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Abstract: The optimal Bayesian filter for a single target is known to provide the best
tracking performance in a cluttered environment. However, its main drawback is the
increase of memory size and computation quantity with time. In this paper, the inevitable
problem of the optimal Bayesian filter is resolved in a suboptimal fashion by using a
receding horizon strategy. As a result, the problem of memory and computational
requirements is diminished. As a priori information, the horizon initial state is estimated
from the validated measurements on the receding horizon. Consequently, the suboptimal
algorithm proposed allows the real time implementation. Copyright © 2002 I[FAC

Keywords: State estimation, target tracking, optimal Bayesian filter, clutter, receding

horizon.

1. INTRODUCTION

In a cluttered environment, the target tracking
problem naturally involves the uncertainty associated
with measurements as well as the modeling
inaccuracy. This uncertainty is related to the origin
of measurements, because the measurements might
not have originated from the target of interest (Bar-
Shalom and Fortman, 1988). This problem was not
recognized until the first paper of Sittler (1964) was
published in 1964. The pioneering work of Sittler
was motivated by the need to find a reasonable way
of incorporating the measurements with uncertain
origin into existing tracks. However, since his
method was based on a non-Bayesian approach, the
resulting state estimate and covariance do not
account for the possibility that the determined
decisions are incorrect.

The Bayesian procedures use the “nearest neighbor”
of the predicted measurement, in which the Kalman
filter is modified to account for the a priori
probability that the measurement might be spurious.
This filter utilizes only the sensor reports that are
statistically close to the predicted track measurement
for track updating and calculates its data association
performance parameters based on averaging over a
priori statistics. Singer and Sea (1973) extended the
Bayesian approach to develop an optimal tracking

filter within the class of nearest-neighbor filters that
utilize a priori statistics for estimating correlation
performance.

The need to incorporate all the observations lying in
the neighborhood of the predicted measurement was
pointed out by Bar-Shalom and Jaffer (1972), where
a suboptimal algorithm wusing a posteriori
probabilities was presented. In (Bar-Shalom and
Jaffer, 1972), it was suggested that a posteriori
correlation statistics, calculated on-line based on all
reports in the vicinity of a track (i.e., all-neighbors
approach) should be used to obtain the best possible
tracking performance based on all available data
provided by the surveillance sensor.

In (Singer et al., 1974), the theoretical formulation of
an optimal filter using the a posteriori probability
and all-neighbors class was completely carried out.
This filter requires a growing memory and utilizes
the data located around the vicinity of the track,
accounting properly for the possibility that any
particular report among these data may either be
extraneous or have originated from the track.
However, this filter is quite unsuitable for real-time
application in dense multi-target environments.

Several approaches (Gelb, 1974; Kenefic, 1981; Bar-
Shalom and Fortmann, 1988) for limiting memory
growth and computation requirements, while still



providing a reasonable approximation to the
performance of the optimal filter, were proposed. In
(Kenefic, 1981), the optimal a posteriori filter of
Singer et al. (1974) was combined with an adaptive
filter. The resulting filter requires an expanding
memory. A (M, N) scan approximation, whereas an

N scan approximation was used in Singer et al.
(1974), was proposed in order to obtain an algorithm
with stable memory requirements. In this
approximation those measurement histories which
were identical for the most recent N scans and those
input histories which were identical for the most
recent M scans were combined together into new
histories.

The memory growth and computation problem for
real-time implementation has been a critical issue in
the Kalman filtering, too. Hence, finite memory
filters (Jazwinski, 1972; Ling and Lim, 1999) were
suggested to overcome the poor performance or
divergence due to the modeling errors of the standard
Kalman filter. Finite memory filters are also useful in
situations in which a system model is valid over a
finite interval. In (Kwon et al., 1999), a receding
horizon Kalman FIR filter that combines the Kalman

filter and the receding horizon strategy was presented.

In their work it is shown that the suggested filter
processes the unbiasedness property and the deadbeat
property irrespective of any horizon initial condition.
In (Han et al., 1999), a receding horizon Kalman FIR
filter including the estimation of the horizon initial
state was investigated. Also, an estimation and
detection technique for the unknown inputs by using

optimal FIR filter was presented in (Park et al., 2000).

