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Abstract: This paper presents a nonlinear control schemeldfiection control of a
flexible beam using Shape Memory Alloy (SMA) actuators. Ehestuators posses
interesting properties in terms of force generation capgoossibility of miniaturization,
and power consumption. However, their use in precision iegidns is hampered
by undesirable characteristics such as nonlinearitiestehgsis, extreme temperature
dependencies, and slow response. By taking into accounhdhé&near and thermal
characteristics, a control scheme based on partial fekdivesarization is developed in
order to regulate the forces exerted by a differential SMA@or pair attached to a
flexible beam. A Lyapunov stability analysis is furnished guidelines are provided for
selecting controller gain parameters. Furthermore, pedioce of the developed control
scheme is tested experimentally on a laboratory testbeuyright©2005 | FAC.
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1. INTRODUCTION ture on performance of the vibration control scheme.
. .. ... . Noting that the force generated by an SMA actuator
Smart materlgllsystems offer great p_035|b|llt|e-s N s highly nonlinear, the control objective is to regulate
terms of providing novel and economical solutions the magnitude of force exerted by the SMA actuator.

tq engineering problems. Smart materials such 35The desired force corresponds to the desired position
Piezo-electric Transducers (PZT), Shape Memory of the beam

Alloys (SMA), Magneto- and Electro-Rheological

Fluids (MRF and ERF), Magnetostrictive materials,

and fiber-optic sensors have been used in such di- 2 SYSTEM MODELING AND CONTROL

verse areas as automotive vehicles, robots, orthodon-

tic treatment, biotechnology, civil engineering struc- A simplified model of a flexible beam actuated by a
tures, space structures, sports equipment, etc. (sedifferential two-string system is shown in Figure 1.
e.g., (Janocha, 1999), (Otsuka and Wayman, 1998),Taking into account the non-linearity and temperature
(Srinivasan and McFarland, 2001)). SMA actuators dependence of the SMA string, the dynamics of the
have also been used for vibration control of flexible system are given by

beams, see e.g., (Choi and Cheong, 1996). However,

these works have not taken into account the nonlinear Mo+ K6 = bn(ey, 9,11, T5) (1)
effects of SMA actuators and the effect of tempera- Ty + B(T1 - To) = aws )

Ty + B(To — Ty) = auy 3
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Fig. 1. Flexible beam driven by two SMA actuators.

of the flexible beam, respectively, obtained using the

Lagrangian formulation (Meirovitch, 1975),is the
input-effect vectorn(e, Ty, T2) is the nonlinear force

The anglesy; and~, can be obtained from

v =tan (d_ya> +6

o =tan ! <d+ya> -0 (6)
Tq
with y, given by
N
Yo=Y 6i(za)di 7
=1

whereg;(z,) is thei-th mode shape function. Using
the method of virtual work and Lagrangian formula-

generated by the SMA string, which depends on straintion (Meirovitch, 1975), one can obtain the input effect
and temperature (Liang and Rogers, 1992). Moreover,vectorb given by
€1, €2 are the strains induced in the SMA strings,

is the temperature of SMA 1 (the lower wire}; by = sin(y)¢i(zq) (8)
is the temperature of the SMA 2 (the upper wire),

T, is the ambient temperature, ang 3 are positive  Assuming thaé ~ y, /z, is small enough and > y,
constants. The inputa; and u, correspond to the we have

heat generated in the strings and are nonzero whenever

the corresponding SMA is actuated. Otherwise, these d $i(za), i=1,2, -~ ,N- (9)

Equations (2) and (3) are obtained from the heat trans-The ¢ term in (1) is a function of the modal vectér
fer dynamics of a single wire expressed as (Madhill as described next. Referring to Figure 1, the lerigth
and Wang, 1998) can be obtained from the trigonometric relationship

inputs are zero.

pV o = RP() AT -T,) (@) B =&+ a2~ 2dvocos(r/2— ). (10)

dt
wherep (kg/m?) is the mass density of string mate- NOW definingl,o = \/d? + 27, wherel, is the value
rial, ¢ (J/(kg°C)) is the specific heaty (m®) isthe ~ ©f i1, the straire, is given by
volume of string; (A) is the electric current® (2) is
the string resistancé, (W/(m?°(C)) is the convection Y 130 — 2dya — lo
heat transfer coefficienti (m?) is the surface area of e 10
the string, andl, is the ambient temperature. Note
that the inputs:; andwus in (2) and (3) can only take
positive values or zero corresponding to the current
inputs applied to the two strings in Figure 1. Also, note Noting that lengths of the two strings are equal when
from (4) that the values of and3 in (2) and (3) are  there is no deflection, i.elyy = li, €2 can be
dependent on geometric and physical properties of theobtained in a similar way as follows

