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Abstract : The aim of this paper is to give a general and unifying presentation of the
dynamic modelling and identification issues of a car. The modelling is based on the
modified Denavit-Hartenberg geometric description, which is commonly used in
robotics. The kinematics and dynamic models are automatically calculated using the
software package SYMORO+. The dynamic model is used to simulate the behaviour of
the car and to identify the dynamic parameters. Primarily experimental results on the
dynamic identification of a real car are given.
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1. INTRODUCTION With such a complexity, a systematic method of
geometrical description, based on the modified

The aim of this paper is to present a general and Denavit Hartenberg parameterisation (Khalil and
unifying way of modelling a car, in order to simulate Kleinfinger, 1986) facilitates the derivation of the
its behaviour and to identify the dynamic parameters. dynamic and identification models. The car is
For this purpose we make use of the modified considered as a tree structure multi body system,
Denavit Hartenberg notations which are widely used where the four wheels are the terminal links. This
in robotics fields. description allows to automatically calculate the
Several techniques of derivation of kinematics and symbolic expression of the geometric, kinematics and
dynamic models for mobile robots are available in dynamic models by using robotics technigques or even
the literature (Tilburyet al, 1994, Zodiac, 1996), but by a symbolic software package like SYMORO+
the usual approach considers systems made up of g§Symbolic Modelling of Robots)(Khalil and Creusot,
rigid cart and rigid wheels, moving in a horizontal 1997). The car suspensions are modelled with a
plane, with the constraint of rolling without slipping. lumped elasticity. Such a model allows us to
Meanwhile real working conditions of motion do not calculate the inverse dynamic model which is linear
satisfy such hypothesis. Consequently, it is necessarywith respect to the dynamic parameters, (Khosla,
that the dynamic model takes into account the 3D 1986, Khalil and Dombre, 2002, Guillo and Gautier,
motion and the forces between the wheels and the2001).
Soil.



2. GEOMETRICAL DESCRIPTION OF A CAR - C; Cp Ci3 and Cy; are the dampers,
WITH ROBOTICS FORMALISM represented by linear springs. They are taken as
virtual bodies, with no mass and no inertia, to
2.1. Robotic formulation of the description of a multi- simplify the system.

bodies system - CyandCy, are the rear wheels, such that=go
and g, =y
The car is considered as a systel) composed of - CisandCy are the front wheels, such thafer
n+1 bodies (links) connected together hyjoints, ws; and Go = ay
that can be prismatic or revolute, rigid or elastic. - Cg Cu, G5, Cyo are virtual bodies used to
define a second frame attached to the wheel axes.
> =005C; They represent the frames of the measured contact

forces. (see section 3.2)

The Modified Denavit Hartenberg (MDH) notations

can be applied to obtain the geometric parameters. Table 1: geometric parameters of the model of a car

A frameR; is defined attached to each bo@y The i 20) T % :.;2 g ?_:12 ?
axis z is defined along the joint axi$ and x; is 2 1 1 0 w2 0 T2 Xy
defined as the common perpendicular witland one 3 2 1 0 w2 0 W2 z
of the followingz axis. 4 3 0 0 0 0y 0
Let us callC; the body which is antecedent & (i = 5 4 0 0 w2 0 -¢+m2 0
a())). Denotingx’ as the common perpendicularf 5 0 0 w2 0  6+mw2 O
and z. The homogeneous transformatibh of the ; (73 ; 8 Tdnziz ;)DS 5'12 %7
frameR; with respect tdR is expressed as a function 4 8 0 0 0 0 q 0
of the following six parameters (Khalil & Dombre 10 6 1 0 w2  Ds T2 Tio
2002): 11 10 2 0 -m2 0 0 0
- ) angle betweem andx’ around the axig, 12 1 0 0 0 0 0
- b : distance betweex andx’ alongz. 136 ! B: w2 Diom2 o
1 ) 4 13 0 0 0 0o B 0
- @ angle betweer andz around the axis;’, 15 14 2 0 w2 0 0 0
- d;: distance fronx to z alongx’, 16 15 0 0 0 0 g 0
- @ :angle betweenw;’ andx; around the axig;, 17 6 1 By w2 D T2 o7
- 1;: distance from’ to x alongz, % 170 0 0 0O B 0
L . . 19 18 2 0 -2 0 0 0
Each joint is described with two parametegsind /4 0 19 0 0 0 0 0
- ¢ describes the type of joint:
a; = 0: revolute joint, the joint variable is § According to this description, the vehicle motion is
g = 1. prismatic joint, the joint variable is r; completely described by the vectar of the 16
g, = 2: locked joint generalised co-ordinates:
- 14 describes the type of actuation:
4 = 1: actuated joint q=1[¢ O G Cholhz GisBChe Ch7 /3 o]’

4 = 0: passive joint.

