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Abstract: A Fault Tolerant Control System (FTCS) model subject to random faults and
saturation in actuators is developed. Actuators are assumed to have non-linear saturation
characteristics, they operate linearly within their limits and saturate to fixed levels if any
limit is exceeded. This paper derives sufficient conditions for the exponential stability in the
mean square for aFTCS with saturated actuators using Lyapunov’s second method. Sufficient
conditions involve the solution of Riccati-like matrix equations. An algorithm to investigate
the stability of the FTCS is constructed. Stability of other control models driven by actuators
with saturation can be established as interesting special cases of thiswork. Theoretical results

areillustrated by a numerical example.
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1. INTRODUCTION

Modern technological systems, such as aircraft, space sta-
tions and nuclear power plants, rely on sophisticated con-
trol functions to meet increased performance requirements.
For these safety-critical systems Fault Tolerant Control Sys-
tems (FTCS) have been developed to improve reliability,
maintainability and survivability. The objective of FTCS is
to achieve acceptable performance not only during normal
system operation but also when there are malfunctions in
Sensors, actuators, or plants. In general, the task of FTCS can
be decomposed into two functions: the first is to detect the
existence of faults and to identify the fault-induced changes
using a Fault Detection and Identification (FDI) algorithm
and the second is to reconfigure the control law by certain
reconfiguration mechanism. Since faults are random in na-
ture and FDI decision is based on statistical tests, FTCS
can be represented by stochastic differential equations. The
stochastic description of FTCS can be viewed as a general
hybrid system. Fundamentally, FTCS should be concerned

with practical control systemsinreal environment. Therefore,
several substantial results on the stability of FTCS have been
developedin an attempt to deal withissuesarisingin practical
applications. The stochastic stability of FTCS was studied
by Srichander and Walker (1993), the effect of detection-
delays and false alarms was considered by Mariton (1989).
More recently, stochastic stability with multiple faults was
treated in Mahmoud et al (2001a), stability of FTCS sub-
ject to environment noises was developed in Mahmoud et
al (2001b). Closely related to FTCS, another mgjor class
of hybrid systems is Jump Linear Systems (JLS). Research
in JLS is classified into two categories. The first concerns
with deriving necessary and/or sufficient conditions for the
existence of an optimal quadratic regulator (Boukas, 1993;
Wonham, 1971). The second category deals with the proper-
ties of JLS such as stability, controllability and observability
(Feng et al, 1992; Ji and Chezick, 1990).

A vital problem which usually arises in a practical control
system is actuator saturation. Valves are examples of actu-



ators with saturation used in process control. A valve has a
range of operation limited by being fully opened and fully
closed. Unfortunately, the physical limitation of actuator sat-
uration is usually unavoidable. If such behavior is not taken
into account, an integral wind-up may be induced which
leads to a large overshoot in system response, a limit cycle
or an unstable closed-loop system (Glattfelder 1983). The
consequences of actuator saturation are more serious when
the system encounters sudden changes such as faullts.

Special interest was devoted to the problem of feedback
control with nonlinear saturating actuator for deterministic
systems. The stability analysis of a continuous system with
saturating actuators was studied for SISO systems employing
the Popov’s criteria (Glattfelder, 1983; Krikelis, 1980). The
tracking problem was considered by Krikelis and Barakas
(1984). The problem was treated in time domain by Chen and
Wang (1986, 1988). The combined problem of actuator sat-
uration with state-delays was reported by Chen et al (1988),
and with parameter uncertainties by Niculescu (1996).

Despite the urgent need to consider this crucial issue, to our
knowledge, the problem of nonlinear saturation for FTCS has
not been addressed. Very recently, constrained quadratic state
feedback control of discrete-time JL S was discussed by Costa
et al (1999). Inthiswork, actuators are forced to operate only
inthelinear region to avoid saturation. However, the affect of
actuator saturation on system stability was not considered.
Therefore, the current work mainly elaborates how actuator
saturation affect stability of FTCS.

In this paper, a FTCS model subject to random faults and sat-
uration in actuators is developed. Actuators have non-linear
characteristics, they operate linearly within their upper and
lower limits and may saturateto fixed levelsif any limitis ex-
ceeded. In particular, this work defines and derives sufficient
conditionsfor the exponential stability in the mean square of
FTCS with saturated actuators. The derivationswill be com-
pleted employing Lyapunov’s second method. Sufficient con-
ditions involve the solution of Riccati-like matrix equations.
Moreover, stochastic stability of JLS driven by saturated ac-
tuators can be established as an interesting special case of
this work. Stability of FTCS without saturating actuators is
compared with the stability of FTCS with saturation.

