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Abstract This paper presents the optimal regulator for a linear system with multiple state
delays and a quadratic criterion. The optimal regulator equations are obtained using the
maximum principle. Performance of the obtained optimal regulator is verified in the illus-
trative example against the best linear regulator available for linear systems without delays.
Simulation graphs demonstrating better performance of the obtained optimal regulator with
respect to the criterion value are included. Copyright (©2005 IFAC.
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1. INTRODUCTION

Although the optimal control (regulator) problem
for linear system states was solved in 1960s (see
(Kwakernaak and Sivan, 1972; Fleming and Rishel,
1975)), the optimal control problem for linear sys-
tems with delays is still open, depending on the delay
type, specific system equations, criterion, etc. Vari-
ous linear-quadratic optimal control problems have
been studied in (Eller et al., 1969; Alekal et al.,
1971; Déefour, 1986; Uchida et al., 1988). A de-
tailed comment on the up-to-date state of the control
theory for time-delay systems is given in (Basin et
al., 2003; Basin et al., 2004). Comprehensive reviews
of theory and agorithms for time delay systems can
be found in (Malek-Zavarei and Jashmidi, 1987; Kol-
manovskii and Shaikhet, 1996; Kolmanovskii and
Myshkis, 1999; Dion et al., 1999; Mahmoud, 2000;
Niculescu, 2001; Boukas and Liu, 2002; Gu and
Niculescu, 2003; Richard, 2003).

This paper concentrates on the solution of the opti-
mal control problem for alinear system with multiple
state delays and a quadratic criterion. Using the maxi-
mum principle (Pontryagin et al., 1962; Kharatashvili,
1967), the solution to the stated optimal control prob-
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lem is obtained in a closed form, i.e, it is repre-
sented as a linear feedback control law, whose gain
matrix satisfies an ordinary differential (quasi-Riccati)
equation, which does not contain time-advanced ar-
guments and does not depend on the state variables.
The obtained optimal regulator makes an advance
with respect to general optimality results for time de-
lay systems (such as given in (Aleka et al., 1971,
Malek-Zavarei and Jashmidi, 1987; Kolmanovskii and
Shaikhet, 1996; Kolmanovskii and Myshkis, 1999)),
sinceitisrealizable using only two equations: adelay-
differential equation for the state and an ordinary dif-
ferential one for the gain matrix. Taking into account
that the state space of a delayed system is infinite-
dimensional (Maek-Zavarei and Jashmidi, 1987), this
seems to be a significant advantage. It should be also
noted that the optimal control isindeed obtained as a
linear current-time feedback control, although in some
papers (see, for example, (Alekal et al., 1971)) it was
derived asanintegral of the system state over the delay
interval. A comment on thisresult is given in Remark
at the end of Section 3.

Finaly, performance of the obtained optimal control
for a linear system with multiple state delays and a
quadratic criterion is verified in the illustrative exam-
ple against the best linear regulator available for linear
systems without delays. The simulation results show a
definitive (about three times) difference in the values



of the cost function in favor of the obtained optimal
regulator.

The paper is organized as follows. Section 2 states
the optimal control problem for a linear system with
multiple state delays. The solution to the optimal
control problem is given in Section 3. The proof of
the obtained results, based on the maximum principle
(Pontryagin et al., 1962; Kharatashvili, 1967), isgiven
in Appendix. Section 4 presents an example illustrat-
ing the efficiency of control provided by the obtained
optimal regulator for linear systemswith multiple state
delays against the best linear regulator available for
systems without delays. Simulation graphs demon-
strating better performance of the obtained optimal
regulator with respect to the cost function value are
included.

