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Abstract : A new class of adaptive nonlinearH∞ control for robotic manipulators is proposed in
this manuscript. Those control strategies are derived as solutions of particular nonlinearH∞ control
problems, where both disturbances and estimation errors of unknown system parameters are regarded
as exogenous disturbances to the processes, and the

�
2 gains from those uncertainties to generalized

outputs are prescribed explicitly. The resulting adaptive control systems are shown to be robust to the
estimation errors in the adaptation schemes.Copyright c

�
2002 IFAC
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1. INTRODUCTION

Recently, there has been much progress in the control
of robotic manipulators. Some of those utilize useful
physical properties of manipulators, such as positive
realness or passivity, and the passivity-based control
strategy has become one of the strong tools to deal
with nonlinearity and uncertainty in manipulators and
electrical-mechanical systems (Spong, 1992; Ortega
and Spong, 1994). Additionally, nonlinearH∞ con-
trol schemes of manipulators have been also discussed.
Some of those utilize the solutions of corresponding
Hamilton-Jacobi-Isaacs (HJI) equations (Chen,et al.,
1994; Chen,et al., 1997; Nougata and Furuta, 1998),
but there still remains the difficulty of solving nonlin-
ear HJI equation. Another approach of those utilizes
passivity and attains certainH∞ control performance
without HJI equation (Shen and
Tamura, 1999). However, the control efforts are not
penalized in the cost functionals, and sometimes, that
approach gives rise to excessive control energy. Simi-
lar approach is also found (Battilotti and Lanaru, 1997),
where HJI equation is introduced but no control efforts
are penalized in the cost functionals.

In this manuscript, a new class of nonlinearH∞ control

schemes for robotic manipulators is proposed based on
inverse optimality (Krstić and Deng, 1998; Miyasato,
1999). Those control schemes are derived as solutions
of particular nonlinearH∞ control problems, where
both disturbances and estimation errors of unknown
system parameters are regarded as exogenous distur-
bances to the processes (Miyasato, 2000). The result-
ing control systems are bounded with guaranteed cer-
tainH∞ control performance; that is, the� 2 gains from
those uncertainties to generalized outputs (including
control terms) are prescribed explicitly. Especially, the
proposed control strategies are shown to be robust to
the estimations errors of tuning parameters, and thus
the good transient properties are attained even for the
large estimation errors in adaptation schemes.

2. PROBLEM STATEMENT

Consider a robotic manipulator withn degrees of free-
dom described by the following equation:

M � θ � θ̈ � C � θ � θ̇ � θ̇ � G � θ �	� τ � d � (1)

whereθ 
 Rn is a vector of joint angles,M � θ �
 Rn � n

is a matrix of inertia,C � θ � θ̇ ��
 Rn � n is a matrix of
Coriolis and centrifugal forces,G � θ ��
 Rn is a vector
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of gravitational torques,τ is a vector of input torques
(control� input), andd is a vector of external distur-
bance. It is assumed that the system parameters in
M � θ � , C � θ � θ̇ � , G � θ � and external disturbanced are un-
known. Only,θ, θ̇ andτ are assumed to be available
for measurement.

It is known that robotic manipulator models with rota-
tional joints have the following properties
(Spong and Vidyasagar, 1989).

Properties of Robotic Manipulators.

1. M � θ � is a bounded, positive definite, and sym-
metric matrix.

0 � λ1I � M � θ ��� λ2I � ∞ ��� θ � (2)

2. Ṁ � θ ��� 2C � θ � θ̇ � is a skew symmetric matrix.

ξT � Ṁ � θ ��� 2C � θ � θ̇ ��� ξ � 0 ��� ξ � (3)

3. The left-hand side of (1) can be written into the
following form,

M � θ � a � C � θ � θ̇ � b � G � θ ��� Ω � θ � θ̇ � a � b� TΦ � (4)

whereΩ � θ � θ̇ � a � b� is a known function ofθ, θ̇,
a, b, andΦ is an unknown system parameter.

The control objective is to determine a suitable con-
trol input τ such that the joint angle vectorθ follows
the desired reference angle vectorθd, while certainH∞
control performance is attained.

3. TRACKING CONTROL SYSTEMS

The basic structure of the tracking control for robotic
manipulators is shown (Shen and Tamura, 1999). First,
set the input torqueτ in the following form, where the
reference angle vectorθd is utilized.

