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Abstract: In this paper, a general approach to the synthesis of model reference adaptive 
control systems is proposed for uncertain time -delay systems with the so-called sector-like  
bounded nonlinear inputs via hyperstability theory. In the presence of system parameter 
variations and external disturbances, it can be ensured that the system output can track the 
reference model output asymptotically. Finally, some computer simulations are given to 
illustrate the performance of the proposed adaptive control scheme.  
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1. INTRODUCTION 

Adaptive control of linear time-invariant systems 
with idealized situations has been an active research 
area for the past three decades. From the beginning of 
the 1980’s, as a result of the discovery that 
unmodeled dynamics or even small bounded 
disturbances can cause instability in adaptively 
controlled systems, robustness studies in adaptive 
control have been drawing much attention from 
researchers. Until present, several significant 
attempts, such as dead zone approach (Peterson and 
Narendra, 1982), σ -modification (Hsu and Costa, 
1987), persistency of excitation (Narendra and 
Annaswamy, 1989), parameter projection together 
with normalization (Praly, 1983) etc., have been 
proposed to construct the robust adaptive control 
scheme for systems subjected to system parameter 
uncertainties, or unmodelled dynamic errors, or 
external disturbances. Most of attempts to design 
robust adaptive control systems usually consider 
linear systems. In recent ten years, the adaptive 
control of nonlinear systems has attracted a lot of 
interest and has made valuable progress (Khalil, 1996; 
Polycarpou and Ioannou, 1996; Hotzel and Karsenti, 
1998; Jiang and Praly, 1998; McLain et al., 1999). 
Despite these advances in adaptive control for 
nonlinear systems, most of the literature so far still 
deals with linear input problems. However, in 
practice, owing to physical limitation, there usually 
exist nonlinearities in the control input. In real 
control systems, actuators and sensors often have 
nonlinear characteristics such as dead-zone, backlash, 
and hysteresis. Some common examples are 
mechanical connections, hydraulic servo-valves and 
electric servomotors, magnetic suspensions and 
bearings, and some biomedical systems. These effects 

of input nonlinearities usually result in the control 
performance degeneration or instability in the 
controlled system. Hence, in system realization and 
control, the existence of input nonlinearities cannot 
be ignored. Meanwhile, time delay is also frequently 
encountered in various engineering systems and can 
be the cause of instability. Up to the present, the 
system with nonlinear input or time delay has still not 
attracted quite a lot of studies in the adaptive control 
(Tao and Kokotovic, 1995; Tao and Tian, 1995; 
Miyasato, 1991, Salem and Carroll, 1985). For the 
practical control reason, an uncertain time-delay 
system with unknown nonlinear input will be 
considered in this work. 
 
In this paper, a model reference adaptive control is 
proposed based on hyperstability theory for a class of 
uncertain time -delay systems with nonlinear inputs. 
Meanwhile, these classes of systems are also 
subjected to system parameter variations and external 
disturbances. To cope with the problem of system 
uncertainties, an adaptation algorithm is developed 
via hyperstability theory to estimate these system 
uncertainties. Therefore, without the requirement of 
information about uncertain system parameter 
variations and disturbances, the proposed adaptive 
control scheme can be realized and the characteristics 
of the output asymptotical tracking can be achieved. 
Finally, some computer simulation results will be 
given to show the performance of the proposed model 
reference adaptive control scheme. 
 

2. HYPERSTABILITY THEORY 
In this section, we provide a brief review for the 
hyperstability theory (Popov, 1973). Consider the 
multivariable standard system shown in Figure 1 and 
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described by the state equation of the form 
           )()()( tButAxtx +=&             (1) 

)()()( tDutCxty +=             (2) 

 )()( ttu ω−=              (3) 

)),(()( tyt τϕω =    , t≤τ    (4) 
where A , B , C , and D  are appropriate 
dimensional matrices, )(tx , )(tu , and )(ty  are the 
state vector, the input vector, and the output vector, 
respectively. The pair ),( AC  is completely 
observable and the pair ),( BA  is completely 
controllable. )(⋅ϕ  denotes a nonlinear functional 
dependence between )(tω  and )(ty  in the interval 

t≤τ . In order that the closed-loop system of 
equations (1)-(4) is asymptotically hyperstable, the 
following conditions should be satisfied: 
(1) The transfer function 

DBAsICsG +−= −1)()(       (5) 

must be strictly positive real (SPR); 
(2) The so-called passivity condition (Popov integral 

inequality) 

∫ −≥
t T rdy
0

2
0)()( ττωτ       (6) 

is true for all 0≥t . 
where 

0r  is an arbitrary finite constant. 
 
Remark 1: The closed-loop system of equations 
(1)-(4) with asymptotically hyperstable implies that 
the result, 0)(lim =

∞→
tx

t
, will be achieved. 

