
a new robust H,, feedback controller is developed by solving a set of coupled
LMIs. A simple numerical example demonstrates the effectiveness of the proposed

method. Copyright © 2005 IFAC
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1. INTRODUCTION

Markovian jump linear system (MJLS), intro-
duced by Krasovskii and Lidskii in (Krasovskii
and Lidskii, 1961), is a class of stochastic linear
systems subject to abrupt variations governed by
a Markov process. The family of systems repre-
sents a large variety of processes, including fault-
tolerant flight control systems, sudden changes
in economic systems, see for instance (Mariton,
1990). Great developments involving the opti-
mal regulator, controllability, observability, stabil-
ity and stabilization problems have been exten-
sively studied, see for example (Ji and Chizeck,
1990; Costa and Fragoso, 1995; Benjelloun and
Boukas, 1998; Cao and Lam, 2000; Boukas and
Liu, 2001) and the references therein.

On the other hand, time-delays and parameter
uncertainties which are inherent features of many
physical processes, are main resources of per-
formance deterioration and even instability. For

MJLSs with time-delay, the issues of stability and
H, control have been well investigated, see e.g.
(Cao and Lam, 2000). However, the above-cited
results were obtained under the assumption that
the time-delay is constant for all modes. In many
engineering applications, random delays are un-
avoidably encountered. It is noted that a random
delay can be modelled by a Markov process with
a finite number of states. The H., control issue of
discrete-time MJLSs with mode-dependent time-
delays was proposed in (Boukas and Liu, 2001).

In this paper, we address the robust stochastic
stabilizability and robust H., disturbance atten-
uation for continuous-time MJLSs with mode-
dependent delays by a new stochastic Lyapunov-
Krosovskii functional approach. A new delay-
dependent stochastic stability condition will be
derived by introducing a special equality which in-
volves the state, delayed state and delay-distributed
derivative variables of the state with free weight-
ing matrices. The organization of this paper is as



follows. In Section 2, definitions and preliminary
results are described for uncertain jump systems
with mode-dependent time-delays. Sufficient con-
ditions on stochastic stability and the H., dis-
turbance attenuation problem are developed in
Section 3 and 4 by a new Lyapunov-Krasovskii
functional involving the differential variable of
the state. The state feedback controller is also
developed by the LMI optimization method. An
illustrative example is presented in Section 5 to
show the effectiveness of the result. The paper is
concluded in Section 6.

2. PROBLEM STATEMENT

In what follows, if not explicitly stated, matrices
are assumed to have compatible dimensions. The
notation A > (<)0 is used to denote a positive
(negative )-positive matrix. Apmin(+) and Apax(+)
denote the minimum and maximum eigenvalue
of the corresponding matrix respectively. || - ||
denotes the Euclidean norm for vectors or the
spectral norms of matrices. E[-] stands for the
mathematical expectation. sym{A} is used to
denote the expression 4 + AT,

r: is a finite state Markov jump process repre-
senting the system mode, that is, r; takes discrete
values in a given finite set S = {1,2,--- ,s}. Let
IT = [m;j]ijes denote the transition rate matrix
with
. . ,/Ti'A+O(A)a 17&]7
Prireea = jlre =i} = { 14wl o(A), i = j.
(1)

where A > 0, m;; > 0 for ¢ # j, with
Z Tij = —Tii, (2)
j=1,j#i
for each mode i € S, and % —0as A —0.

Consider the class of jump linear system with
mode-dependent time-delays in a fixed complete
probability space (2, F, P):

By = Ar(re, t)ze + Ao (re, 1) Te—r(ry)

+ By(re)wt + Ba(re, t)ug, (3)
ze = Cr(re, t)ae + Co(re, £) T r(ry)

+ Dy (ri)wy + Da(re, t)us, (4)
Ty = ¢y, t € [—7'7 0],7‘(0):r0. (5)

where x, u, z is the state, control and controller
output of the system with appropriate dimensions,
w is the exogenous disturbance which belongs
to L3[0,00], 79 € S are the initial conditions of
the mode,¢(t) is a smooth vector-valued initial
function defined in the Banach space C[—7,0] of
smooth functions
¢:[=7,0] = R, with [[9]loc := _sup_ [[¢(n)]l