τ � u � M̂ � θ � θ̈d � Ĉ � θ � θ̇ � θ̇d � Ĝ � θ �� u � Ω � θ � θ̇ � θ̈d � θ̇d � TΦ̂ � (5)

Φ̂ is an estimate of the unknown parameterΦ, andu
is a stabilizing control signal to be determined later.
Denote the tracking error by

e  θ � θd � (6)

then, the next equation is derived.

M � θ � ë � C � θ � θ̇ � ė � u � d � � M̂ � θ �!� M � θ ��� θ̈d� � Ĉ � θ � θ̇ ��� C � θ � θ̇ ��� θ̇d � � Ĝ � θ �!� G � θ �"�#� (7)

The augmented error signals is introduced such as

s  ė � λe� (8)� λ $ 0�%�
The overall robotic system is rewritten by utilizinge
andsas follows:

ė � s � λe� (9)

Mṡ �&� λM � C � s � λ � λM � C � e � u � d� � M̂ � M � θ̈d � � Ĉ � C � θ̇d � � Ĝ � G�#� (10)

Define a positive functionV by

V � 1
2

sTM � θ � s � 1
2

'
e
' 2 � (11)

and take the time derivative of it along the trajectory
of s, e, andθ.

V̇ �(� λ
'
e
' 2 � sT � Φ1e � Φ2s � e � u � d �� sT � � M̂ � M � θ̈d �)� Ĉ � C � θ̇d�*� Ĝ � G���#� (12)

Φ1 �(� λ2M � λC �
Φ2 � λM � (13)

The control signals are obtained in the following forms,
wherev is also a stabilizing control signal to be deter-
mined later.

u �+� Φ̂1e � Φ̂2s � e � v� (14)

Φ̂1 �+� λ2M̂ � λĈ �
Φ̂2 � λM̂ � (15)

τ � M̂ � θ̈d � λ2e � λs�#� Ĉ � θ̇d � λe�#� Ĝ � e � v� Ω � θ � θ̇ � a � b� T Φ̂ � e � v� (16)

a  θ̈d � λ2e � λs�
b  θ̇d � λe� (17)

The substitution of the control signal (14) intoV̇ (12)
yields

V̇ �(� λ
'
e
' 2 � sT v � sT d� sT � � M̂ � M � θ̈d �)� Ĉ � C � θ̇d �)� Ĝ � G��,� Φ̂1 � Φ1 � e �-� Φ̂2 � Φ2 � s��(� λ

'
e
' 2 � sT v � sT d � sT Ω � θ � θ̇ � a � b� TΦ̃ � (18)

Φ̃  Φ̂ � Φ � (19)

wherea andb are defined by (17). The control signals
(14), (16) andV̇ (18) are fundamental formulas, from
which all control schemes in this manuscript are de-
duced.

4. NONLINEAR ADAPTIVE CONTROL

First, it is assumed thatd . 0, and the conventional
adaptive scheme (Narandra and Annaswamy, 1989; Shen
and Tamura, 1999) is applied to the control of robotic
manipulators. Determine the stabilizing control signal
v and adaptive laws such as

v �(� Ks�/� K � KT $ 0�0� (20)
˙̂Φ �(� ΓΩ � θ � θ̇ � a � b� s� (21)� Γ � ΓT $ 0�0�

Define a positive functionW by

W � V � 1
2

Φ̃TΓ 1 1Φ̃ � (22)

and take the time derivative of it. Then it follows that

Ẇ �2� λ
'
e
' 2 � sTKs � 0 � (23)

and the next theorem is obtained.



Theorem 1 : The adaptive control system of robotic
manipulator3 s (1) defined by (14), (16), (20), (21) is
uniformly bounded, and the tracking errors e, s con-
verge to zero asymptotically.

lim
t 4 ∞

e � 0 �
lim
t 4 ∞

s � 0 � (24)

5. NONLINEAR ADAPTIVE H∞ CONTROL

The proposed nonlinear adaptiveH∞ control
schemes are shown. First, the nonlinearH∞ control
schemes are discussed, where the tuning laws ofΦ̂
are not specified. Next, the projection-type adaptive
laws are introduced for the tuning ofΦ̂, and the non-
linear adaptiveH∞ control schemes are presented. It is
shown that both control systems are uniformly bounded,
and attain certainH∞ control performance.

5.1 Nonlinear H∞ Control.

In this section,Φ̂ is an arbitrary bounded design pa-
rameter. The proposed nonlinearH∞ control schemes
are derived as solutions of certainH∞ control prob-
lems, whered 5. 0 and parameter error̃Φ are regarded
as external disturbances to the process. For that pur-
pose, consider the following virtual process.