2. OPTIMAL CONTROL PROBLEM STATEMENT

Consider alinear system with multiple time delaysin
the state

p
K = Y aOxt—h)+BOUD, (1

with the initial condition x(s) = ¢(s), s € [t, — h,t,],
h=max(h,,...,hp), hy,...,hp > O are positive time
delays. Here, x(-) € C([ty — h,ty];R") is the system
state, u(t) € R™ is the control variable, and ¢(s) is a
continuous function given in the interval [t, — h,ty].
The matrix coefficients & (t) and B(t) are considered
bounded measurable functions of time. Note that the
state of a delayed system (1) is infinite-dimensional
(Malek-Zavarel and Jashmidi, 1987). Existence of the
unique forward solution of the equation (1) isthus as-
sured by the Carathéodory theorem (see, for example,
(Filippov, 1988)), and existence of the unique back-
ward solution follows from analyticity of the right-
hand side functional with respect to the system state
(see (Hale and Verduyn-Lunel, 1993; Richard, 2003))

The quadratic cost function to be minimized is defined
asfollows:

T T
%/UT(S)R(S)U(S)CJS—I—%/XT(S)L(S)X(S)dS, (2)
) )

where Ris positive and J, L are nonnegative definite
symmetric matrices, and T > t, is a certain time
moment.

The optimal control problem is to find the control
u*(t), t € [ty, T], that minimizes the criterion J along
with the trajectory x*(t), t € [t;, T], generated upon
substituting u*(t) into the state equation (1). The so-
lution to the stated optimal control problem is given
in the next section and then proved using the maxi-
mum principle (Pontryagin et al., 1962; Kharatashvili,
1967) in Appendix.

3. OPTIMAL CONTROL PROBLEM SOLUTION

The solution to the optimal control problem for the
linear system with state delay (1) and the quadratic
criterion (2) is given as follows. The optimal control
law is given by

U (t) = (R)) BT OQL)X(), (3)
where the matrix function Q(t) satisfies the matrix
equation

p
(‘ZlaiT (N (£)Q(t) —QM)BLR ()BT (1)Q(Y),

with the terminal condition Q(T) = —y. The aux-
iliary matrices N;(t) are defined as N;(t) = (dx(t —
h)/ox(t)), whose value is equal to zero, Ni(t) =
0, if t € [ty,ty + hy), and are determined as N(t) =
O Ltt—h)=dt—h,t)=

exp(— fi_p BOR (BT (5)Q(5)ds), if t >ty + hy,
where ®(t, T) satisfies the matrix equation

do(t, T _
5T R mQe(. 1),
with the initia condition ®(t,t) =1, and | is the
identity matrix.

Upon substituting the optimal control (3) into the state
equation (1), the optimally controlled state equationis
obtained

X(t) = _ia(t)x(t —h)+BHOR ()BT (1)Q()X(1),

(5)
with theinitial condition x(s) = ¢(s), s€ [t, — h,ty].

It should be noted that the obtained optimal regula-
tor makes an advance with respect to general opti-
mality results for time delay systems (such as given
in (Alekal et al., 1971; Malek-Zavarei and Jash-
midi, 1987; Kolmanovskii and Shaikhet, 1996; Kol-
manovskii and Myshkis, 1999)), since (a) the optimal
control law is given explicitly and not as a solution
of a system of integro-differential or PDE equations,
and (b) the quasi-Riccati equation for the gain matrix
does not contain any time advanced arguments and
does not depend on the state variables and, therefore,
leads to a conventional two points boundary-valued
problem generated in the optimal control problems
with quadratic criterion and finite horizon (see, for ex-
ample, (Kwakernaak and Sivan, 1972)). Thus, the ob-
tained optimal regulator is realizable using two delay-
differential equations.

Remark. In some papers (see, for example, (Alekal et
al., 1971)), the optimal control u*(t) is obtained as an
integral of the previous values of x(t) over the interval
[t — h,t]. However, since the backward solution of the
equation (1) exists and is unique, as mentioned in
Section 2, any previous value x(1), T € [t —h,t] can
be uniquely represented as a function of the current



valuex(t) (aswell asof any delayed valuex(t—r),r >
0). Thus, the optimal control u*(t) can be obtained
as a function of x(t) in the form (3). The current
value x(t) is selected to form the closed-loop control
(3), first, because the transversality condition induced
by the cost function (3) can readily be satisfied (see
Appendix) and, second, due to practical applicability
of the current-time control in real technica problems.