—7<n<

For eachi € S

Ap(re,t) = Ar(re) + Aq (1, t),
As(ry,t) = As(ry) + Ao(ry, t),
Ba(rt,t) = Ba(rt) + As(re, t),
Cy(re,t) = Cr(re) + Ay(re, t),
Co(re, t) = Co(re) + As(re, t),
DQ(’I’t,t> = DQ(Tt) + Ag(’l’t,t),

with Ay (ry), Aa(re), Ba(re), Ci(ry), Ca(ry) and
Ds(r;) are matrix functions of the random jump-
ing process {r;} with appropriate dimensions,
Aj(r,t) (j = 1,---,6) are unknown matrices
denoting the uncertainties in the system. 7(r)
is a constant time-delay when the system is in
mode r; and satisfies 0 < 7 < 7(r;) < 7, where
7 =min{7(r),r: € S}, T = max{r(rs),r: € S}.

For the notational simplicity, when the system
operates in the mode r; = ¢ € S, we will denote
*(r¢) as x;, where * is any matrix. For instance,
A(ry) is denoted as A;.

Furthermore, we assume that the admissible un-
certainties satisfy the following:

with ATA; < I,Vi€ S.

The definitions of stochastic stability and Hso
disturbance attenuation performance of the jump
linear system with u(t) = 0 are similar to defi-
nitions in (Cao and Lam, 2000). The details are
omitted here for the limit of pages.

3. ROBUST STATE FEEDBACK
STABILIZATION

In this section, we will establish a delay-dependent
sufficient stability condition for MJLSs with
mode-dependent time-delays with w; = 0 by ap-
plying a new Lyapunov-Krasovskii functional.

Theorem 1. The autonomous jump time-delay
system is robust stochastically stable for 7 < 7; <
7, for each mode i € S, if there exists a scalar
€; > 0 and matrices P; > 0, Q1 > 0, Qo >
0, Ti = [Th TQZ' ng], Hi, Nz satisfying the
following matrix inequalities

. T T GT
61"‘51111 F11F11:r7, Gl :|<O, (6)
* —57;.[
H; N;
>0, 7
[* QQ]_ @

where the * represent block that is readily inferred
by symmetry and

0; = M; + sym{T]" A;} + sym{N;T'1 } + ; H,,



Zﬂ'ijpj +p@Qr 0 B
Mi - J=1 5
-@Q1 0
* * 0iQ2
A;=[Ay Ay 1], Tw=[I-10],

0 = Ti + %n(# —12)7

Giz [Glz Ggi 0]

w=14+(F—17)mm,

T = max{|m;|, i € S},

Proof. Let the mode at time ¢t be ¢, that is
ry = ¢ € S. Then the autonomous jump time-
delay system is

j?t = Al(i, t):ct + 4A2(7;7 t)l'tfﬂ., (8)
Ty = ¢y, t € [—7‘, 0] ,7(0) =1p.

Since x; is continuously differentiable for ¢t >
0, Leibnitz-Newton formula gives x;_,, = z; —

ftt_n Zoda. From (8), we have

t

0 = [A1 (i, )+ Ao (i, )]s — e — As (i, 1) / fada
t—T1;

In the sequel, we will use the following notations

t
ASi = Al (lat) + AQ(i7t)a Yry = / :tada,
t—1;

ft [ TJS?T LE?]T

So, we have
26/ T/ (A — Az(i,t)yr,) = 0. (9)

silt — Tt

Choose the Lyapunov-Krasovskii functional can-
didate as

4
l’t, ) é Z‘/j xt7 7 (10)
j=1
where
Vi(ay, 1) £ xtTPixt,

t
. T
Va(me, i) & / zlQrrada,
t—T1;

0 t
‘/B(xtvi) £ / / ngQi'adadﬁa
-7 J1+0

-7 t
Vi(ze, i) £ 7Tm/ {zl Q12
B

+il Qodn(a —t — 3)} dadp.
The weak infinitesimal operator A of the stochas-

tic process {ry, x4}, t > 0, is given by

1
AV (24,1) = iigo Z[E{V(Q«“Hm Teya)|Te, e}
— V(.’Et,Tt)]. (11)

By (9), we have
AVi(z4,1) = 22T Py + xtT(Z mi; Pj)xy
j=1

s
= 2$$Pii‘t + x?(z Wiij)xt
j=1

+ 2£tTTZT(A%CCt — Tt —

iﬂ'ijpj 0 Pl

As (i, t)yr,)