- Oz Q0 iz @ndq,7 are the dampers clearance,

- Qo Ch2, i and o are the angular positions of
2.2. Application for a car the four wheels with respect to their axis,

- he0i5=p, is the steering angle.
Let Ry be a fixed reference frame attached to the
ground andC; the reference body of the studied This description allows to calculate the geometric,
structure be the chassis. It corresponds to the bodykinematic and dynamic models automatically with
whose locationd (i.e. position & orientation) gives the help of SYMORO+, a software of symbolic
the system posture in the frarRg calculations developed by the robotics team of the
&= [ql 02 O G Os qe]T for a movement in the three IRCCyN. (KhaIiI and Creusot, 1997)
dimension space. The six degrees of freedom (d.o.f.)
are described with 5 virtual bodies and one real body,

with one d.o.f. for each body (Guillo and Gautier, 3. DYNAMIC MODEL

2000).

In that case the model of a car system can be The inverse dynamic model gives the joint torques
composed of 20 bodie3; such that (Fig.1): as a function of the joint co-ordinates, speeds and
- Gyis the base attached to the ground, accelerations.

- Cy, G,,..., G are virtual bodies used to define
the car posture. Their variables arg z6 @
- Csisthe chassis, its variable is q6y



X6, X6

Xa7, Xis, X19, X20

Yo Fig. 1: geometric description of a car

Let the Inverse Dynamic Model (IDM) be written as: - F,;is the viscous friction coefficient.
- Fgis the Coulomb friction force.

M(Q)g+ H(a.4)= L+Q° (1)

3.2. Contact forces between the wheels and the

- M(q) is the mass matrix of the system ground

- H(qq) is the vector of centrifugal, Coriolis and

gravity terms. _ In our experiments, the contact forces are measured
- L is the vector of the internal forces between the by four dynamometric wheels. They give the 6
vehicle bodies : motor torque, friction, lumped gjrectional forces and torques expressed in the frames

elasticity... Re, Ri1, Ris, Rug, attached to the wheel axes.
- Qisthe vector of the contact forces between the

ground and the wheels.
4. IDENTIFICATION

3.1. Internal forces 4.1. Standard inertial parameters

The internal forces vector is composed of. For each link there are 13 standard dynamic

- the elastic forces _ parameters (Gautier and Khalil, 1990), composed of

The j-component of.%, the elastic forces vector can 1 standard inertial parameters:

be written, withk; the stiffness of th¢-joint, such as: - [XX XY, XZ YY YZ ZZ]: the 6 elements of the
LS = -kjq; if j is an elastic joint, inertia matrix of linkj with respect to framg

wheregj is the joint displacement with respect to the - [MX MY; MZ]: the 3 first moments of link

initial position. around the origin of_ framg

- the actuation vector component. - Mj, the mass of link.

And 3 drive chain parameters:

- la, the inertia of the motor for an actuated joint

- Py, and Fs, the viscous and Coulomb friction

parameters.

Le} =0 if 4=0 The standard inertial parameters of the real bodies

are shown in Table 2, where we did not include the

; ) o parameters of a virtual body whose all parameters are
L =—F;a;~-Fgsigna;) zero. We take into account the symmetry of the

Where: wheels that leads to have:

It depends on the value of the Boolean paramgter
and on the motor torque of thgoint.