 
3. SYSTEM DESCRIPTIONS 

Consider the following uncertain time -delay system 
with nonlinear input described by the following 
differential-difference equation 

))(()()()()( tuBfhtxAtxAAtx d +−+∆+=&  

     ),( txd+                         (7) 

)()( ttx φ=  for 0<<− th               (8) 

)()( tCxty =                        (9) 

where nRtx ∈)( , which is assumed to be measurable 

at every t , is  the system state vector, mRtu ∈)(  is 

the system input vector, mRty ∈)(  is the system 
output vector, A , B , and C  are constant matrices 
of appropriate dimension, A∆  is the uncertain 
matrix of matrix A , nn

d RA ×∈  is an unknown 

matrix, mRtuf ∈))((  is a continuous nonlinear 

function and 0)0( =f , nRtxd ∈),(  represents 

system disturbances, nRt ∈)(φ  is an arbitrary 
known time function, and h  denotes an unknown 
but fixed time -delay. In this paper, referring to the 
definition of a sector bounded function in (Slotine 
and Li, 1991), a so-called sector-like bounded 
function is defined as follows.  
  
Definition 1 : A continuous function ))(( tufi

 with 

0)0( =if , as shown in Figure 2, is said to belong to 

the sector-like ],[ 21 ii cc  by 
iu , if there exist two 

positive constants 
1ic  and 

2ic  such that  

21

)(
i

i

i
i c

u
uf

c ≤≤    for 0≠iu   

and T
muuuu ][ 21 L= . 

 
The following assumptions specify the class of 
uncertain nonlinear systems considered in this paper.  
 
Assumption 1:  
(1) Nonlinear input functions ))(( tufi

, mi ,,1 L= , 

are sector-like bounded by 
iu , mi ,,1 L= , 

respectively. It yields that there exist positive 
constants 

1ic , mi ,,1 L= , and 
2ic , mi ,,1 L= , 

such that the following conditions are satisfied.   

21

)(
i

i

i
i c

u
uf

c ≤≤ , mi ,,1 L= . 

(2) Uncertain system parameter matrices A∆ , 
dA , 

and disturbance vector ), td(x  are norm 
bounded. It means that there exist three positive 
values 

1δ , 
2δ , and 

3δ  such that 1δ≤∆A , 

2δ≤dA , and 3δ≤d(x,t) . 

 
From Assumption 1 (1), it straightly gives the 
following results 

2
2

2
1 )( iiiiii ucufuuc ≤≤ , mi ,,1 L= . 

Then, we have 

2
2

2
222

2
112

2211

2
1

2
221

2
111

))()(

mm

mm

mm

ucucuc

(ufuufuufu

ucucuc

+++≤

+++≤

+++

L

L

L
 

It yields that from the above inequality 
uucf(u)uuuc TTT

21 ≤≤        (10) 

where },,1|min{ 11 micc i L==  and 

},,1|max{ 22 micc i L== .  

From Assumption 1 (1), it also yields that  
uuc(u)f(u)fuuc TTT 2

2
2
1 ≤≤   

or   ucf(u)uc 21 ≤≤                 (11) 

 
The control objective in this work is  to find an 
appropriate control )(tu  such that the system output 

vector )(ty  can asymptotically follow the desired 
output vector )(tym

. Consider the reference model in 

the following form. 
)()()( trBtxAtx mmmm +=&   (12) 

)()( tCxty mm =         (13) 

where n
m Rtx ∈)(  is the reference model state 

vector, mRtr ∈)(  is the reference model input 
vector, which is piecewise continuous and bounded, 



  

m
m Rty ∈)(  is the reference model output vector, 

mA  and 
mB  are matrices of appropriate dimension 

and 
mA  is a Hurwitz matrix.  

 
4. MODEL REFERENCE ADAPTIVE CONTROL 

SCHEME  
In this section, an adaptive control input will be 
derived for the uncertain time-delay system (7)-(9) 
such that the control objective can be achieved via 
hyperstability theory. Define the output tracking error 
vector  

)()()( tytyte m−=     (14) 

Then, it yields that the dynamics of the system output 
tracking error vector can be written as  

])()[( rBxAduBfxAxAACe mmmdd −−+++∆+=&  

)()( uCBfxCAAxCxCACAeA dd ++∆+−+=  

rCBxCACACd mmm −−++ )(  

ωBeA −=  
where mmRA ×∈  is a designed Hurwitz matrix, 

mmRB ×∈  is a designed nonsingular matrix, 
)()[(1 uCBfxCAAxCxCACAB dd ++∆+−−= −ω  

])( rCBxCACACd mmm −−++ , 

and the delayed state is represented as )( htxxd −=  

for simplification. Define a linear processing block 
HeE =                                                      

where mmRH ×∈  is a constant matrix. 
Hence, it follows that a linear time invariant system 
with the output E  is  

ωBeAe −=&              (15) 
HeE =                 (16) 

As the previous descriptions in section 2, the linear 
time invariant system is asymptotically hyperstable 
under that matrix H  is chosen from the following 
equations 

QAPPA T −=+         (17) 
THBP =       (18) 

where matrices Q  and P  are symmetric, positive 
definite matrices. To design a model reference 
adaptive control system such that the system output 
can track the reference model output asymptotically, 
the control law is designed in the following form.  