SMA strings.
V130 4 2dyq — Lo

l1o

. . (14202 1
The input effect vectob in (1) depends on the place I

where the SMA strings are attached. In order to obtain
this vector refer to Figure 1, which is comprised of a
cantilevered flexible beam attached to SMA strings.
Let f,, be the force exerted by SMA 1, which is
placed atr,, along the link. We assume that this force d

d
=(1- 2l7ya)1/2 —1 (12)
10

2.1 Kinematic Relationships
12)

Expanding the square root function in (11) and ne-
glecting higher order terms, the strain relationships for
the two strings can be obtained as

is measurable, for example by using a force sensor f1=-€2="pYa

mounted on the rigid base, where the other end of the 10

string is attached. Neglecting curvature of the beam, d I

the tangential and normal componentsfgf, denoted - _E ; ¢i(2a)d; =€ (3)

by fs, andf,, -, are obtained as

fs1T = fs1008('71)ﬂ fs1N = fs15in(’71)' (5)

wheree is the strain term given in (1). Equation (13)
may also be written in the following form



e= 8,5 (14) Yo = U6 (20)

where where W is a constant matrix that relates modal vari-
ables to the output of interegs. The numerical value
d of U depends on the appropriate modal shape func-
By = 5 [61(2a) ba(ra) - On(za)l.  (15) " pprop P

tions determined by geometric boundary conditions
of the partial differential equation describing the be-
Considering the right hand side of (1), the term havior of the beametamped-free for the beam in this

n(ey,eq, Ty, Ty) is the difference between two exter- Study (see e.g., (Meirovitch, 1975)). The output under
nal forces acting on the flexible link by the SMA control can be the displacement of the tip position of

dency ofn(-) toe we have derivative ofy, twice and using (1) we have

n(e,T1,To) = A(o(—e,T)) — o(e,To))  (16) o = UM~ (bno(e, 11, To) — K§)  (21)

wheren, (e, Ty, T») is the desirech(e, Ty, T») corre-
sponding toy,. Note thatn(-) can be measured by
measuring the tensional forces acting on the SMA
strings. Let us further take, (-) according to

where A is the cross sectional area of the SMA string
and theo(-) terms represent stresses induced by the
two SMA strings. The appearance®in (16) and its
dependence o# as given by (13) affects the magni-
tudes of flexural modes given by (1). In this regard, i _
the open-loop flexural modes of the system are not the no(e, T, To) = (WM 1b) ™' (v + UM 1 K9)(22)
same as the eigenvalues of the flexible beam given byyherey is a new control input. Substituting the above
eig(M~1K). To illustrate this, a Taylor series expan- equation in (21) yields
sion of (16) around = 0 yields

yo = (23)

Tl(e’:‘, T1, Tg) = A((O’(O, Tl) — 0’(0, TQ))

+ VCS(U(_Ea Tl)
—o(e,T2))ls=0 + ) an

Denoting the reference position by and the error by
e =y, — Yo, let us choose as

. . =—Kgyo + K 24
wheresys denotes the gradient operator with respect Y dYo + Hpe (24)

to J. Neglecting higher order terms, equation (1) can where K,; and K, are feedback gains. It is also as-
be approximated as sumed thag, is known by measurement or estimation,
e.g., by numerical differentiation of modal variables
Mé+ K6 = Ab(a(0,Ty) — 0(0,T5))  (18) or using a state observer. The resulting closed-loop
system will then be given by
wherekK_. is the equivalent stiffness matrix given by
€+ Kqé+ Kpe=0- (25)
K, =K — Ab s (0(®,6,Ty)

— 0 (=940, T%))|s=0) (29)
1

The above relationship indicates that the open-loop vi- no(e, T1, Ta) = Gy =iy (Kpe +

bration modes of the flexible beam are temperature de- . 1

pendent and are given by the eigenvalued/of' K., + Kaé+ WMTKO) (26)

rather than those af/ ' K. A main goal of the controller is to make-) approach
n,(+). Towards this end, let us define the output to be
controlled as

Now substituting (24) in (22) yields

2.2 Development of the Control Scheme

y=mn(e,Th,To) — no(e, T1,T)- 27)
The force generated by an SMA actuator is a nonlinear
function of the string temperature and strain. Besides,
the actuator nonlinearity is not well known and varies
with the operating point (Liang and Rogers, 1992). In
order to deal with the nonlinear and uncertain char-
acteristics of SMA actuators, the control strategy in on on . on .
this paper is targeted towards regulating the actuation J=—¢é+—T1+—To—n, (28)
force to a desired value that corresponds to the desired Oe 0T 0T
position of the flexible beam. Towards this end, let us and utilizing (14), (2), (3), (22), (24), and (26),can
consider the system dynamics given by (1)—(3) and be written after some algebraic manipulations, in the
define the output as following form