2. MATHEMATICAL FORMULATION

2.1 Dynamical Model

A general Fault Tolerant Control System with Saturated
Actuators (FTCSSA) is shown in Figure 1. The FTCSSA
subject to random faults in actuators is described by

i(t) = A(t)z(t) + B(n(t))Satlu(z(t), ¥(t), )] 0
Sat[u(z(t), ¥(t), )] = Sat[—K (¥ (t))z(t)]
where z(t) € R™ is the system state, w(z(t), ¥(t),t) € R™
is the input, 7(¢) is the failure process, and ¥(¢) is the FDI

process. n(t) and w(t) are homogeneous Markov processes
with finite state spaces s = {1,2,...,s} and R = {1,2,...,r},
respectively. Thetransition probability for the actuator failure
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Fig. 1: General schematic diagram for FTCSSA.

process, 5(t), is defined as
Pij(AL) = ap ;AL + o(A) (k # j) 2

where a;; represents the actuator failure rate. Given that
n(t) = k € S, the conditional transition probability of the FDI
process, ¥(t), is defined as

PE;(AY) = gl At + o(AY) (i £ j) 3

where qu isthe rate that the FDI process will decide that the
next stateis j leaving the state 4, given that the actuator failure
process is in the state ¥ (Mahmoud et al 2001,b; Srichander
and Walker, 1993).

In the sequel, we will use the following notations. B(n(t)) =
By, when n(t) = k € S and Sat[u(z(t), ¥(t),t)] = Sat(u;) When
U(t) =i € R. Also denote z(t) = z, n(t) = n, ¥(t) = v and the
initial conditionsz(to) = o, n(to) = Mo, ¥(to) = ¥o.

2.2 Actuator With Saturation
Figure 2 shows the characteristic diagram of actuators with

saturation. The actuator, described by a static non-linear
function which saturates at « ;; and u ,, is defined as

Up u(z(t), ¥(t),t) > upy
Satlu(xz(t), ®(t),1)]= {—K(‘I’(t))fl?(t)a u(x(t), ¥(t),t) € [uy, vyl
ug, u(z(t), ¥(t),t) <up,
4

In which the operation of the Sat[u(z(t), ¥(t),t)] is linear for
al u(z(t), ®(t),t) € [uf,,up]- uy, adwup arethe upper and the
lower limits of the actuator, respectively. In view of Figure 2
and the axioms of the norm function, we have

I Satfu(a(t), ¥(6), )] - Su(a(t), ¥(©),1) ||< % | w(z(t), ¥(2), ¢) ||

2
©)

The system (1) inthelinear region, u(z(t), ¥(t),t) € [uf,, ug],

’LLH :
..... —> Sat(u)

Fig. 2: Characteristics of actuator with saturation.



is assumed to satisfy both the growth and the uniform Lip-
schitz conditions. Under these conditions, the joint process
{z(t),n(t), ¥(t)} is a Markov process. It is assumed that per-
fect state information is available for feedback.

3. EXPONENTIAL STABILITY OF FTCSSA

Without loss of generality, we assume that the equilibrium
solution, z = o, is the solution whose stability properties
are being tested. At this equilibrium solution, the exponential
stability in the mean square of FTCSSA (1) is defined as

Definition 1. The equilibrium solution, =z = o, of the FTC-
SSA (1) is said to be exponentially stable in the mean square,
if for any no € s and ¥, € R, there exist 6(r0, o) > 0
and some positive constants « > 0 and » > 0, such that
when ||zo = z(n0, ¥o,t0)|| < §, the following inequality holds
vt > to,

E{Ile(t; w0, t0)|[%} < allwol|? exp{—b(t — to)}

Sufficient conditionsfor the exponential stability in the mean
sguare are stated in the following Theorem

Theorem 1. The equilibrium solution, = = 0, of the FTCSSA
(1) isexponentialy stable in the mean square v ¢ > o, if there
exists a stochastic Lyapunov function v (z,n, w) for some
constantsk; > 0,k9 > 0, and k5 > 0, such that

@) kyllz|?< Vie,n,¥) <kg | z|?