),(
)( 1

tx
E

CBBE
u

T

TT

φ
−

−=        (19) 

[ xCACAB
CBBCBBc

tx
T

)(
])([

1),( 1
11

min1

−= −
−−λ

φ

        )(max)(ˆ)(ˆ
21 itxtkxtk ++ )(3̂ tk+   

]rCBBxCACAB mmm
11 )( −− +−+   (20) 

where ],[ thti −∈ , feedback gains )(1̂ tk , )(2̂ tk , and 

auxiliary signal )(3̂ tk  are three time -varying 

constants which are adapted by the following 
adaptation laws. 

  )()(ˆ
1012111 tkdtxEgxEgtk

t TT ++= ∫   (21) 

)(max)(ˆ
212 i

T txEgtk =      

)()(max 2022 tkdttxEg
t

i
T ++ ∫    (22) 

)()(ˆ
3032313 tkdtEgEgtk

t TT ++= ∫    (23) 

where positive constants 
11g , 

12g , 
21g , 

22g , 
31g , 

and 
32g  are adaptation gains to determine 

adaptation rates. 
 
Remark 2 : If the adaptation process is fast, in 
equations (21)-(23), the time functions 

1
1

1 )( δCBtk −= , 
2

1
2 )( δCBtk −= , and 

3
1

3 )( δCBtk −=  can be treated as unknown and 

slowly time varying. In practice, these are set to 
arbitrary constant values (often zero).  
 
The performance of the proposed model reference 
adaptive control system can be described by the 
following theorem. 
 
Theorem 1 : Consider the uncertain system (7)-(9) 
subjected to Assumption 1 and the reference model 
(12), (13). If the adaptive control input )(tu  in (19), 
(20) and the adaptation laws in (21)-(23), then the 
linear time invariant system in (15), (16) is 
asymptotically hyperstable, namely the system output 

)(ty  can asymptotically follow the desired output 

)(tym
, i.e. 0)(lim =

∞→
te

t
. 

Proof: The transfer function of the linear time 
invariant system (15), (16), BAsIH 1)( −− , is 

strictly positive real under the appropriate set for 
matrix H , which is obtained from equations (17) 
and (18). Then, we calculate 

ωTE−
[ dd

T xCABAxCBxCACABE 111 )( −−− +∆+−=   

]rCBBxCACABCdB mmm
111 )( −−− −−++     

)(1 uCBfBET −+  

[ xACBxCACABE T ∆+−≤ −− 11 )(  

dCBtxACB id
11 )(max −− ++  

mm xCACAB )(1 −+ −   

] )(11 uCBfBErCBB T
m

−− ++  

[ )(max)( 21
1

i
T txxxCACABE βδβδ ++−≤ −

  
mm xCACAB )(1

3 −++ −βδ ]rCBB m
1−+  

)(1 uCBfBE T −+  

[ )(max)( 21
1

i
T txkxkxCACABE ++−= −   

mm xCACABk )(1
3 −++ − ]rCBB m

1−+  

)(1 uCBfBE T −+               (24) 



  

where β=− CB 1 , 
11 k=βδ , 

22 k=βδ , and 

33 k=βδ . From equation (19) and Assumption 1 (1), 

it is obtained that 

uucuftx
E

CBBE
ufu T

T

T
T

1

1

)(),()( ≥−=
−

φ  

Since  

),(
)(

),(
11

11 tx
E

ECBB
tx

E

CBBE
cuuc

T

T

T

T
T φφ

−−

=      

      ),(
])([

2
2

211
min1

tx
E

ECBBCBBc

T

TT

φ
λ −−

≥  

      ),(])([ 211
min1 txCBBCBBc T φλ −−=  

we have 

≥−
−

)(),(
1

uftx
E

CBBE
T

T

φ  

),(])([ 211
min1 txCBBCBBc T φλ −−  

It follows that  
≤− )(1 uCBfBE T   

),(])([ 11
min1 txECBBCBBc TT φλ −−−    (25) 