ẋ � f � x�#� g11 � x� d � g12 � x� Φ̃ � g2v� (25)

x � 6 e
s 7 � f � x�8� 6 � λe� M 1 1Cs 7 �

g11 � x�8� g2 � x�8� 6 0
M 1 1 7 �

g12 � x�8� 6 0
M 1 1ΩT 7 � (26)

It should be noted that the time derivative ofV (11)
along the trajectory of the virtual system (25), (26) is
the same as (18). For the virtual system, consider the
next Hamilton-Jacobi-Isaacs equation (HJI equation),
where the solutionV is given by (11).

∂V
∂t
� � fV

� 1
4 9 ' � g11V

' 2
γ2
1

� ' � g12V
' 2

γ2
2

� � g2V R1 1 � � g2V � T :� q � x��� 0 � (27)

The positive functionq � x� and positive definite sym-
metric matrixR are to be obtained from (27) based on
inverse optimality, for the given solutionV (11) and
the positive constantsγ1, γ2. The substitution of the
solutionV (11) into HJI equation (27) yields the next
relation.� λ

'
e
' 2 � ' s' 2

4γ2
1
� sTΩTΩs

4γ2
2

� 1
4

sTR1 1s � q � x��� 0 � (28)

Thenq � x� andRare given by

q � λ
'
e
' 2 � sT ; 1

4
R1 1 � 1

4γ2
1

I � 1

4γ2
2

ΩTΩ < s� (29)

R � ; 1

γ2
1

I � 1

γ2
2

ΩTΩ � K < 1 1 � (30)� K � KT $ 0�0�
and the input signal (stabilizing control signal)v is ob-
tained as a solution of the correspondingH∞ control
problem in the following way:

v �(� 1
2

R1 1 � � g2V � T�(� 1
2

R1 1s� (31)

Then, the next theorem is obtained for the original
robotic manipulators (1).

Theorem 2 : The nonlinear control system of robotic
manipulators (1) defined by (14), (16), (31), (30) is
uniformly bounded for arbitrary bounded design pa-
rameters Φ̂ (Φ̂1 � Φ̂2), and arbitrary
bounded disturbance d. Additionally, v is an opti-
mal control signal which minimizes the following cost
functional J.

J � sup
d = Φ̃ >@? 2 ACB t

0
� q � vT Rv� dτ � V � t �

� γ2
1 B t

0

'
d
' 2dτ � γ2

2 B t

0

'
Φ̃
' 2dτ DE� (32)

Furthermore, the next inequality holds.

B t

0
� q � vT Rv� dτ � V � t �� γ2

1 B t

0

'
d
' 2dτ � γ2

2 B t

0

'
Φ̃
' 2dτ � V � 0�0� (33)

Proof. By considering HJI equations (27), (28),V̇ is
evaluated as follows:

V̇ �+� λ
'
e
' 2 � sTv � sT d � sTΩT Φ̃�+� ' s' 2

4γ2
1

� sTΩTΩs

4γ2
2

� 1
4

sTR1 1s � q� sTΩTΦ̃ � sTv � sT d�GF v � 1
2

R1 1sH T

R F v � 1
2

R1 1sHI� vTRv

� γ2
1 JJJJJ d �

s

2γ2
1
JJJJJ
2 � γ2

1
'
d
' 2

� γ2
2 JJJJJ Φ̃ �

Ωs

2γ2
2
JJJJJ
2 � γ2

2
'
Φ̃
' 2 � q � (34)

Then, it is shown thatv (31) is an optimal solution to
J, and that the inequality (33) holds. The substitution
of v (31) into (34) yields the next relation,

V̇ �K� q � vT Rv � γ2
1
'
d
' 2 � γ2

2
'
Φ̃
' 2 � (35)

from which, uniform boundedness of the control sys-
tem is derived.

Remark 1. ¿From the inequality (33), it is seen
that the time average limT L ∞

1
T M T

0 � q N vTRv� dt can



be made arbitrarily small by decreasing design param-
etersO γ1 � γ2.

Remark 2. In the proposed control strategy (14),
(16), (31), (30), letγ2 P ∞. Then, the resulting con-
trol scheme is a usual nonlinearH∞ control structure,
where � 2 gain from disturbanced to the generalized
output Q q N vTRv is prescribed.