The optimal Bayesian filter in a cluttered
environment, though it has shown the better
performance than other filters, has drawn little
attention due to exponentially increasing memory
and computation requirements. The main
contributions of this paper are: A suboptimal
approach using the measurements only in a receding
horizon is derived. As a result, the increasing
memory and computation requirements  are
diminished. Second, the horizon initial state is
estimated from only validated measurements on the
receding horizon. Third, the suboptimal algorithm
solves the real-time implementation problem of the
optimal Bayesian filter.

This paper is organized as follows: In Section 2, a
suboptimal algorithm for the optimal Bayesian filter
is derived, and the horizon initial state estimate and
its covariance are obtained. 4 posterior probability of
the validated measurements on the receding horizon
is provided in Section 3. In Section 4, conclusions
are stated.

2. NEW SUBOPTIMAL ALGORITHM

Consider the following state-space representation of
the target motion and observation

xk+1:Fka + @y > (1)
Vi = Hkxk +Vk (2)

with ¢, and y, being zero-mean mutually
independent white Gaussian noises with covariances

Q, and R, , respectively. The suboptimal algorithm
in the sequel does not use all measurements observed
from the initial time up to the present time k, but
uses only a set of measurements observed in some
interval with fixed window-size N , i.e., on the
receding horizon interval [k - N, k].

Assumption 1: The possibility of a false track
initiation is not considered in this paper. Hence, the
horizon initial estimate and its covariance, as a prior
information which will be estimated in the
suboptimal algorithm, is assumed to be in a correct
track. Let the set of validated measurements obtained

at time k&
Y = {Y ks
where m; is the number of measurements in the

validation region. Let the set of measurements on the

receding horizon [k — N, k] at time k be denoted as
Yo=Y

where a superscript & is used, while a subscript £ was

used in the set of validated measurements. A

combination of measurements on the receding

horizon [k — N, k] at the k -th scan can be denoted as

Yol Then, Y k-l is defined as follows:

yh! i{yka,,-,,-~-,yk,l-,} =y
where Y¥ stands for the combination of
measurements up to time k-1 at the (k£ —1)-th scan.
Denoting the event that the /-th history at time & is
the correct sequence of measurements by 9%/, it’s a

posteriori probability, conditioned on Y ks given
by

B =P vty 3)
Now, the following theorem is stated.

Theorem 1: When the used measurements are
restricted within a receding horizon, the state
estimate and error covariance equations of the
optimal Bayesian filter take the following forms:

Ly
)%I(Vﬂ#l\k :ZF(I +ffv+/\AH'R_11'I)_I,B"’I(£;N,+/M +1:;1,+/'\1<H'R_]ykv+/‘,i, ),
[

'
Pk‘v +j+1|k ¢+ Jjlk F

Ly
=> BYFU+P  HR'H)'P,
=1

L,
ki al arl o ~r
+ Zﬂ RYSIURTE /AT SRS I Y 02
=

Proof: The conditional mean of the state at time k
can then be expressed as

A Ly
Sype=Elv | YH1=3 Bl |0 Y pot v gy
=1

& Kkl
=D ZuB
=1
where ;C/ldk = E[x, |8, Y*] is the history-conditioned
estimate. [, is the total number of measurement

histories at time & as



Lk=f10+m0, ®)
<1
where m]j is the number of measurements at time ;.
For each history, the state estimate conditioned upon
the measurement history, Y, being correct is
R = Kt + Ky, = Phpr) (6)
where ) is the measurement at time k& in

sequence / and j; is the predicted measurement

S
klk-1
corresponding to history Y k=15 with covariance Si-
The gain is

K = By H'(S)™! 7
and the covariance of the history-conditioned
updated state is

Pl = EL(xy = S ) (g = 3)' [0, 75 ®)
=[1- K H1Bj -

The conditional mean of the state at time k of (4)
can be expressed as

I L,
)Ack\k = Z)%lf\k—lﬂk’] + zpks\qu’(S/f)il (yk,i, _JA’/f\kq)ﬂk’l
=1

1=1
©)
And again,

L
)’ek\k = ZF(I + P/iukleRilH)ilﬂk’]fclifukfl
=

LA
+ ZF([ + PksfuklelRilH)ilB:fukleRilﬂk’/J’k,i, .
I=1
Therefore, (9) is rewritten as follows:

Ly
= Z[F(I + Pkiukle’RilH)i] ﬂk'l

=1
()eli—llk—l + Ef,uquRilyk,,-/ )J

The covariance associated with the combined
estimate is

Ly
Pk\k = Zﬁk’IF(B:ukfl +H'R71H)71F/
=1

Ly
kgl nrl 2 ar
+Zﬂ XX — XXy + Q- (10)
I=1
(10) can be then represented by
Ly
Py =2 BYF(U+ Py (HRH) Py F'
I=1

S 1
kial ~tl A ar
+ Zﬂ XX — XX + O (11)
=1
The filter at time % y+j on the horizon
[k—N=ky,k] 1is denoted as R u i for

0< j< N-1. Then the suboptimal algorithm on the
receding horizon [k, ,k] becomes the following

form:
I‘A

Kootk = Z[F(l + P/cfv+j\kH’R71H)71ﬂk,[

=1
()AC;N ok T Pkf\,ﬁ/\kHR_IYij,[, )](12)
where the error covariance is obtained from (11) as
follows:

Ly
P = Zﬂk’lF(l + P/:.V-ﬁ-j\kHRilH)il P/:V F

1=1

+jlk

Ly
ki al arl A r
+ Z,B Xyt el X kg 41k~ Xy jolk Xy 4k T 0.
=

(13)

Remark 1: It is noted that % in (12), for
N

+jlk 2
ky+j<k is an intermediate variable to compute
Tk and cannot be used as a real estimate. Only the
state estimate fgk|k is used as a real estimate of the

real target x; .

Remark 2: The suboptimal algorithm based upon the
receding horizon in this paper will be called a
suboptimal receding horizon Bayesian filter. As
known in (12) and (13), the state estimate is obtained
from the horizon initial state estimate and covariance
and the measurement on the receding horizon [k, k]

However, since past measurements outside the
horizon is discarded in this algorithm, it is needed to
estimate the horizon initial condition without past
information. So, the horizon initial state estimate and
covariance are derived from the measurements on the
receding horizon [ky,k] - In addition, due to

Assumption 1, the horizon initial track is assumed to
be correct.

On the receding horizon [ky.k], to express the finite
number of measurements in terms of the horizon
initial state Xy the following equations are needed:

Xyl = Fxp + o (14)
and

Vi1 = HkaN +Ha)kN V412

Vi, = Hxp, +vi, - (15)

Consequently, the substitution of (14) into (15)
yields:

O N L A A (16)
where
YkN+jé[ ’ ' o ]!
=Wk Viya1 " Viy+j1°
A
WkNJrj:[a)v @' e ']r’
ky “ky+l kn+Jj
A
VkN+j:[V’ v, Ry .]’,O<j<N—]
ky Viy+l ky+Jj -J =

and ]7 and C_; are as follows:

H
HF
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-
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0 0
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H

5 HF
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Next, let us obtain the horizon initial state estimate
and covariance from (16). Denoting the horizon
initial condition fgkle of (12) as ffk,v\z’ it is defined

as follows:

A

)%kle ZZYk_l b (17)
where Z is a gain matrix of the horizon initial state
estimator. But, in order to use the estimate fckle as

the horizon initial condition, it must be an unbiased
estimate of fckN as

El%,,.1= E[ZY*"= ZHE[x, ] = E[x;,].

Therefore, to hold the above equality, the following
constraint is needed.

ZH =1. (18)
That is, Z must be a pseudo-inverse of H . Provided
that the constraint in (18) holds, the error covariance
of ’ACkN\z s B> can be used as a horizon initial

covariance Pk in (13). First, let us define
~ A A
Khylz = Xhy ~Xhylz = Xy —Z

P, . = E[3X"]

=ZE[GW"'w" G +v*Hyiz

The covariance of (16) is obtained as follows:

E[YY’] =E[G Wk—kar—l G'+ Vk—le’—l]

=G[diag(Q Q- Q)]G +[diag(R R---R)]

where 9 and R are the system and measurement

y*1. Then,

(19)

noise covariances. For simplicity, the last term of the
above equation is defined as follows:

_ A_ _

Oy =G[diag(Q Q---0)]G' +[diag(R R---R)]-
The substitution of the above equation into (19)
yields the following horizon initial covariance:

Pkle = Z@NZ' . (20)
Now, subject to the constraint of (18), the gain
matrix Z must be searched for the horizon initial
information (17) and (20). In order to obtain optimal
gain matrix Z, the following optimal criterion is
required.