(b) ev(z,n,w) < —kg |« ||

The proof of this theorem employsthe supermartingale prop-
erties of a stochastic Lyapunov function v (z,n, ¥). Similar
theorem has been derived in Mahmoud et al (2001a), there-
fore, proof will not be detailed here to avoid repetition. In
Theorem 1, ¢v(z,n, ) is the weak infinitesimal operator of
the FTCSSA (1). For a quadratic stochastic Lyapunov func-
tion

V(z,n,¥) = al P(n, V)a (6)

where P(n, ¥) is positive symmetric matricesv n = k € S and
¥ = € R, theweak infinitesimal operator is

v (w,n, ) = oL AT B+ 2T Py Az + 2T oy [Py — P de

jes
J#k ) .
T k T
+al (Y afy [Prj = Pril Yo+ 2" PrBplSat(u;) = Jui+ Sug)
JER
J# . )
+[Sat(u;) — su; + —uz'JTBkTsz’fv
2 2
(7
Define
_ 1 1 1 k
AkifAfEBkKi7§IZakj7§IZqij (8)
jEeS JER
J#k J#i

Under the state feedback «; = —K;z, the weak infinitesimal
operator is rewritten as

TysT i
eV(z,n, V) = a” {A}, Pp; + PriAg; +Z%;‘Pji + E ﬂfj Prjte
jes jER
) 77k i
+xTPkin[Sat(ui) - Euz] + [Sat(u;) — Eui}TBngix

9
For the selected Lyapunov function (6), we have

Amin (P, W) || @ [|< V(z,n,¥) < Amax(P(n,¥)) [ =] (10)

Note that (10) satisfies the boundeness condition in Theorem
2 in Mahmoud et al (2001b). As per Theorem 1, The FTC-
SSA is exponentially stable in the mean square if the weak
infinitesimal operator (9) satisfies the smoothness condition
in Theorem 2. Therefore, the exponential stability of FTC-
SSA can be defined as follows

Definition 2. The FTCSSA (1) is said to be exponentialy
stable in the mean square under the linear feedback control
law u;(t) = —K;z(t), if there exist positive-definite symmetric
matrices p;,; such that the following matrix inequality holds

T(iT i k
T {Akipki + PkiAki + Zak]Pﬂ + qu ij}1‘+
jes jER
i i#i
oL Py By [Sat(u;) — S uil + [Sat(u;) - 5ui}TBkTP,m-x <-—alz|?

Ay; isdefinedin (8).

4. A TESTABLE SUFFICIENT CONDITION FOR
EXPONENTIAL STABILITY OF FTCSSA

In this section, an easy-to-test sufficient condition will be
derived. This condition involves the solution of Riccati-like
matrix equation. Intheliterature, several algorithmsare avail-
able to solve Riccati matrix equation. These algorithms are
easily extended to solve the matrix equation which results
from this work.

The following theorem states sufficient condition for the
exponential stability of the FTCSSA in terms of Riccati-like
matrix equations.

Theorem 2. If the Riccati-like matrix equations

AT PeitPri Ay +Zakjpji +E ;lfj PkrPkinR,;vl Bl Pt Qpi=0
jES JER
ik it

(11)

have positive-definite solutions, r;,;, for given positive-
definite weighting matrices @ ; and Rry;. Then, the FTCSSA
(1) is exponentialy stable in the mean square under the
control law

(1) = =R BL Pia(t) 12



2
A (Pr,)
Amin(@ki) — % Il By 12> 0 (13)
where
1 1
:A—EIZakj—EIquj (14)
jes jER
i#k i

Proof: Theweak infinitesimal operator of the FTCSSA (1) is
givenin (7). If we define 4;,; asin (14), under the control law
(12), the weak infinitesimal operator becomes:

EV(W, n, ‘I’) = ITA%;P]“:E + ITPkiAkix

T —1,T T T k
- PkinRki Bk Ppix+x {Zak]Pﬂ}x-i-x {ZqZ]Pk]}x

jes jJER
j#k J#
1 1
+a! Py, By [Sat(u;) — S il + [Sat(u;) - 5ui}TBkTP,“.x (15)

Since

1 1
:I:TPkin [Sat(ui) — Eul} + [Sat(ui) — E’U‘Z]TB]Z;P]CZI c Rl

(16)
Then
1 1
2T P By[Sat(u;) = Juil + [Sat(u;) = su;)" Bf Prw =
1 1
20T Py By [Sat(u;) - Susl <l 20T Py By [Sat(u;) - Susl
(7)

The axioms of norm and (5) yield
1 _
I 207 Py; By, [Sat(u;) — Sug) 1<« PrgBy |l By, BY Prie |
(18)
Then