Following the (Hirschorn, 1979), (Byrnes and Isidori,
1985), the output variable is differentiated once for the
input to appear in the input-output dynamics. Thus,
starting from



¥ = hyu+ hy + hs (29) mode (scalad), which is the most important mode to
) control.
whereu andh; are defined as follows
Now let us write (35) in the form
Uy Uy Z 0, U = 0
= —us up =0, uz >0 A:A A+b( + prT ) (36)
on AR TOAWT g1
a— u>0
hl _ %I;Ll (30) where
a— u <0
oTs 0 I
. Ap = M~y
andhy, hs are given by A )
An —Kagrry
K WM'K : 0
ha = Kqn(e, T, T3) — (fIA?\/[i*lb AT =[6" 07], ba = |:M—1b:| (37)
_ -1,
By — WM K K(S with
UM—1p
on on -1
- [ _ _ 32" _ _ bW M
h3 ﬂBTl (Tl Ta) ﬂaTQ (T2 Ta) A21 =-M 1((I - \I/Mflb)
on _ . bl
—— 1
e a0 (31) + Kpm). (38)
with &, defined as It is assumed thatix can be made Hurwitz by a
d proper choice ofiX,, K4, ¥, andb. Thus, the equi-
o, = l—[¢1(a:a) d2(xa) -+ Pnlxa)].  (32) librium value ofA, i.e., wheny andA are set to zero,
10

is given by
Referring to (30) and (31),; is of known sign and

approximate valuehs is completely known, and the
value of hs is not available, since it is assumed that

T, andT5 are not measured. Let us choose the control

law as

Kpy,

A= AN ba gy

(39)

Then definingA = A — A and rewriting (36) in terms

of A yields
ill_l (*kyy — ha)

u =

(33) - -
. A =ArA+bay (40)
whereh; is an estimate o, andk, is a feedback gain

whose approximate value will be determined later in Now let us consider the closed loop system dynamics
this paper based on a Lyapunov stability analysis. described by (29) and (40) and choose the Lyapunov
The above control scheme acts on part of the systemfunction candidate

dynamics that is related to the input-output behavior.

The other part of the dynamics, often referred to V= 1y2 + & ATPAA
asinternal dynamics (Slotine and Li, 1991), can be 2

obtained by solving fon(-) in (27), i.e.,

(41)

wheree? is a nonzero constant arfeh is a positive-
definite matrix. A proof of the closed-loop system sta-

n(e, Th,Ty) =y + %(er + K¢ bility can be established based on the above Lyapunov
‘_IllM b function as described in section 2.3. The result of this
= WM™ K9) (34)  analysis can be used to provide qualitative guidelines

for choosing control parameters,, K,, andk, as

and substituting it in (1), which results in described later.

bW M1
UM-1b

b
K+ Ky UM —1b)
— Ky § + M~ 'b(y + K, —2"—)-(35

M1 W Kogarm) G SinceAx in (37) is Hurwitz, for any positive-definite
It can be concluded that if the flexure dynamics given matrix Qo there exists a positive-definite matriX,
by (35) are controllable then they can be stabilized by satisfying the following Lyapunov equation
a proper choice of feedback gains,, K. It should
also be noted that the output location vectgiand the
input vectorb are at our disposal and can be chosen
to satisfy controllability properties. This is usually Considering the dynamics of the system given by (29)
the case as can be verified for a model with a single and (40) and the Lyapunov function (41), we have

b=—M"1((I-
M~1b0 .

5
2.3 Sability Analysis

AXPA + PaAA = —Qa- (42)



V= —kyhihi'y? — eADTQAA + y((1 — hihy Yhs
+ h3) + 2eaybk PAA. (43)

Furthermore, utilizing (26), (31) can be written in the
form

ho = Kay + c1yr + 73 A

hs =73 + 71 A (44)
where
T_ '7 KiK,¥ —K2U + K,U — UMK
T T e UMb
on on
= B(= (T = Ty) + = (To — Ty _ _
s ’6(8T1( ! ) 8T2( 2 ) Fig. 2. Flexible beam setup.
74T —100---0 — ‘l”q)a positive-definite if the following conditions are satis-
I £ PV fied
K, Kq— A DAK,
0 = pfhd Y2 A YARp . (45)
UMb kycr — csKq >0

Considering an arbitrary bounded regianc R*"*2 (kycr — csKq) Amin(Qa) > 1(0265 +cq+€ence)?
around the origin of the state space (of A, 77 — 4
T.,T> —T,) the following inequalities can be written (50)

- - - The first condition in (50) can be re-written as
[v2All < c2l|All, [hs] < e+ callAll - (46)

where|| - | denotes th@-norm, ¢, is the norm ofy,,
andcs, ¢4 are upper bounds of; and~,, respectively.

