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Abstract: In this paper, we develop a numerically efficient scheme for set-
membership prediction and filtering for discrete-time nonlinear systems, that takes
into explicit account the effects of nonlinearities via local second-order information.
The filtering scheme is based on a classical prediction/update recursion that
requires at each step the solution of a convex semidefinite optimization problem.
The technical results discussed in the paper build upon the recently developed
paradigm of uncertain linear equations (ULE) and semidefinite relaxations.
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1. INTRODUCTION

Deterministic counterparts of discrete-time Kal-
man filters for linear systems are known in the
literature since the early works of Bertsekas and
Rhodes in the seventies. The deterministic fil-
ter introduced in (Bertsekas and Rhodes, 1971)
provided a state estimate in the form of an el-
lipsoidal set of all possible states that are con-
sistent with the given measurements and a de-
terministic additive description of the process
noise. Further early contributions in this field
were due to (Schweppe, 1973), whose ideas were
later developed by (Chernousko, 1993; Durieu et
al., 2001; Kurzhanski and Valyi, 1996; Maskarov
and Norton, 1996), among many others. However,
all these contributions deal essentially with the
linear filtering problem, or with a nonlinear ver-
sion of it which is based on local linearization, in
the same spirit of the so-called Extended Kalman
Filter (EKF).

It is well known (see for instance the discussion
in (Einicke and White, 1999)) that for nonlin-
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ear systems an approach completely based on
local linearization, such as the EKF, may lead
to poor estimation performances. In this paper,
we develop an efficient computational technique
for set-membership nonlinear filtering which takes
into explicit account the second order local infor-
mation of the system. This additional structure
is expected to improve the filter performance in
all applications where strong nonlinearities are
present, such as in localization problems arising
in mobile robotics, see for instance (Fabrizi et
al., 1998; Jetto et al., 1999) and (Di Marco et
al., 2004).

The filter recursions developed here are built
upon the results on uncertain linear equations
(ULE) that appeared recently in (Calafiore and
El Ghaoui, 2004). According to this theory, the
numerical complexity of each filter step is of the
order of n3?, and it is thus comparable to the
complexity of the standard Kalman filter iterates.

In the next sections, we develop all the techni-
cal details of the second-order filter recursions,
whereas we leave the numerical experiments to a
subsequent work. For space reasons, the presenta-
tion is kept “dry” and rather technical. The paper



is organized as follows: Section 2 contains some
preliminaries on the representation of quadratic
functions, and reports a key result on uncertain
linear equations; Section 3 sets up the filtering
problem, and Sections 4 and 5 provide the key
results on the prediction and update steps of the
filter, respectively. Section 6 finally draws some
conclusions.

2. PRELIMINARIES
2.1 Quadratic functions in linear fractional form

Consider a quadratic function of the form

(P((srv(su,(su) =

where ¢, € R"=, §, € R™, §, € R", and the i-th
component of h(d,,d,) is

T . .
hi“f"”:[éu} {ngg 52] M

and where the inner matrix in the above expres-
sion is symmetric. When useful for the sake of
compactness of the formulas, we shall use the
notation XY to denote the product XY X7. The
previous expression is written equivalently as
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with Hy,, € R"™ H,, € R""w"  Summariz-
ing, we have

@(617 5u7 5u) = 95 + Axfsx + Au(Su + Au(su (1)

The following lemma holds.

Lemma 1. (LFT representation). The function ¢
(0z, 0w, 0,,) is represented by the feedback connec-
tion

1170 0 0 0 O
@l _[10 0 0 0 O 1 2)
z| | O0|Hgzy Hzpy 0 0 O w
0|Hys Hyw 0 0 0
110 0 0 0 O
w=Az (3)
where
A = diag (04, 0y, Ayy Ay, 0p). (4)
Equivalently,

©(05,04,0,) =@+ LA(I —HA)™'R  (5)

where [%%} can be deduced from the partition

in (2). Notice that (I — HA) is always invertible,
i.e. the LFT is always well-posed.