4. EXAMPLE

This section presents an example of designing the
optimal regulator for a system (1) with a criterion
(2), using the scheme (3)—«5), and comparing it to
the regulator where the matrix Q is selected as in the
optimal linear regulator for a system without delays.

Let us start with ascalar linear system
X(t) = x(t —0.1) + 10x(t — 0.25) + u(t), (6)

with the initial conditions x(s) = 1 for se [—0.25,0].
The control problem is to find the control u(t), t €
[0,T], T = 0.5, that minimizes the criterion

T T
=5l [ @dt+ [ (7
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In other words, the control problem isto minimize the
overall energy of the state x using the minimal overall
energy of control u.

Let us first construct the regulator where the con-
trol law and the matrix Q(t) are calculated in the
same manner as for the optimal linear regulator
for a linear system without delays, that is u(t) =
R1(t)BT (1)Q(t)x(t) (see (Kwakernaak and Sivan,
1972) for reference). Since B(t) = 1in (6) and R(t) =
1in (7), the optimal control isactually equal to

u(t) = Qt)x(t), (8)
where Q(t) satisfies the Riccati equation
Q(t) = —(ay(t) + 2, (1)) TQ(t) — Q(t) (8 (t) + (1)) +

L(t) - Q(t)B(t)R ()BT ()Q(1),
with theterminal condition Q(T) = —y. Sincea, (t) =
1, a,(t) =10, a,(t) + a,(t) = 11, B(t) = 1in (6), and
L(t) =1, ¢ =0in(7), thelast equation turnsto

Q(t) =1-22Q(t) - Q*(t), Q(0.5)=0. (9)

Upon substituting the control (8) into (6), the con-
trolled system takes the form

%(t) = x(t — 0.1) + 10x(t — 0.25) + Q(t)x(t). (10)

The results of applying the regulator (8)—(10) to the
system (6) are shown in Fig. 1, which presents the
graphs of the criterion (7) J(t) and the control (8) u(t)
in the interval [0, T]. The value of criterion (7) at the
final moment T = 0.5isJ(0.5) = 19.58.

Let us now apply the optimal regulator (3)—(5) for
linear systems with multiple state delaysto the system
(6). The control law (3) takes the same form as (8)

u(t) = Q" ()x(t), (11)
where Q*(t) satisfies the equation

Q' (t) = 1—2Q" ()N, (1) — 20Q" ()N, (1) — Q*(),
(12)

where N.tl(t) =0fort €[0,0.1) and N, (t) =

exp(— fi_01 Q" (s)ds) fort € [0.1,0.5]; N,(t) = O for

t € [0,0.25) and N,(t) = exp(— fii 55 Q(s)ds) for

t €[0.25,0.5].

Note that the obtained equation (12) does not contain
any advanced arguments and, therefore, can be solved
using ssimple numerical methods, such as " shooting.”
This method consists in varying initial conditions of
(12), taking into account monotonicity of the solution
of (12) with respect to initial conditions, until the
terminal condition is satisfied. In this example, the
equation (12) has been solved with the approximating
terminal condition Q*(0.5) = 0.05, in order to reduce
the computation time.

Upon substituting the control (11) into (6), the opti-
mally controlled system takes the same form as (10)

X(t) = X(t — 0.1) + 10x(t — 0.25) + Q* ()x(t). (13)

The results of applying the regulator (11)—«13) to the
system (6) are shown in Fig. 2, which presents the
graphs of the criterion (7) J(t) and the optimal control
(11) u*(t) in the interval [0,T]. The value of the
criterion (7) at the fina moment T = 0.5is J(0.5) =
5.83. There is a definitive improvement (about three
times) in the values of the cost function in comparison
to the preceding case, due to the optimality of the
regulator (3)—(5) for linear systems with multiple state
delays.