—er{ = + sym{T7 4}
' £ 00
* * 0
X ft - 2€?ETA2(iat)yﬂv (12)

where 4; = [Asi 0 —I] .
By the inequality in (Moon et al., 2001), we have
=26/ T Aa (i, t)ys,

< bl Hi& + 28] (N; — T Ag (i) (e — w4—r,)

0
+/ i, 0 Qairraday, (13)

—T;

for any matrices H;, N; and @)y satisfying (7).
Also, we have

AVa(4,1) = 2y QlCCt

+Z%/'

t—7;

T
‘/L.thi Qll’t,-,-i

L Qrz,da. (14)

Notice that (2), we have

o f

t—7;

t t
T T
= —Ty; / xanxada—/ x,Qrxoda o .
t—Tj t—T7;

Furthermore, we have

t t—T1
/ nglzadoz = / arngxada
t—T1; t—r;

J
t
T
+ / xanmadaa
t—1

nglxada

t—7 t—1
/ J;ZQlaﬁada < / xZ:leada,
; _

—Tj t—7

¢ t
/ nglzadoz < / xZleadOz.
t—1 t—7;

i

Hence,

AVa (i) < af Quay — af_ Qray_r,

t—1
+7Tm/ L Qo da. (15)
-

—T

Similarly

t
A‘/B(l't,l) < Tiﬁt?QQit - / i’ZQQ;tada
t—T7;

i /_ng T Qoiradar, (16)

T t+5
Also,
AVi(4,4) = %m(?? — 22T Qui
-7 t
— T, / dg il Quinda
-7 t+8

+ T (F — 1)t Q114



t—1
- 7Tm/ L Qi da. (17)
t

-7

Combining (12)-(17), we have
AV (24,1) < &(0; + sym{T}" F1i8,G;})&:.

By (Wang et al., 1992) and using Schur comple-
ment, it is easy to see that AV (x¢,4) < 0 if LMI
(6) holds.

Hence we have AV (z4,1) < —31£] &, where 3 =

min;es (Amin(— (0 4+ T Fi FLTi4e; 'GT Gy))) >

0. By Dynkin’s formula, we have

E{V (2, 1)} = V(g,70)

:E{Aamq%w@m4

t
<—p / E{¢7¢da}. (18)
0
On the other hand, we can show that

where By = min;es(Amin(P;)) > 0.
From (18) and (19), we have

E{& &} < Mexp(=Aat)V (¢, 70),
=016y Ao =By

t
E{/0 §§§ada¢,ro}

< AT e[l — exp(= M)V (@, o).

Taking limit as ¢ — oo, we have

t
Jim E {/ zlz,dale, To}
t
< lim B {/ ¢lendale, 7“0}

< AT AV (6, 70).
Noting that there always exists a scalar ¢ > 0,
such that AT" AV (¢,70) < esup_r< <o [6(s)]7,
it then follows that the autonomous jump time-
delay system is stochastically stable. Hence the
theorem holds. g

where A\q . Therefore,

Remark 1. It’s noted that the above results are
obtained under the assumption that for each mode
i €S, 7; is known in advance.

Remark 2. It’s also noted that the condition (6)
is not an LMI but a bilinear matrix inequality
because the term &;T; Fy; FILT;. By Schur comple-
ment, the condition (6) will be converted to a
nonlinear matrix inequality with term e, 'I. By
an LMI-based iterative algorithm developed by
(Moon et al., 2001), a feasible solution of (6) and
(7) will be obtained, the details are omitted here.

In this paper, we consider the following state
feedback controller design, for each i € S

u; = Koy + Kojxy o, (20)

The above control law is the general formula of
the state feedback. When Ky; = 0, it is just the
instantaneous state feedback, while it is the mode-
dependent delayed state feedback when Ky; = 0.
It should be noticed that the time-delay in the
control law (20) is assumed to be the same as for
the system (3)-(5).