Lejl:Uj |f,UJ:1

- the friction vector component, is simplified as:



XX =YY fori=9, 12, 15, 19. 4.4, Identification model

4.2. Base inertial parameters The dynamic model (1) can be expressed as a linear
relation with respect to the identifiable parameters. It

The base inertial parameters are defined as thecan be written as:

minimum inertial parameters that can be used to v (g gg).X 2)

obtain the dynamic model. They represent the set of

inertial parameters which can be identified using the

dynamic model, thus its determination is essential for 4 5 |gentification method

the identification of the inertial parameters of the

system. ) .. The dynamic parameters are estimated by solving an
They are obtained from the standard inertial oyer-determined linear system with the weighted
parameters by eliminating those which have no effect |g55t squares techniques (W.L.S.). The system is

on the dynamic model and by grouping some others. gyiained by sampling the identification dynamic
There are two techniques to obtain those parameters;ygdel (3) along a trajectory.

a symbolic one (Gautier and Khalil, 2002), or a The whole system is written as follow:

numerical one (Gautier, 1991). The symbolic method

gives the 23 base inertial parameters given in Table Y =W.X +p 3)
3, where we did not include the parameters of a body

whose all parameters are zero. The grouping relations . . .
P grouping - Wis the observation matrixnfu,x ny)

are. XX = XXio + YYo + XXo - Ythe (expX 1) vector of joint and reaction forces
ZZ; - X)élzz +XX96 +YY - p the (e x 1) vector of model errors
XXer = XXi+ XX XXo - YV - X the vector of the dynamic parameters to
ZZ5= XXzt XX + 225 identify (n, x 1) o
2Z1ar= YYie + 2714 Some practical features about the weighting
2Z16r= Yoo + ZZ15 procedure and data filtering are given in (Gautier,

1997), in order to obtain the .L.S. estimation of

Table 2: standard inertial parameters parameters with minimum distortion and bias.

j XX XY XZ YY YZ ZZ MX MY MZ M
6 XX XYs XZs YYs YZs ZZs MX% M¥% MzZ M 5. EXPERIMENTAL SET UP

9 XX 0 0 XXo O ZZg O 0 0 M

12 XX, 0 XXz 0 221, My Primarily experimental results are given. For the data

0 0 0 0
16 XX5s 0 0  XXss O ZZig O 0O 0 Mg it | car i - ed with
20 X% 0 0 XK O ZZm 0 0 O M acquisition, a real car is equipped with many sensors

which allow to estimate the variables needed for the
The base inertial parameters are computed with theidentification model.

symbolic method. They are given in Table 3. Those sensors are: four dynamometric wheels, an
inertial unit, a laser sensor for vertical position, video

Table 3: base inertial parameters camera “Zimmer”, and a speed sensor “Correvit”.

j XX XY XZ YY YZ ZZ  MX MY MZ M

5 XXg O 0 0 O ZZsx O O 0 O 5.1. Measurement and filtering

6 XXr XYs XZs 0 YZs ZZs M% MY MZ M

; 8 0 8 8 8 gzg 8 8 8 g"g The joints are provided with the following sensors:

100 O 0o 0 0 o0 0 0 0 My - Joints 1 and 2: the velocity sensor used is a

12 0 0 0 0 0 Zz,, 0 0O O O “Correvit”.

30 0 0 0 0 O 0 0 0 My - Joint 3: the sensors used are the four lasers

12 é(xm 8 g 8 8 Zzzzf 8 8 8 8 which measure the altitude of the four corner of

17 0 0O o 0 0 o 0 0 0 M the car. The vertical position is then deduced

18 XX 0 0 0 O ZZi, 0O 0 0 O geometrically, and the speed and acceleration are

200 0 0 00 77,0 0 0 0 0 obtained by derivation.

- Joints 4 and 5: the sensor used is a “Zimmer”
) camera, it gives the joint speed. The joint
4.3. Base dynamic parameters accelerations and pti®ns are obtained by a
. . derivation and an integration respectively.
The base dynamic parameters, defining the . joint 6: the sensor used are the inertial unit.

vector X to be identified, consists of the base inertial . j5ints 7. 10. 13 and 17: the sensor used is a
parameters, the friction parameters, the stiffness specific sensor for clearance.
parameters of the dampets, ks10 ks13 ksiyand their - Joints 9, 12, 16 and 20: the sensors used are the

offsets off7, offl10, off13, and off17. dynamometric wheels.