Proof. The representation is easily constructed
as follows. First, write (1) as

¢ =0+ Awi + Aywe + w3 +wy + A ws

where we defined wy = 0,21, wo = dy29, Wy =
Arzz, wy = Ayzq, wy = d,2z5; with the z;’s
given by 21 = 17 Z2 = 17 23 = Hypwi + Hmuw27
24 = Hyzwy + Hyyws, zs5 = 1. Then, (2), (3) are
simply a restatement in vector format of the above
positions. Finally, substituting (3) into (2), we
have that ¢ = ¢+ LAz, and z = R+ HAz. From
this latter expression we get z = (I — HA)™R,
which, substituted in the former, yields (5). O

Definition 1. (Scaling subspace). Let A denote
the subspace of matrices having block-diagonal
structure. (e.g. the structure in (4)). The scaling
subspace associated to A is defined as

S(A) = {(5,T) : VA € A, SA = TA}.

It is easy to verify that the scaling subspace for the
structure specified by (4) is constituted of matrix
pairs (S,T) of the form

S= dlag (Aljn, 5 >\21nu 5 Sma Sua )‘3In,,)
T= dlag ()‘la A27 Sz & Inwa Su & Inuv AS)



where S, = ST € R« G, = SI' € R™wmu and
® denotes the Kronecker tensor product. 2

2.2 Uncertain Linear Equations

Let Ac R™"™ Y eR™ LeR™r Rye RM™
Ry € R%, H € R™" and define

[A(A) Y(A)] = (6)
[A Y]+ LA(I — HA)"'[Ra Ry),
where A € Ay, with
Ay ={Ae ACRY"  |A|| <1}

Let further this linear fractional representation
(LFR) be well-posed over Aj, meaning that
det(I — HA) £ 0, VA € A;.

Given the data description in (6), we have the
so-called uncertain linear equations (ULE) in the
variable x

The set X defined below represent the set of all
possible solutions (if any) to the above ULE

X ={z: A(A)x = Y(A), for some A € A;}.

To the uncertainty structure described by A, we
associate a scaling pair (5,7) € S(A), as in
Definition 1.

The following theorem provides conditions under
which the set X is contained in a bounded ellipsoid
&, and exploits these conditions to determine a
minimal (in the sense of the trace size measure)
ellipsoid containing the solution set X'

Theorem 1. (Calafiore and El Ghaoui, 2004). Let

KN = | Ba H Ry
U = [.A L y]a T= |:0np,n Inp 0"p>1:| ’

08, T) = 17 H _OS} T,

Let further the orthogonal complement ¥, be

chosen as ¥, = {O\I.I.L.lo 1/}12

orthogonal complement of [A L], and 9, 5 is any
vector such that [A L]y;2 = Y. (If no such ¢, 5
exists, then the solution set is empty). If there
exist (S,T) € S(A), S =0, and P = PT, % such
that the LMI
P (1020,
FrrerrteT o o —E e =0 O

} , where ¥, is an

is feasible, then the ellipsoid (P, ) contains the
solution set X.

. . S11 S
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Sz ® In, is equal to {81112 s12 } .
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A minimal size ellipsoid can hence be determined
by minimizing the trace of P subject to the LMI
condition (7).

3. PROBLEM SETUP

Consider a nonlinear discrete-time dynamic sys-
tem described by the recursive state equations

z(k+1) = fz(k), u(k))

where z(k) € R" denotes the system state at
time k, u(k) € R™ is the input vector at time k,
and f is twice differentiable.

