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Abstract: Automated CAD-guided tool planning has many applications in surface
manufacturing, such as spray painting, spray forming, rapid tooling, cleaning
and polishing. In our previous work, a general framework has been developed
to automatically generate trajectories for a free-form surface for these tasks.
Because of the complicated geometry of a free-form surface, it maybe partitioned
into multiple patches. After trajectories for all patches are generated, they must
be connected to form a complete trajectory. In this paper, the algorithm for
automated optimal trajectory connection is developed and the optimal trajectory
connection is formulated as an integer programming problem. Experimental tests
have been carried out on automotive parts and the results validate the developed
approach. This framework can also be extended to other applications such as
material deposition using plasma gun. Copyright c©2005 IFAC.
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1. INTRODUCTION

Surface manufacturing is a process to add mate-
rial to or remove material from surfaces of parts.
Spray painting, spray forming, indirect rapid tool-
ing, cleaning and polishing are typical examples in
surface manufacturing. These processes are usu-
ally carried out by moving a movable member such
as robot manipulators with specific tools mounted
on their end-effectors. Tool planning for these
applications is a challenging research topic. Typ-
ical teaching method requires the programmers
to carry out extensive tests on a work cell and
thus to improve the generated trajectories. This
trial-and-error approach depends on an operator’s
skill, experience and knowledge. It is also time
consuming and tedious. For example, it takes an

experienced operator about 8 weeks to design a
spray gun trajectory to spray a door panel using
spray forming. Therefore, automated off-line tool
planning is desirable for these applications. Tool
planning for spray painting is critical to achieve
uniformity of paint thickness and has been widely
studied (Asakawa and Takeuchi, 1997) (Antonio
et al., 1997) (Suh et al., 1991). Suk et al. (Suh
et al., 1991) developed an Automatic Trajec-
tory Planning System(ATPS) for spray painting
robots. Their method is based on approximating
a free-form surface using a number of individ-
ual small planes. Asakawa et al. (Asakawa and
Takeuchi, 1997) developed a teachingless path
generation method based on the parametric sur-
face to paint a car bumper. The resulting paint



thickness was not satisfying and how to find the
spray width and gun velocity was not reported.
Antonio et al. (Antonio, 1994) developed a frame-
work for optimal trajectory planning to deal with
the paint thickness problem. Penin et al. (Penin et
al., 1998) developed an automatic path planning
method to spray glass fiber on a panel with ce-
ment. The paths are generated by approximating
a curved surface with several planes. Most of the
existing approaches can only deal with parts with
simple geometry while real world parts usually
have complicated shape or topology. A typical
example is a car hood inner as shown in Figure
9(a). The complexity of the part geometry re-
quires that the part to be partitioned into patches.
In our previous work (W. Sheng and Chen, 2004),
a surface partition algorithm has been developed.
A complicated part can be divided into patches
automatically. We have also developed a trajec-
tory integration algorithm (Chen et al., 2004)
to integrate the trajectories of the patches such
that the material distribution at the intersecting
area is optimized. However, trajectory connection
among the trajectories remains a problem. For
each patch, the tool trajectory can be generated
in different ways. This makes the trajectory con-
nection problem more complicated. In this paper,
the trajectory connection problem is formulated
as integer programming. Since the problem is NP-
hard, a heuristic method is developed to solve
it. Experimental testing using real world parts
are performed. The implementation results show
that the developed approach can be applied to
connect the trajectories for a part automatically.
The developed framework can provide a prototype
for trajectory generation for other similar applica-
tions.

2. A GENERAL FRAMEWORK

A general framework for automated CAD-guided
optimal tool planning is to generate an optimal
tool trajectory based on the CAD model of a
free-form surface, a tool model, constraints and
optimization criteria for different processes in sur-
face manufacturing. Tool planning, also called tra-
jectory generation, is to plan the tool position,
orientation, and velocity for a given process in
surface manufacturing such that the given con-
straints are satisfied. A general framework for
automated CAD-guided optimal tool planning in
surface manufacturing can be formulated as:

Given the CAD model of a free-form surface M ,
a tool model G, constraints Ω and optimization
criteria Ψ, find a tool trajectory Γ such that the
constraints are satisfied, i.e.,

F (M,Ω, G,Ψ) = Γ. (1)

Figure 1 is an illustration of the general frame-
work. Based on the CAD model of a free-form

Fig. 1. The automated CAD-guided optimal tool
planning system.

surface, tool model, constraints and optimization
criteria, the optimal tool trajectory planner gen-
erates an optimal tool trajectory. The trajectory
is input to a simulation software to verify if the
generated trajectory satisfies the constraints. The
trajectory is also input to ROBCAD (Tecnomatix,
1999) to simulate the manufacturing process.

The optimal tool trajectory planner is the core
of the automated tool planning system. Figure 2
shows the steps for the optimal tool trajectory
planner.

Fig. 2. The automated optimal tool trajectory
planner.