- Joints 14 and 18: the sensor used is a “Zimmer” concerning the mass and the first moments have been
autocollimator. obtained.
The sensor measurements (position, velocity or 6.2. Interpretation and validation
acceleration), areilfered in order to estimate the
position, the velocity and thecaeleration for each  The identification of the dynamic parameters gives us
joint. The filter chosen is a pass band filtering. This an estimation of the mass of the vehicle (without
operation is carried out using the functififtfilt of wheels) and of the position of the centre of gravity
Matlab with an order between 5 to 8 and a cut-off with respect to the framis attached to the vehicle.
frequency chosen according to the dynamic of the The estimated error for the mass is very low which
system and the sensor (Gautier, 1997). allow to say that the identification gives a good
The derivatives are estimated without phase shift estimation. For the position of the centre of gravity,
using a central difference algorithm. And the the tests give a good estimation of its firs moments
integration is estimated with a trapeze method. (MXe, MY g MZy).
The results of the estimation of the masg &&n be
checked by calculating the mass from the
5.2. Computation of the vector of joint and reaction measurement of contact forces at time t =0 (the car is
forces: Y stopped).

In robotics applications it is possible to directly  Table 4: results by concatenating both ramps steer
measureY, the right terms of equation (3). But in the

case of the car this measure is not possible and we_Parameters Value Relative standard deviation
have to take into account the external contact forces. mxg ';-276052 114%1
. : . my! -726. .
Thus the dynamic model can be written as: b 2611.82 042
m6 1566.20 0.78
T off7 814.11 2.53
= + CF.= +
F=DX+2.J; Fj=DX+Tey 4) ks7 70699.05 1.01
h7 4986.81 14.40
Though , the general expression used for the ©°ff10 223.04 539
identification is the following: Kot ot o
lden g: h10 5483.00 9.87
off13 719.89 1.63
[ —Fexi=D.X 5 ks13 60327.89 0.69
& ) h13 5201.78 9.12
_ _ off17 1548.17 1.02
Where ey is computed using SYMOROand the ks17 66724.52 0.89
determination ofl depends on the type of joint -hl7 225000 1514

considered:

- For a virtual jointl" =0,

- For an actuated joirft = Iy,

- For an elastic joint of known stiffness K= - ks.q,

- For an elastic joint of unknown stiffness:= 0, and
the stiffness has to be identified.

We can consider at t = 0 that the following relation is
true:
le+F22+FZS+FZ4 = Mlot-g

Miot = (3100 + 3190 + 4720 + 4710)/9.8 = 1604 kg
Where M is the total mass of the vehicle, plus all
the sensors and the driver. Thus we have to subtract
the unsprung mass, that is composed of the four
wheels and the two rear axles and the two front axles.
Which gives us:

. . . . Meca= 1604 — (4*18.8 + 16*2 + 12.8*2) = 1471 kg
The following results are obtained with two different Which is, compared to the identified mass:

tests: a ramp steer at 90km/h on the left, and a ramp - — o
steer at 110km/h on the right. Trajectories can be (1566.20 — 1471)1471 = 6.47 %
seen on Figure 4. The sample time is 0.016 second
and the number of samples is about 3000. Parameter
are given in Sl units. For this special trajectory, not
all the parameters are identified because of a lack of

6. RESULTS AND INTERPRETATION

'Another validation method consists of comparivig
Yo the reconstructed vectsy. X (Figure 2,3,4)

Figures 2 and 3 give the results of a simple
validation: W.X is compared toY on one of the

excitation. trajectory that has served to estimte
Figure 7 gives the results of a cross validation: the
trajectory is not the one that has been used for the
6.1. Results

estimation: the test used for the validation is a

The estimated values and the relative standardbraklng in straight line.

deviation are shown in table 4.
The estimation concerning the dampers even with
simple trajectories are good, also good results



x10* validation : ramp steer at 110 km/h tire: Pacejka parameters, then will be added as to
‘ ‘ ‘ ‘ have a better idea of this behaviour.
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Figure 4: cross validation on a braking straight line

Despite the encouraging results for the estimation of
some parameters, it is important to notice that the
used trajectories do not excite all the parameters.
Besides, the model used is a simplified one, which
does not take into account all the behaviour of a car
such as the camber angle. These points have to be
considered in order to improve the estimation quality,

and to be able to estimate all the parameters.

Although, the contact between the ground and the
wheels has an important effect on the behaviour of a
car, an identification of the specific parameters of the