Substituting inequality (25) into inequality (24), it 
yields that 

ωTE−  

{ xkxCACABE T
1

1 )( +−≤ −  

mmi xCACABktxk )()(max 1
32 −+++ −           

rCBB m
1−+  

}),(])([ 11
min1 txCBBCBBc T φλ −−−  

From equation (20), it yields that  
ωTE−   

[ )()(max)()( 321 tktxtkxtkE i
T ++≤  

])(ˆ)(max)(ˆ)(ˆ
321 tktxtkxtk i −−−  

[{ ] xdtxEgxEgE TtTT ∫+−=
0 1211

  

[ ]⋅++ ∫ dttxEgtxEg i
Tt

i
T )(max)(max

0 2221
 

}dtEgEgtx TtT
i ∫++

0 3231)(max  

It follows that from equations (21)-(23) 

dtttE
t T )()(

0
ω∫  

[{ ] xdtxEgxEgE TtTt T ∫∫ +≥
0 12110

      

[ ]⋅++ ∫ dttxEgtxEg i

t T
i

T )(max)(max
0 2221

 

}dtdtEgEgtx TtT
i ∫++

0 3231)(max  

2
0r−≥  

Hence, the Popov integral inequality 
2

00
)()( rdtttE

t T −≥∫ ω  

can be ensured for all 0≥t . Since that the transfer 

function matrix BAsIH 1)( −−  is strictly positive 
real and the Popov integral inequality is achieved, it 
follows that the proposed model reference adaptive 
control system is asymptotically hyperstable. Namely, 
the result of 0)(lim =

∞→
te

t
 is proved. 

    
5. NUMERICAL SIMULATIONS  
Consider an unstable, time-delay uncertain dynamical 
system represented in the following form 

))(()()()()( tuBfhtxAtxAAtx d +−+∆+=& ),( txd+  

)()( ttx φ=  for 0<<− th  
)()( tCxty =  

The corresponding parameters of the illustrated 
system are given as follows:  









=

22
10

A , 







∆∆

∆
=∆

32

1 0
aa

a
A , 

)05.0sin(3.01 ta =∆ , )10,5.0(2 SWa =∆ , 

)1.0sin(5.03 ta =∆ , 









++

=
)sin(2.05.0)sin(2.05.0

00
tt

Ad
, 









−
−

=−
)2.0(
)2.0(

)(
2

1

tx
tx

htx , 







=

1
1

B , 

uuuf )]sin(3.02[)( −= , 









+

=
)sin(3.0)sin(4.0

0
),(

1xt
txd , 

and ]11[=C  
where ),( paSW  represents a square waveform with 
amplitude a  and period p  (sec). The reference 
model is chosen as 

)()()( trBtxAtx mmmm +=&  

)()( tCxty mm =  

where 







−−

=
32

10
mA , and 








=

1
0

mB . For 

numerical simulation, adaptation gains are chosen as 
10312111 === ggg , 1322212 === ggg , 5.11 =c , 

1−=A , 1=B , and 5.0=H . Initial gain values 
and initial state values are set as 

]4.05.00[)]0(ˆ)0(ˆ)0(ˆ[ 321 =kkk ,  

[ ]12)0( =Tx , and [ ]00)0( =T
mx , respectively. 

Simulation results are shown in figures 3 and 4 as 
reference inputs are set to be a sine waveform, 

)sin()( ttr =  and a square waveform )6,1()( SWtr = , 
respectively. According to the proposed control 
scheme, for this single-input single-output illustrated 
system, the control input can be written as  

φφ )sgn(22 E
E
Eu −=−=  

Since there is a term )sgn(E  in the control input, it 
will result in control chattering. To reduce the 
chattering amplitude, the control input can be 



  

modified as follows 

φ
λ+

−=
E

Eu 2  

where λ  is a sufficiently small positive constant. A 
smaller λ  value will give a better output tracking 
performance but result in a larger control chattering. 
In the contrary, a larger λ  value will give a worse 
output tracking performance but result in a smaller 
control chattering. Hence, the setting of λ  value is a 
compromise between output tracking performance 
and control chattering. 
 

6. CONCLUSIONS 
In this paper, a model reference adaptive control 
scheme for time -delay uncertain systems with 
sector-like bounded nonlinear inputs is developed via 
hyperstability theory. Based on hyperstability theory, 
general adaptation algorithms are derived to update 
the feedback control gain and an auxiliary signal in 
the control input for coping with the system 
uncertainties.  Hence, the proposed model reference 
adaptive controller can be implemented without the 
requirement about the knowledge of system 
parameter uncertainties and disturbances. 
Nevertheless, it only shows that the asymptotical 
output tracking performance can be achieved in this 
work but the internal stability of the proposed system 
is still an open question in the future.  
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Figure 1. Standard nonlinear time varying feedback  
system. 
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Figure 2. The sector-like bounded function. 
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Figure 3. Simulation results: )sin()( ttr = . 
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  Figure 4. Simulation results: )sin()( ttr = . 
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