From the given conditions, such as the CAD
model of a free-form surface, a tool model, con-
straints and optimization criteria, patches are
formed for the free-form surface using the patch
forming algorithm. A trajectory is then generated
for each patch using the automated tool trajectory
planning algorithm. The generated trajectories of
the patches are integrated using the trajectory
integration algorithm. The trajectories are then



connected to form a trajectory for the free-form
surface using the trajectory connection algorithm.
The optimal tool trajectory planning algorithm is
then applied to optimize the tool trajectory. In
our previous work (Chen et al., 2003), we have de-
veloped algorithms for patch forming, automated
tool trajectory generation, tool trajectory integra-
tion and optimal tool trajectory generation. In
this paper, we will focus on the development and
implementation of the tool trajectory connection
algorithm.

Once patches are formed, trajectories can be gen-
erated. The trajectory can start at one of the four
positions as shown in Figure 3.
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Fig. 3. The possible starting and ending points of
a trajectory for a patch.

These four points could be the starting point
or ending point for the trajectory of the patch.
Therefore, there are different trajectory patterns
as shown in Figure 4. In these eight patterns, the
starting point or the ending point can be one of
the two points. When connecting the trajectories,
we have to consider these trajectory patterns and
the distance between any two trajectories in two
different patches.

In the trajectory generation, fewer turns usually
imply less travelling time for a tool since making
turns requires the tool slow down. For example,
the left three figures in Figure 4 have more turns
than the right three figures. Therefore, the num-
ber of turns has to be considered when connecting
the trajectories.

3. ALGORITHM FOR TRAJECTORY
CONNECTION

In trajectory connection, the trajectory patterns
in a patch and the distance between any two
patches have to be considered in order to find an
optimal connection. We formulate this problem
using integer programming. Assume there are n
vertices (v1, v2, ...vn), which are partitioned into
k groups g1, g2, ..., gk. Each group has more than
two vertices, but only two vertices can be selected.
Figure 5 shows an illustration of the path connec-
tion.

We want to minimize the total cost of con-
necting the trajectories. The cost function in a
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Fig. 4. The different patterns of the trajectories of
a patch. The starting and ending points are
(a) P1 and P2; (b) P1 and P4 or P1and P2;
(c) P2 and P4; (d) P3 and P4 or P2 and P3.
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Fig. 5. Path connection. The vertices belongs to
different groups. Two vertices in each group
are selected to connect the path. The weight
of the connection between two groups with
vertices i and j is dij . The weight between
two vertices m and n in a group is tmn.

group maybe different from that between any two
groups. Suppose dij is the edge cost between ver-



tices vi and vj in two groups and tij is the cost
function between vertices vi and vj in a group.
Define variables xij as

xij =

{

1 Vextices vi and vj is selected;
0 Vextices vi and vj is not selected.

. (2)

The trajectory connecting problem is equivalent
to the following integer programming problem:

min F =







∑ ∑

1≤i6=j≤n,∀vi∈gk,vj /∈gk,

dijxij ,

∑ ∑

1≤i6=j≤n,∀vi∈gk,vj∈gk,

tijxij







subject to:
∑∑

i6=j

xij = 2, ∀vi, vj ∈ gk, (k = 1, ...,m)

∑

j,i6=j

xij%2 = 0, ∀i, (i = 1, ..., n)

∑∑

i6=j

xij = 2, ∀vi ∈ gk, vj /∈ gk, (k = 1, ...,m)(3)

where dij are the weights between two groups; tij
are the weights in a group.

The first and second sets of constraints ensures
that only two points in a group are selected
and the third set of constraints indicated that
the trajectory must go to and leave one group
once. Also we have to add the subtour elimination
constraint (cut-set constraint) (Wolsey, 1998):

∑

vi∈S

∑

vj /∈S

xij ≥ 1, S 6= ∅, S is a subtour. (4)

This is a NP-hard problem and there is no poly-
nomial time algorithm which can find an optimal
solution for any number of groups. We use a
heuristic method to solve the problem. The steps
are:

Step 1: Find the shortest distance between any
two groups. For any two groups, the shortest
distance between two groups can be found by
enumeration. Since the number of points in each
group is given, the shortest distance between any
two groups can be found in polynomial time.

Step 2: Find the shortest path by considering each
group as a vertex. Because the shortest distance is
found, each group can be considered as a vertex.
The weight between any two groups is the shortest
distance computed in Step 1. A travelling sales
man problem is then formulated.

min

k
∑

i=1

k
∑

j=1

dijxij

subject to:
k
∑

i=1

xij = 1, j = 1, ..., k

k
∑

j=1

xij = 1, j = 1, ..., k

∑

vi∈S

∑

vj /∈S

xij ≥ 1, S 6= ∅, S is a subtour. (5)

The nearest neighbor heuristic method is then
applied to find the shortest path to traverse all
of the groups.