Z =argmin E[x; — X ]'[xg — X1 (21)

z

That is, the gain matrix Z that minimizes the
estimate error covariance is needed. Due to the
monotonicity of the state error covariance, the gain
matrix Z that minimizes the state error covariance at
current time & is the same as the gain matrix Z that
minimizes the initial state error covariance at the
horizon initial time £, :

Z =argmin E[x; =X T [x, — %210

z
First, the following cost function is established:

J(Z,2)=Elx; =S P+ A(HZ-1)
=7ZONZ+AHZ-1).
That is, the minimization of j(Z,1) with respect to

Z and A is required, which is the vector of
Lagrange multipliers. Using 4J//0Z=0 and

0J/6A=0 , the gain matrix Z that minimizes
J(Z,A) is given as follows (Kay, 1993, p. 153):
Z=0yHHOH)™. (22)
Then, the receding horizon initial state estimate and
its error covariance are derived as follows:
)’(\ka‘Z = ZYkil E (23)
B =ZONZ' (24)

where the gain matrix Z is Z = (H '@J_\,IH )_lﬁ @Xfl .

Remark 3: Using (23) and (24), the state estimate of
the suboptimal receding horizon Bayesian filter is
given by
Xk = )ACkNJr ik Li=net
where the intermediate variable %, ., ., is drived in
ke +lk

the following iterative form:

Ly
)ek,\,+j+1\k = Z[F(I +Pki,+jHR71H)71ﬂk’[ ’

1=1

oS K] -1
XX TP HR Vi )]'

3. POSTERIORI PROBABILITY OF THE FILTER

Now, we are in a position to deal with the a
posteriori probability of (3). The following
assumptions are needed.

Assumption 2: The number of false validated
measurements is described by diffuse prior model.
Assumption 3: The false measurements are
uniformly distributed in the gate.

First, the vector at each time on the receding horizon
Lk, k] is denoted as

mf =[m_y-m]- (25)
Theorem 2: Let Assumptions 1-3 hold. Then, the a

posterior probability of the validated measurements
on the receding horizon [k- N,k] is given as

follows:
e’ .
—, i =1my
b +> F et
ﬂk,l _ Z.’;Fl Ji % lBk—Ls
= o
71, l[ :0
b +> F et
Zj'/:l Ji
where

g A 1 AN s
e :exp{_E(J’k,j, _yk\k—l) Sy (J/k.j, _yk\k—l)}
and
A 1
b* =(1- PyP;)| 275} 2
PpVi
P is the probability that the true measurement will

fall in the gate and P, is the target detection
probability. y, is the volume of the validation region

at time k.

Proof: First, the computation of the probability ﬁk’l

k

conditioned on m* can be expressed as



ﬂk,l =P[6k,l |Yk,mk]
1
=—plY, 10, .m0 m" Y]
c
XP[ekﬂi, |0k71,S’kal,mk’mk71] (26)
Xp[ekfl,x |Yk71’mk’mkfl]
where ¢ = p[Y; |m;,Y*!,m*™!] is the normalization

constant. Under Assumption 3, the first joint PDF of
the validated measurements on the right hand side of

(26) is

P[Yk | gk,i, amkaek_l’s ) Yk_l 7mk_1]

S .
v, PG FWkis Vi S 1o

—m,
V.,

, 27)
ll = 1,...7mk

il :0.

The second density on the right hand side of (26) is
Pl6, ;| mie, 070 Y m = PO i) =7, (my)

L ppppia-pp)y 4
", Hm =)

ap) A pp a_ppy 4Oy
H:m —1 #4:m =D

0
(m =)

j=l-m

(28)

where 4, (m,) is the probability mass function of the

number of false measurements. Using the diffuse
prior model, (28) is rewritten as follows:

State
X1

l

X = Fxp_ +o

State estimate on
receding horizon

s
Xie=1] k-1

P k-1
Xz =2Y

'

State prediction

A

Sy s
Xpp— = F X0

Y

Measurement prediction
S5 _gres
Vi1 =H X

'

PpP,
DG =1, my (29)
Vi (m) =1 my
1-PpFg, i;=0.