We assume that at time £ it is known that the
state x(k) belongs to a given ellipsoid &,(k) of
center Z(k) and shape matrix E(k), i.e.

z(k) = 2(k) + Ey(k)o,(k),

for some vector d,(k) such that ||6.(k)|] < 1.
Analogously, we assume that the possible inputs
at time k lie in an ellipsoid &, (k)

u(k) = a(k) + Ey(k)dyu(k),

for some vector &,(k) such that |J,(k)|| < 1.
Next, we expand function f in series around the
nominal pair a(k),Z(k). The series expansion is
computed up to the second order terms, while
higher order contributions and process noise are
taken into account via an additional disturbance
term:

2k +1) = 20k + 1) + AR)5, (k) + Bu(k)5u(k)
+h(6:(k), 0u(k)) + Byv(k)

where v(k) € R™ is the additional process dis-
turbance term, which is also assumed to be un-
known but bounded as ||v(k)|| < 1, Z(k+ 1) =
f(@(k),u(k)), and A(k), By(k) are related to the
Jacobians of f A(k) = J.(k)E.(k), By,(k) =
Fu(k)Ey (k). being

. Ofi
[jz(k)]h] = Oz , 5 =1, s N
I o=z (k),u=u(k)
. Ofi i=1, s N
I e=z(k)u=a(k) B

The second order terms are collected in vector
h(6;(k), 64 (k)), whose i-th component is

6. () 1T [ HD (k) HD (6) ] T 60
R (), 6u (k) = [ 3208 ] [HﬁfT((k)) H?}Ek;} [520)]

where the inner matrix above is related to the
Hessians of f

HY (k) HE) (k)
HY)T (k) HS) (k)

1
2 0 ENk)

ET(k) 0 HH;;(k) Hﬁi(k)}n



being
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-Hgfﬁ(k)_ - O , €=1..,ns

L le,5 a:vgauj ez (k) uma(k) =1, s My,

- 2

Hiw| =25 R
- lej  Owdu; e=x(k),u=a(k)

Since we shall be concerned with one-step-ahead
prediction and filtering, in the sequel we drop the
explicit dependence on k, and denote x(k) with z,
2(k+1) with x, etc. The state recursion is hence
described compactly as

Ty = T4 + Ady + Bydy + h(0z,0,) + Buor (8)
where [|6,]] < 1, [[du]l < 1, ] < 1.

4. PREDICTION STEP

The prediction step consists in determining a
“predicted” ellipsoid £; of center £, and shape
matrix E; (or squared shape matrix P, =
EET) that contains all the possible states z
consistent with (8).

To this end, we proceed in two steps. First, we
express (8) in LFT form, using Lemma 1

vy =74+ LA - HA)'R
where A € Ay, being A; ={A € A: |A| <1},
and A the structure subspace
A ={A: A =diag 0z, 0u; Az, Ay, d,) € R™"=}

with A, = diag(8,7,...,6,7) € Rr=m A, =
diag (§UT, o ,5UT) € R "= and n,, = 3n; +
N + Ny Ny = 34+ n2 + ngn,. The LFT data is

L=[A By In, In, B, | R

1
1
R= On% 1 € R"= i1
Onznu,l
Ol,n,; Ol,nu Ol,nm Ol,nm Ol,nu
Ol,nz Ol,nu Ol,nm Ol,'nuc Ol,nu
H= | Hez Hzu Ong,nz Ong,nm Ong,ny
HU.ZL‘ Huu Onmnu,nm Onmnu,nm Oanu,nV
_Ol,n,; Ol,nu Ol,nm Ol,nm Ol,nu

with H € R™="v. Then, we observe that the set
of possible one-step reachable states x coincides
with the set of solutions of the uncertain linear
equations (in the variable x )

Loy =%, +LA(I—-HA)'R.
The next lemma provides our key result for com-

puting a minimal ellipsoid containing the set of
one-step reachable states = .

Lemma 2. (Prediction step). If there exist (S,T) €
S(A), S = 0,and Py = PT, & such that the LMI

P -L T — g
x |S—H'TH H'TR | »=o.
* * RTTR-1

is feasible, then the ellipsoid &, (Py,#4) contains
all the possible states x ..

A minimal size ellipsoid can hence be determined
by minimizing the trace of P subject to the above
LMI condition.

Proof. The set of reachable states coincides with
the solution set of the ULE A(A)x1 = Y(A), with

[A(A) Y(A)] = [n, T4]+LAI ~ HA) ' [On, n, R].