+zT{Zaijji}$ + fBT{Zqijij}fL’ - xTPkinR];ilBngi
jes jER
J#k J#i
+a || 1 Py B |l By B Py |
(19)
From (11), we have

—1
v (@, ) <al Qpiwt || T P By || || Byt BY P |
-1
<o Qi+ 1| P 121 R 111 By 111 BE 1111 2 112

The definition of the induced Euclidean norm gives

2

Amax(Pj;)
(w0, ) < - Amm@w% AN

min 7
(20)

Define real constants v;,;
2
Amax (P

s = (@) — LDy o)

)‘mln(Rk )

Hence, there exist some,,; > 0, such that
oV (@,m W) < = Il @ < 0 (22)

The conditions of Theorem 1 are satisfied, therefore, the
FTCSSA is exponentially stable in the mean sgquare. The
proof is compl eted.

Test algorithm

The exponential stability in the mean square of the FTCSSA
(1) can be tested as follows:

1) Select positive-definite matrices @ and 9.

2) Solve the matrix Riccati-like equations in Theorem 2.
If positive-definite solutions exist and satisfy condition
(13), then FTCSSA is exponentially stable in the mean
square. Otherwise, go to Step 3.

3) Increase Q,,; by somefactor. Say Q}ﬁ. = 2Q .. Goto Step
2 and iterate.

4) If the algorithm did not succeed to give positive-definite
solutions, then stop. Declare that exponential stability of
FTCSSA cannot be judged.

5. REMARKS AND SPECIAL CASES

Remark 1: Under the assumption of perfect FDI perfor-
mance, i.e. instantaneous fault detection and perfect fault
isolation, both the failure process and the FDI process will
haveidentical state spaces. That is, the two random processes
n(t) and w(t) can be replaced by a single process denoted
as r(t). Similar to () and w(t), the process r(t) represents
a continuous time discrete state Markov process with values
inafinite set ¥ = {1,2,..., N} with transition probability rate
matrix = = [®;;]; j—1 N

Inthiscase, thetransition probability for thejump process, r(t),
can be defined as

Py j(At) = By At + o(AL) (k # ) (23)
with Z Qi = P4 = @4
7=1
JFi

With this assumption, the system when is driven by actuators
with saturation, can be modeled as

@(t) = A(t)z(t) + B(r(t))us (z(t), r(t), t)

T w(x(t),r(t),t) > ug
us(x(t),r(t),t) = ¢ —K(r(t)z(t) vy, <u(z(t),r(t),t) <ug
ug, u(z(t),r(t),t) <up,

(24)

Following similar arguments, Corollary 1 states sufficient
condition for the exponentially stability of the system (24).

Corollary 1. The system with saturating actuators (24) is
exponentially stablein the mean squareif there exist positive-
definite symmetric solutions, P;, to the following Riccati-like
matrix equation



N
AT P+ PiA;+ ) ;iP5 - PiBiRT Bl P+ Q=0 (25)
J=1
JFi
and
2
[)\max(Pi)]
Amin ()
v Q; >0, R; >0. Thelinear control law is given as

Amin(Q;) — | B; 2> 0 (26)

u; = —R; ' B Pa(t) (27)
where

i=A— -1 (28)
The model of the system (24) is similar to the model of JLS.
Therefore, Corollary 1 can be used to examine the exponen-
tial stability of JLS driven by actuators with saturation.

Remark 2: If only part of the nonlinear saturation charac-
teristic is to be considered during the actual system opera-
tion, then less conservative results can be obtained. In this
case, the saturation will be restricted to the sector [a, 1], with
0 < a < 1instead of the original sector [0,1] as shown in
Figure 3. The axioms of norm function gives the following
inequality

1 1
I Sat(ug) = 51+ i 1< 50 -a) [lug | (29)
14+a
: o
S
U — — VA —» Sat(u)
///‘/ U‘L

Fig. 3: Characteristics of actuator with saturation in a sector
[a1].

Following similar arguments used to derive sufficient condi-
tions for the stability of FTCSSA (1) with saturation in the
sector [0, 1], we obtain the following lemma

Lemma l. The FTCSSA (1) with saturation non-linearities
in the sector [q, 1] is exponentially stable in the mean square
under the control law

upi(t) = — Ry BY Pjn(t) (30)

where p;; are bounded positive-definite symmetric solutions
to the following Riccati-like matrix equation

AT A § E k
Akipki + PiAgi + akjpji + % ij
jES JER 31
Ik i#i (31)
T
Bk Pki + le =0

ki
Y Qp; > 0, Ry; >0,and A;; isgivenin (14).