By Theorem 1, we know that the closed-loop
system is robust stochastically stable for 7 < 7; <
7 , for each mode ¢ € S, if there exists a scalar
g; > 0 and matrices P, > 0, Q1 > 0, Q2 >
0, T;, H;, N, satisfying (7) and

éi + €iTiTF1iF11;Ti leT

* —Eil

<0, (21)

where

(:)7; = Mz + sym{TZTle} + sym{NJ‘l} + TiHi,

A; = [Au + Bai K1 Agi + BaiKy; *I] )
Gi = [Gri+ G3iK1; Gai + G3iKy; 0] .
In What follows, we denote Sy; = Tfil, So; =

Ty', Sai = Tyt S = Xy, Soy = 61X, Sai =
02 X;, where 61, do > 0 are known tuning parame-
ters. Furthermore, S; = diag{Xi, 01X, 00X}, P
XTPX,, Hi = STHS:, N, = STN,X;, Vi, =
KliXiu YQZ' = KQiXi, FQ = [I 1 I] . Pre-
and post-multiplying diag{S], I}, diag{S;, I}
to (21) respectively. Pre- and post-multiplying
diag{S¥, 6: X'} and diag{S;, 6:X;} to (7) re-
spectively. If we constrain X; to be same for all ¢
and let Q1 = XZTQlXZ and QQ = X?QQXZ, the
following theorem is obvious.

Theorem 2. Given tuning parameters 61, do > 0,
there exists a state feedback controller (20) such
that the uncertain jump time-delay system is
robust stochastically stabilized for all 7 < 7; < 7,
for each mode i € S, if there exists a scalar ¢; > 0
andmatrlcesP >0,Qr >0, Qy >0, X >

0, Hz, ; and Yy;, Yo, satisfying the following
LMIs
A T T AT
{@lJrEJ‘QFMFMFQ €f }<0’ (22)
* —EiI
H; 6,N;
>0 23
[* 5%@2} - (23)
where

Zﬂ'ijpj +/LQ1 0 52151
=1
* —0%Q1 0
550iQ2
[ A1iX + BiY1; 0142, X + 61B9;Yo; —02X ],
é = [GuX + G3;Y1; 01Go X + 61G3iYa; 0],
=610, To=[11].

* *



Then the control law can be constructed as Kq; =
Yh‘Xil and Ko; = YQiXil.

However, the above theorem may be too conserva-
tive. In this sequel, we propose a less conservative
theorem by not constraining X; to be same for all
ieS. Let Q = Qfl and Qg = le. Also, we
note that

X Q X = sym{61 X;} — @y, j = 1,2
XZTfA)ZilX,L Z sym{Xz} - P,L

Using the Schur complement, we have the follow-
ing theorem.

Theorem 3. Given tuning parameter 01, do > 0,
there exists a state feedback controller (20) such
that the uncertain jump time-delay system is
robust stochastically stabilized for all 7 < 7; <7,
for each mode ¢ € S, if there exists a scalar ¢; > 0
and matrices P, > 0, Q1 > 0, Q2 > 0, X; >
0, lffi7 ]\71 and Y7;, Ys; satisfying the following
LMIs

0, + et F,FIT, G

* 762'.[
* *
*k *
>k *
pIL X1 oL X L E;
0 0 0
—pQy 0 0 | <0, (24)
* —0iQ2 0
ES * 7T7;
H, 5 N;

N >
* SyIIl{(SlXZ'} - QQ - O’ (25)

where

R 71'”]51 0 (52]51‘
Mi=| s —sym{&iX;}+Q1 0 |,
* * 0
A; =[A1 X+ BoiY1; 6142 X401 ByiYa; —0:X;]
Gi =[G1iXi + G3:Y1; 61G2iX; +61G5;Y2; 0],
I, = 0 ]T M= 061",
B a0, T[],
Ei :[ 7Tz,1Xz \/7Tzz IX \/7Tz H—lX

\/Wz,st} )
Ti zdzag {sym{Xl} —Pl s

sym{X;s1} — Pipq -+

-Sym{Xi_l}—I:’i_l
sym{X,} — P, } .

Then the control law can be constructed as K1; =
Y X; ! and Ky = Yo X1

4. H,, DISTURBANCE ATTENUATION
ANALYSIS

In this section, we will analyze the H., distur-
bance attenuation performance of the uncertain
jump time-delay systems.