Step 3: Find the two points in each group to
connect the path. Since equation (3) is a con-
strained multi-objective optimization problem, we
have to transfer it into a single objective optimiza-
tion problem in order to optimize it. There are
different methods to perform the multi-objective
optimization (Hwang et al., 1980) (Steuer, 1986)
(Eschenauer et al., 1990), such as weighted-sum
approach, no preference articulation, nonlinear
approach, utility theory, goal programming and
STEM method (Andersson, 2000). No preference
articulation method does not use any preference
information. It is based on the minimization of the
relative distance from a candidate solution to the
utopian solution (The utopian solution denotes
the individual minima of each respective objective
function), i.e.,

min F (x) =





k
∑

j=1

(

fj(x) − f∗
j

f∗
j

)p




1

p

subject to: x ∈ S

x = (x1, x2, ..., xn)T (6)

where f∗
j is the utopian solution. The most fre-

quently used value for p is 1 (Andersson, 2000).
After applying the no preference articulation ap-
proach, the multi-objective constrained problem
is transferred into a single objective constrained
problem. Once the shortest path is determined,
the minimum travelling distance dmin to traverse
all groups can be computed. For each group, the
minimum cost function can be computed. The
minimum cost function tmin can then be obtained
for all patches. Therefore, the optimization prob-
lem becomes,

min





∑ ∑

1≤i6=j≤n,∀vi∈gk,vj /∈gk,

dijxij

dmin

+
∑ ∑

1≤i6=j≤n,∀vi∈gk,vj∈gk,

tijxij

tmin



 . (7)

The pattern search method (Avriel, 1976) is
adopted here to solve the problem.



4. IMPLEMENTATION

The developed algorithm is implemented to solve
the trajectory connection problem in surface man-
ufacturing. A software package called Chopper
Gun Trajectory Planning (CGTP) for spray form-
ing has been development to generate a trajectory
for a part. A part is divided into patches using
either patch forming algorithm or manual parti-
tioning method in the CGTP.

The four points cannot be obtained directly for
each patch because the tool trajectory has not
been generated. The corner of the bounding box
for each patch can be determined because an
improved bounding box method (Chen et al.,
2003) is used to generate a tool trajectory for
a patch. Figure 6 illustrates a bounding box for
a patch. The length L and the width W of the
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Fig. 6. A bounding box of a patch and its corner
points.

bounding box can then be calculated. After the
tool model is given, the spray width w can also be
optimized (Chen et al., 2004).

After the four corner points are determined, they
are used as the vertices in a group. Because the
minimum number of turns is involved in equation
(7), it has to be determined. For any two points in
a group, the minimum number of turns T can be
computed. The number of paths to spray a patch
can be obtained using the length and width of a
bounding box and the spray width

a =











W

w
if P1 and P2 or P3 and P4 are selected

L

w
otherwise.

(8)

However, the number of paths must be odd if
points P1 and P3 are selected and the number
of paths must be even if points P1 and P4 are
selected in Figure 4. It is noticed that if the sum
of the indices of the two points is odd, the number
of paths must be even and vice versa. The number
of turns equals to the number of paths minus 1.
Therefore, we have

Np =















a + 1 if a is odd and (i + j) is odd
a + 1 if a is even and (i + j) is even
a if a is even and (i + j) is odd
a if a is odd and (i + j) is even.

(9)

where Np is the number of path; i and j are the
indices of the points. The developed method is
then applied to connect the trajectories of the
patches for a free-form surface.

To implement the developed trajectory genera-
tion algorithm, we have developed a trajectory
generation software for spray forming, which is
used in the Ford Motor Company. After the CAD
model of a part, a gun model and constraints
are input into the software, the CAD model of a
part is processed and the part is partitioned into
patches. The parameters are set and a trajectory
is generated for the part. Figure 7 shows two parts,
a radiator upper panel and a hood inner, are used
to implement the developed trajectory connection
algorithm.

(a) (b)

(c) (d)

Fig. 7. Two parts are used to test the developed
trajectory connection algorithm: (a) the ra-
diator upper panel (Front view); (b) the ra-
diator upper panel (Side view); (c) the hood
inner (Front view); (d) the hood inner (Side
view). Form the front view and the side view,
we can see the curvature of the parts.

Figure 8 shows the generated patches of the radia-
tor upper panel after partition and the connected
trajectory.

Figure 9 shows connected trajectories for the two
parts.

5. CONCLUSIONS

A frame work of automated optimal tool planning
for different tasks in surface manufacturing has
been developed based on the CAD model of a part,
a tool model, given constraints and optimization
criteria. A general path connection problem is for-
mulated using integer programming. A heuristic



(a)

(b)

Fig. 8. The radiator upper panel: (a) the generated
patches; (b) the connected trajectory.

(a) (b)

Fig. 9. The hood inner: (a) the generated patches;
(b) the connected trajectory.

method has been developed to solve the prob-
lem. To implement the developed algorithm for
robot trajectory connection, a software package
has been developed to automatically connect the
trajectories of patches for a part. The experimen-
tal results validate the proposed approach. This
framework can also be extended to other applica-
tions material deposition using plasma gun.
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