7(1 + a)PkinR

Proof: can be adopted similar to Theorem 2.

This result can be considered as a general form to examine
exponential stability of FTCS.

o If « = 0, all actuator saturation is considered during
system operation, we obtain the results of Theorem 2.

o If a =1, actuatorsare assumed to be linear without satu-
ration during system operation, we obtain the results of
Theorem 5 in Srichander and Walker 1993.

6. ANUMERICAL EXAMPLE

Consider a system with one possible actuator fault. The
system and other design parameters are given as follows:

) me i)

Actuator failure rates are assumed to be

] = | 005 005
o] =
Jk 001 —.001

The FDI conditional transition rates are

[qilj} =

—0.575 0.575 2] = —2.10 2.10
2.90 —290 | "W | 1.06 —1.06

The initial weighting matrices used are

10
Q11 = Q12 =51, Q21 =Q9p =10, I = [0 1},

Ry] =0.75 Ryp = 1.25 Rgy = 0.75 Rgg = 1.25

The stochastic stability of the FTCSSA with possible actuator
fault is to be investigated. To illustrate the theoretical results
developed in this work, the example is solved for different
scenarios.

CASE 1: Actuator saturation and stability of FTCS

If the conditions of Theorem 2 are satisfied then the FTC-
SSA is exponentially stable in the mean sgquare, otherwise,
stability cannot be judged. Three scenarios are considered:
FTCSSA with all non-linearities due to saturation; FTCSSA
with only part of non-linearities, that is, actuators operate
within the sector [q, 1]; and FTCS without actuator saturation.
positive-definite solutions of Riccati-like matrix equations
and associated constants +;,; for the three scenarios are sum-
marizedin Table1 and 2, respectively.

Sufficient conditions for the stability of FTCSSA necessitate
that the Riccati-like equations have positive-definite solutions
and the constants v,,; are positive for al k¥ € s,i € R. Even
though Table 1 shows that symmetric positive-solutions exist
for the three scenarios, we still have to check the positiveness
of ~;;. Table 2 lists these constants. As can be seen, when all
saturation non-linearities are considered the FTCSSA is not
stable. On the other hand, both FTCSSA with the actuator
saturation in the sector [0.75, 1] and without any saturation are



Table 1. Positive-definite solutions of P,;.

a Pki
poo_ | 40281304 | 5242 1.657
0 1= 11,304 1.353 1271 1,657 1.457
' Py _ | 15284559 | o [ 20.042 5.884
217 1 4559 3.242 | 7227 | 5.884 3.612
po_ | 2636 0908 |, [3.433 1.150 |
s 11=10.908 1.236 1271 1.150 1.310
’ Py — | 9571 3.008 | [ 12.547 3.862
217 13.008 2.814 | 227 | 3.862 3.060
F— [ 2.391 0.836 | P [3.115 1.058 |
Lo 1171 0.836 1.214 1271 1,058 1.283
’ Py | 85932738 [11.264 3511
2= 2738 2737 | 227 | 3.511 2.963

Table2. Constants v;,;, FTCSSA in the sector [a,1].

Sector [a,1] Y11 Y12 Y21 Y22
a = 0.0 —22.7025 —22.705 —84.2859 —86.1988
a=.75 .8329 1.9009 .4309 3114
a=1.0 5.0 5.0 10.0 10.0

stable. The state feedback control law gains which stabilize
the FTCSSA in the sector [0.75,1] are shown in Table 3.

Table 3. Controller gains for the FTCSSA.

KL KT, KL KL,
3.5146 2.7464 6.3805 5.0188
1.2107 9199 2.0054 1.5447

7. CONCLUSION

The effect of actuator saturation due to physical limitations
on the stahility of FTCS has been addressed. Sufficient con-
ditions for exponential stability in the mean square of FTC-
SSA have been derived. Two conditions have to be satisfied,
namely, the existence of positive-definite solutions, ry;, for
Riccati-like matrix equations and the existence of positive
constants ;,;. A test agorithm has been constructed. The
results revealed that a state feedback controller can be de-
signed to stabilize FTCS driven by actuators with saturation.
Other control models including JL S were developed as spe-
cial cases. The potentia of the developed theory was verified
by a numerical example.
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