The third density in (26) is available from the
previous step as follows:

SN = poFs | YR i mF 1. (30)

The substitution of (27)-(30) into (26) gives the
following form:

4] s o PP
v IPGlf[yk,i, — Vig-150,8¢ ] o
my
ﬁks/ — l~[ =1, ’mk Xﬂk*l,s
V,"(1-P,P,), i,=0

n
Using p, = C, 115 ‘%: C,7 % |53 |%’ the above
equation becomes

n, Vs
€74 151y

—] 1 ~S rQ—s aAs
PGl exp {_E(yk,i, — Vi)' Sk (yk,i, = Vi o Fs

K
ﬂ - X 1 B
1218, 1% m,

n, 1 o
€, 74 15 Ay (- BB,

[l :l,.‘.,mk xﬂkil’s’

State error covariance
Bl @ R
Bz =20yZ'

Z=(HOyH)'HOY

'

State prediction covariance
Pllemt = FPy F '+ 0

1

Innovation covariance
s _ s .
S¢ =HP{ H '+ R

'

Measurement

- Innovation calculation

Vi =Hxp +vy

and measurement validation
Vi =1y

s s
Pr = Viji; = Vi1

Filter gain calculation
Ky =Pl 'S

[
) L’SZCXP{*EPkSSkSPkS}

A

validated measurements
s
e .
w0 U =1

- b+ ZE;

=l
be

my ?
b +Ye?

2e;

Ji=t

B =

Evaluation for a posteriori probabilities of

[-th measurement-history of
state updated covariance
! s Ips

Pi = B — K HP

'

Updated state estimate

L
. _ s il -l g ki s
E— 7/2 FU+PS L H R HGE
)

+P,

s rp-l d
’\.*»*jV‘H R Yk\;+/.x,)

L

ki rp=l -1
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L
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I=1
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Updated error covariance
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Fig. 1. One cycle of the suboptimal receding horizon Bayesian filter.



where Cny is the volume of the n, -dimensional unit
hypersphere and y is the threshold of the gate. By
normalizing this result, according to the value of 7,
ﬂk’l is rewritten in the following two cases.

a) In case of j, =1,---,m, »

1 AS 1 Qs AS ~Ls
eXP|:_2(J’k,i, _y}dk—l) Sy (yk,i, _ykkl)j|ﬂk -
ﬁk‘l —

1 As r Qs 75
eXp|:—2(J’k,f, = Ji)'S (y’“"f _y“"l)}
hI

=R 2785, [

D" k

b) In case of j, =0,
(1-P,Fy)m,

| 278¢ V2
PDVk

ﬂk—l,s

ki _
ﬁ - 1 ~s rQ-s ~s
zﬂu exp|:_5(yk,i, - yk\k—l) Sy (yk,i, = Vi1 ):|

i =1 ]
+(1-P,P,)| 218} | %
Therefore, the a posterior probability conditioned on
the validated measurements in the receding horizon
[ky,k] is given by

o | ]
AN TR
+ e
Kl =i k—L,s -
o xp
_ ;=0
B'+Y * e l
j;=1"J1

The scheme of the suboptimal receding horizon
Bayesian filter derived in Theorem 1 and Theorem 2
is outlined in Fig. 1. Using the algorithm in Fig. 1,
the computational complexity and storage
requirements of the tracking filter can be
substantially reduced compared to the standard
optimal Bayesian filter.

4. CONCLUSIONS

In a cluttered environment, the use of the optimal
Bayesian filter, as a possible solution to the target
tracking problem, is often recommended. However,
the computational burden and growing memory are
known the main drawback of its use. The suboptimal
algorithm proposed in this paper uses the
measurements on the receding horizon and
diminishes the computational complexity and storage
requirement. Since the prior information outside the
horizon was not available, the horizon initial state
estimate and its covariance were obtained using the
measurements in the receding horizon.
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