A bounding ellipsoid for the ULE solution set is
obtained by applying Theorem 1 to this ULE. In
particular, in the situation at hand we have

_ 0HR
U=[I, L z,] T:{O ! 0}

Hence, ¥ is full-rank and an orthogonal comple-
ment is explicitly given by

—L|zs
U, =| 1|0
0 -1

Furthermore, Q(S,T) results to be

0 0 0

0 H'TH - S H'TR
0 RTTH R'TR

S, T) =

and we have

S—H'TH H'TR
RTTH R'TR-1

from which the statement follows. O

5. MEASUREMENT UPDATE STEP

At time k, our forecast about the system state at
k + 1 is summarized by the ‘predicted’ ellipsoid
&, of center 4 and shape matrix F,, which may
be efficiently computed by means of Lemma 2.
Then, at time instant k£ + 1, a measurement y
related to x4 becomes available. The purpose of
the update step of the filter is to integrate the
predicted knowledge about the state with the
new information coming from the measurement
equation.

Consider a non-linear measurement equation

Y+ = g(zy, &)



where z € R denotes the true (and unknown)
system state at time k 4+ 1, &4 € R™ is an
input parameter at time k + 1, y; € R™ is the
measurement, and ¢ is twice differentiable.

At time k+1 it is known that the state x; belongs
to the predicted ellipsoid &4, i.e.

Ty = i‘+ + E+(5w, (9)

for some vector ¢, such that ||d,| < 1. Analo-
gously, we assume that the input parameter &£,
lies in an ellipsoid &¢

& = E—F Eg(Sf,

for some vector d¢ such that ||0¢]] < 1. Now, we
expand function g in series around the nominal
pair &,z . The series expansion is computed up
to the second order terms, while higher order
contributions and measurement noise are taken
into account via an additional disturbance term:

Y+ =+ + C(x4+ — 24) + Dede + h(d2,0¢) + Dyv  (10)

where v € R™ is the additional measurement
error term, which is also assumed to be unknown
but bounded as |jv|| < 1, g+ = g(Z4,€), and
C, D¢ are related to the Jacobians of g C' = 7,

D¢ = JeEe, being

. 0g; 1=1,...,ny;
[jx]iyj - Ox; x:i+,§:g’ j=1...,n;
. 0g; 1=1,...,ny;
[._75]:7 , '_a » 1oy
A3 ety £=E Jj=1,...,n¢.

The second order terms are collected in vector
h(0z,d¢), whose i-th component is

T i (@)
0. | HE Hye | [,
hi(6z,0¢) = {(;J [H(?T Hé?] {55]

where the inner matrix above is related to the
Hessians of g

H) H<% C1[ET o | HS’% [E+ 0}
BT HY | T2 0 BT || HOT H 0 B

[23 ZE

being
- 829
na| = 29 , bi=1...,
L ley  Oxg0z; w=iy £=E ’ "
@] _ 9% £=2 )
- If_e’j axeaﬁj m:2+’§:£7 ] = 1,..-7715
N d%g;
H(l) = d s g7':17,_.,n.
L gg-f,j ag[agﬂ T=&y,E=€ ’ f

The measurement equation (10) can now be ex-

pressed as an uncertain linear equation in the
variable x:

Cry = (y+ — g4+ +Ciy) — D¢og — h((sx,dg) — Dyv. (11)

Applying Lemma 1 to the right-hand-side of (11),
we have that

Czy =17y + L,A(I — HA) 'R (12)

where

A = diag (3,0, Ay, A, 5,) € R

with A, = diag (8,",...,0,") € R Ay =
diag (6c7,...,0¢7) € R™w™m ny, = ng, + ng +
2ny + Ny, Ny = 3 + nyny, + nyne, and

77+ =Y+ _y+ +C§f+
Ly = [Ony,nd: _D§ I’ny Iny _D,U] c R"w"w
[1

1
R: Ong,l

Nzne,l

e R™!