5. APPENDIX

Proof of the optimal control problem solution. De-
finethe Hamiltonian function (Pontryagin et al., 1962;
Kharatashvili, 1967) for the optimal control problem
(1.2 as

HOua 8 = 2 ROUETLON T (14)

p
qT[(_Z‘ai(t)Xi)+B(t)u]v

where x (x) = x(t —h,), i = 1,...,p. Applying the
maximum principle condition dH /du = 0 to this spe-
cific Hamiltonian function (14) yields

dH/du=0= R(t)u(t)+ B (t)q(t) =0,
and the optimal control law is obtained as
u(t) = R ()BT (t)a(t).



Taking linearity and causality of the problem into
account, the co-state q(t) is sought asalinear function
in x(t) to readily satisfy the transversality condition
(Pontryagin et al., 1962; Kharatashvili, 1967) induced
by the cost function (2):

q(t) = —Q(L)x(t), (15)

where Q(t) isasquare symmetric matrix of dimension
n. Thisyieldsthe complete form of the optimal control

u*(t) = R ()BT ()Q()X(). (16)

Note that the transversality condition (Pontryagin et
al., 1962; Kharatashvili, 1967) for q(T) implies that
q(T) = 9J/ox(T) = Yx(T) and, therefore, Q(T) =
—y.

Using the co-state equation dq(t) /dt = —dH/dx and
denoting (dx;(t)/dx) = N, (t ) yields
—~dq(t)/dt = L(t Zeu (ONT ()att), (17)

and substituting (15) into (17), we obtain
Q(UX(t) +Q()d(x(1)) /dt = L(t)x(t)—  (18)

p
(_Z‘aiT (ONT(£)Q)x(t).

Substituting the expression for x(t) from the state
equation (1) into (18) yields

t)+Q(t) 216\
p
X(t) — (;af (ONT(0)Q(t)x(t).

In view of linearity of the problem, differentiating the
last expression in x does not imply loss of generality.
Upon substituting the optimal control law (16) into
(19), taking into account that (dx(t —h,)/ox(t)) =
N;(t), and differentiating the equation (19) in x, it is
transformed into the quasi-Riccati equation

. p
Qt) = L(t) - Q(t)(_;Ni Oat)- (20

P
(.ZlaiT (HNT(1)Q(t) —QMBHR ()BT (1)Q(t).
with the terminal condition Q(T) = — .

Let us now obtain thevaluesof N (t),i=1,...,p. By
definition, N, (t) = (dx(t —h;)/dx(t)). Substituting the
optimal control law (16) into the equation (1) gives

2131 h) +BHR ()BT (H)Q(t)x(1),
(21)
with the initial condition x(s) = @(s), s € [ty — h,ty].
Integrating (21) yields
ot

(3 adsxis-hyds+ (22

k=1

X(ty+hy) =x(to) +

t

Analysis of the formula (22) shows that x(t) does
not explicitly depend on x(t —h), if t € [ty,t; +hy;).
Therefore, Ni(t) = O for t € [t,,t; + h;). On the other
hand, if t > t; + h;, the following Cauchy formulais
valid for the solution x(t) of the equation (21)

X(t) = O(t,t — h)x(t —h)+ (23)

! P
[ @93 afsx(s—hy)ds
h.

t=h;
where d(t, 1) satisfies the matrix equation

dqnétt, T _ B(OR(0)BT (1)Q)P(t, 1),

with the initia condition ®(t,t) =1, and | is the
identity matrix. The expression (23) immediately
|mplles that N;(t) = @ 1(t,t —h) = Ot —h,t) =

e (— i, BOR HS)BT (IQ9S) for t > to -+ h.
The opti mal control problem solution is proved.
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Figure 1. Best linear regulator available for linear
systems without delays. Graphs of the criterion
(7) J(t) and the control (8) u(t) in the interval
[0,0.5].
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Figure 2. Optimal regulator obtained for linear sys-
tems with multiple state delays. Graphs of the
criterion (7) J(t) and the optimal control (11)
u*(t) intheinterval [0,0.5].