Theorem 4. For the autonomous uncertain jump
time-delay systems and a given disturbance atten-
uation level 7, it is said to be robust stochastically
stable with ~v-disturbance attenuation property
forall 7 < 7, <7, w € L5]0,00), w # 0, for
each mode i € S, if there exists a scalar ¢; > 0
and matrices P; > 0, Q1 > 0, Q2 > 0, T; =
[Tli TQl‘ Tgl] 5 Hi7 Nz satisfying the LMIs (7)
and

0, + & T Fi, FLT; T By

* —~I
* *
* *
Cg+€iTZTF1iF2,1; GZT
D, 0
! 0, (26
—yI+eiFyuFy; 0 <0, (26)
* —EiI

where Cl = [Ch Cgi O] .

Proof. Choose the stochastic Lyapunov-Krasovskii
functional candidate V' (x,7) as (10). Replacing

(9) by equation: 267 T (Ag;xy — iy — A2(i, t)yr, +
By;wg) = 0. Similar to the proof of Theorem 1 we
can obtain the theorem, the details are omitted

here for the limit of pages. (]

Pre- and post-multiplying diag{S¥, I, I, I}
and diag{S;, I, I, I} to (26) respectively.
Pre- and post-multiplying diag{S!, 6 X!} and
diag{S;, 01X;} to (7) respectively. Similar to the
proof of Theorem 3, we have the following theo-
rem.

Theorem 5. Given tuning parameters 61, o > 0,
there exists a state feedback controller (20) such
that the uncertain jump time-delay systems is
robust stochastically stable with ~-disturbance
attenuation property for all 7 < 7, < 7, w €
L5[0,00), w # 0, for each mode i € S, if there
exist a scalar €; > 0 and matrices P > 0, Q1

0, Q2 >0, X; >0, H“ N; and Y1, Yo; satisfying
the LMIs ( 5) and

* —~I DT,
* * *
* * *
* * *
L * * *




GT L XT oL, XT 1L,E; ]
0 0 0 0
0 0 0 0
—&;l 0 0 0 <0,
* —qu 0 0
* * —0iQ2 0
* * * -1, |

(27)

where éz:[ Cth + DQini 51627X7 + 51D2¢Y2¢ 0 ] .

Then the control law providing -disturbance at-
tenuation can be constructed as Ki; = YMX{1
and KQZ' = YQZX;1

5. ILLUSTRATIVE EXAMPLE

In this section, we present a simple example to
illustrate the usefulness of the proposed method.
We borrow the example with two modes from
(Benjelloun and Boukas, 1998). The nominal dy-
namics in each mode is described as follows

0.5 —1 0.5 —0.2
An = [ 0 3] An = [0.2 0.3 ]
~5 1 —0.3 0.5
A1z = [ 1 0.2]’ Az = [ 0.4 0.5}’
1
By = By = [O] -

The initial condition is assumed to be z; =

[—1 l]T and 1, = 1 for t € [-7, 0]. 7 is

assumed to be 0. The generator matrix of the

stochastic process r; is Il = {m i } , where
g —T9

T = 77 T = 3. ™ = ]., T2 = 0.2. When
01 = 10, 6o = 1, by theorem 2, we can obtain
a feasible solution when 7 < 1.648, and hence
the stability of the system is guaranteed when
7 < 1.648. We want to design the control law (20)
such that the closed-loop system is stochastically
stable for the time-delay as large as possible. Let
7 = 1.648, we construct the feedback matrices as

Ky = [ —71.5046 —37.4365 |,
Kip = [ —64.2378 —39.2132 ],
Ky =[—0.4107 0.1669] , K22=[0.4074 —0.0546] .

The simulation also shows that the system is
stable when 7 = 1.648. Figure 1 gives the state
and mode trajectories.

6. CONCLUSIONS

In this paper, a new Lyapunov-Krasovskii func-
tional for the stochastic stability analysis and
H., control design issues of the uncertain jump
systems with mode-dependent time-delay were
proposed. Sufficient conditions on robust stochas-
tic stability and robust y-disturbance attenuation

were also presented on coupled LMI’s. A numer-
ical example was presented to illustrate the use-
fulness of the proposed method.
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Fig. 1. Mode and state trajectories of the example.