-Ol,nz Ol,ng Ol,nz Ol,nz Ol,nv
Ol,nm Ol,ng Ol,naE Ol,nr Ol,nu
H = Hmz Hz§ n2,n, Oni Mg Ong My
Hfz H§§ NzNe,Ng INgNg, Ny Onwng,nv
_Ol,nm 01,715 01,n$ Ol,nm Ol,nl,

with H € R™="_ The set of states x4 which are
simultaneously consistent with the measurement
equation (12) and the a-priori information (9)
hence coincides with the set of solutions of the
joint ULEs

Czy =7+ L,A(I - HA)'R
Inm:m_ :Ii_;'_ + E_;,_(Sx
Notice further that, due to the particular struc-
ture of the problem at hand (e.g. (I — HA) is

block lower-triangular, with identity blocks on the
diagonal), we may write

B, 6, =L,A(I —HA) 'R
with Ly = [Ey Onyne Onainy Onginy Ongony ), and

therefore the data of the joint ULEs A(A)zy =
Y(A) may be written in LFT format as

[A(A) Y(A)] (13)
_ [If Zi] + Hy] A - HA) M 0n. n, R).

Based on this representation, the next lemma pro-
vides a computationally efficient way of determin-
ing the ‘filtered’ ellipsoid that contains the states
x4+ which are simultaneously consistent with the
prediction and the measurement.

Lemma 3. (Measurement update). Given the pre-
dicted ellipsoid &4 (&4, E4), the measurement
data in the form (13), and assuming C is full-
rank, a minimal size filtered ellipsoid &, of
center 7,1 and squared shape matrix P, is



computed by solving the following SDP in the
variables 2|4, Py |4, (9,T) € S(A)

min TrP, || subject to: S =0

P Yin @y —dypy
* |Qu1(S,T) Q12(5,T) | =0
* |Q21(5,T) Q22(S,7T)
where
{QH(S,T) Q12(S,T)} -
le(S,T) Q22(SVT) B
{‘Puz T/JJ_22:|T S—HTTH —-HTTR ’
0o -1 —RT"TH 1-R"TR

and \I/J_ll = [IﬂT Onz,ny Onm,ng Onm,nv ]7

E;Y Onyny Ongone Ongine

OTL&,?’LI ng,ny Ing ng,My
Vo= |-C I,, D¢ D, ;

Ony,n$ 7Iny Ony,ng Ony,nv

Ny Ny Onv,ny Ny ,ne Lny

o = [0 0%, (g4 —5)" 0L OF ]

Proof. The result is again obtained by applying
Theorem 1 to the ULE (13). In this specific case,
we need to determine the orthogonal complement

U4 of [IC éy} and vector v 5 such that

i B 2]

If C is full rank (i.e. rank C' = n,), then it can be

‘I'J_ll:|

verified by direct inspection that ¥, = [\I/Uz

and Iﬁlg = |:’l/):;2 , with ¥ 44, \I/ng,wlgz given

in the statement of the lemma, indeed satisfy the
two relations above. We also have

| Op,n, H R
1= |:Onw,nz Inw Onw,1:|

and therefore

T T
diag 0,0,1) — (s,7) = | ¥ ~H TH —H TR},

—RTTH 1-RTTR
U7 (diag (0,0,1) — Q(S, T))¥ | =
U190 Y109 ]T | S—HTTH —HTTR
{ 0o -1 } —RTTH 1-RTTR
(10| ] Oy =[O0 |dg —dypy] =
[Ins Onginy Onging Ongyny &4 = E4p4 |-

ﬁ?

The statement of the lemma follows immediately
from the above derivations. O

6. CONCLUSIONS

In this paper we presented the basic structure of a
recursive algorithm that determines at each step

an ellipsoidal membership set for the state of a
nonlinear system, based on model predictions and
measurement maps that are locally approximated
up to the second order terms. At each step, the
method requires solving two convex semidefinite
programs whose numerical complexity essentially
grows as n>?, according to the complexity analysis
in (Calafiore and El Ghaoui, 2004).

Ongoing work is dedicated to the software im-
plementation of the described algorithm and to
the comparative analysis of its performance via
numerical simulations and experiments.
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