UtiIi_zing the above inequalities, and defining the fol- \yhich implies thatk, should be sufficiently larger
lowing constants than K. As for the second condition in (50), assume
. . that K, = w%, andK,; = 2wy, Wherewy is the
s =1 —=mhi|, c6 =2[[bAPall, ¢z =hihi{47)  closed-loop undamped natural frequency arisl the
damping ratio. Thug(,, and K ; are of order®)(w3%;)
andO(wy), respectively. Similarly, it can be verified
thatcs, c4, andeg are of orders)(w3;), O(wy), and

1

ky >
y V5

V can be further written in the form

’ T T
Vis = A 2atn (48) O(wn), respectively, which when substituted in the
where second inequality in (50) yiel#, > O(w$). Thus,
these relationships provide qualitative measures for
_ { ly| } selection of the order o, in relation tok, and K,
= [|A]| to guarantee stability. In order to study the effects of
1 controller gains on the magnitudes of errors, consider
Ao { . kyer —csKa  5(cacs +ca + eaco) the following term
—(eac c EAC Amin
1 2( 2C5 + c4 + A 6) (QA) O[TAiloé _ )\min(QA)(Cg + clc5yr)2/
al = 3 les + eresyr 0]- (49) (4(Amin(Qa) (kycr — s Kq)
1
From (48), it follows that ifA is positive-definite, — gle2cs teat eace)’) (52)
the system trajectories would converge to a residual
set whose size is determined by the ellipdeAy =  which can be verified to be of orded(wy'). Fur-

aTn. The diagonals of the ellipse representing the thermore, it can be verified that the larger diagonal of
order of errors are given by/aTA~Ta/An..(A) and  the ellipse given by/aTA~1a/Anq.(A), is of order
VTR0 A (A), WhereA s (A) andApim(A)  O@r'):

are the maximum and minimum eigenvalues /qf

respectively.

3. EXPERIMENTAL EVALUATION
In order to guarantee stability of the closed loop sys-

tem, let us study the effects of controller gains K, An experimental testbed was constructed to evaluate
and K, on the closed-loop system stability and the performance of the controller as shown in Figure
magnitudes of errors. Towards this endwould be 2. A schematic diagram of this setup is shown in
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Fig. 3. Schematic diagram of the flexible beam setup. Fig. 4. Experimental results for a constant reference
input: SMA 1 and 2 refer to the left, and right

Figure 3 consisting of a laser displacement sensor, two . L .
g g P SMA strings in Figure 3, respectively.

piezo-resistive force sensors, Flexinol SMA string,
and instrumentation and power amplifiers.

x10° (a) Tip position (b) Net force exerted by SMA's.

Desired defledtion
—

Figure 4 shows experimental results when the control
law given by (33) is applied to the system. Figure
4(a) shows the tip deflection measured by the laser
displacement sensor and the reference desired posi-
tion. At some point during its motion, a disturbance
is applied to the flexible beam by hitting it with a
finger. It is observed that the tip position approaches
the desired position while damping out vibrations due
to the disturbance. Figure 5 shows the results when
a square wave reference input is used to drive the
flexible beam by+0.5 em. The values of controller
gains were set at; = 8, K, = 16, k, = 80,000.

|
Tip deflection |

Position (m)
Force (N)

0 2 4 6 0 2 4 6
Time (s) Time (s)

(c) Fores exerted by each SMA. x10°  (d) First modal variable.
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4. CONCLUSION

In this paper, a nonlinear control scheme was devel-
oped for position control of a flexible beam actuated
by Shape Memory Alloy strings. SMA actuators ex-

hibit highly nonlinear effects with characteristics that ear control systemsIAM J. Contr. and Opt.

are highly temperature dependent. Since actuator tem- 17, 282-297.
oS mot b ' Janocha, H. (1999)Adaptronics and Smart Struc-

perature is not readily measurable, it is treated as a i . : . )
) tures. Basics, Materials, Design, and Applica-
disturbance term that has to be compensated by the : . ;
tions. Springer-Verlag. Berlin.

control s_cheme. The_force is re_g_ulated to a value cor- Liang, C. and C. A. Rogers (1992). Design of shape
responding to a desirable position of the beam end- memory alloy actuatorsASME Journal of Me-

point. Stability analysis of the closed-loop system is chanical Design 114, 223-230.

established along with experimental results that illus- Madhill, D.R. and D. Wang (1998). Modeling and 12—

trate the performance of the proposed controller. o "
stability of a shape memory alloy position control
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