5.2 Nonlinear Adaptive H∞ Control.

Next, the adaptiveH∞ control scheme is proposed, where
Φ̂ are tuned adaptively. Ford 5. 0, the projection-type
adaptive laws are introduced such as

if
'
Φ̂ � t � ' � NΦ & Φ̂ � t � TΓΩ � t � s� t �R� 0

˙̂Φ � t �8�2� ΓΩ � t � s� t �#� Γ
Φ̂ � t � Φ̂ � t � T

Φ̂ � t � TΓΦ̂ � t � ΓΩ � t � s� t �0�
otherwise

˙̂Φ � t �8�2� ΓΩ � t � s� t �0� (36)

where S Φ SUT NΦ and S Φ̂ � 0�VSWT NΦ, and NΦ is as-
sumed to be known. Then, for the sameW (22)

W � V � 1
2
� Φ̂ � Φ � T Γ 1 1 � Φ̂ � Φ �0�

Ẇ is obtained such as

Ẇ � � λ
'
e
' 2 � sTv � sT d � (37)

That relation (37) corresponds to the virtual system
(25), (26) withΦ̃ . 0. However, the same discussion
as 5.1 can be also applied to this case, and the next
theorem is derived for the samev (31), (30) and the
adaptive laws (36).

Theorem 3 : The nonlinear adaptive control system
of robotic manipulators (1) defined by (14), (16), (31),
(30), (36) is uniformly bounded for arbitrary bounded
disturbance d. Additionally, v is an optimal control
signal which minimizes the following cost functional
J.

J � sup
d = Φ̃ >@? 2 A B t

0
� q � vT Rv� dτ � W � t �

� γ2
1 B t

0

'
d
' 2dτ D � (38)

Furthermore, the next inequality holds.

B t

0
� q � vT Rv� dτ � W � t �� γ2

1 B t

0

'
d
' 2dτ � W � 0�0� (39)

Especially, when d
X� 2, the tracking errors e, s con-
verge to zero asymptotically.

lim
t 4 ∞

e � 0 �
lim
t 4 ∞

s � 0 �

Proof. The projection-type adaptive laws attainΦ̂ 
� ∞. Then, the boundedness of adaptive systems is de-
rived from Theorem 2. The optimality ofv and in-
equality (39) are easily deduced from replacingΦ̃ and
V by 0 andW, respectively, in (34).

Remark 3. Similar to the previous case, the time
average limT L ∞

1
T M T

0 � q N vTRv� dt can be made arbi-
trarily small by decreasingγ1.

Remark 4. Theorem 2 also holds for the adaptive
control scheme (14), (16), (31), (30), (36). Hence, the
proposed adaptive system is robust to the estimation
errors of tuning parameters̃Φ, and this leads to good
transient property with less control efforts.

Remark 5. The proposed adaptive control schemes
are closely related to the work (Tomei, 1999), where
similar nonlinear damping terms are introduced. How-
ever, the present method is derived as a solution for
certainH∞ control problems and the control efforts are
also penalized.

6. SIMULATION STUDIES

A numerical simulation study is performed to show the
effectiveness of the proposed adaptive control scheme.
A SICE-DD arm (the standard manipulator model in
theSociety ofInstrument andControlEngineers (SICE))
with two-degree of freedom is considered. Physical
parameters of the manipulator are written as follows:

m1 . 12Y 27kg� m2 . 2 Y 083kg�
I1 . 0 Y 1149kgZ m2 � l2 . 0 Y 0114kgZ m2 �
l1 . 0 Y 2m� l2 . 0 Y 2m�
r1 . 0 Y 063m� r2 . 0 Y 080mY

The desired trajectories are given by

θd1 � t �8� 6π [ F 1
2

t2 � 1
3

t3 H �
θd2 � t �8� π � 2θd1 � t �0�
θd1 � 0�8� 0 �
θd2 � 0�8� π �
θd1 � 1�8� π �
θd2 � 1�8�2� π �
θ̇d1 � 0�8� θ̇d1 � 1�8� θ̇d2 � 0�8� θ̇d2 � 1�8� 0 �

For comparison with the conventional adaptive control
scheme, it is assumed thatd . 0.

The design parameters are chosen such that

Γ � I � λ � 1 � K � I �
The simulation results are shown in the followings,
wheree1 . θ1 � θd1, e2 . θ2 � θd2, and



\ Case 1: conventional adaptive control scheme
(Theorem1 )

v �2� Ks�
B 1

0
e1 � t � 2dt � 0 � 21286E� 02�

B 1

0
e2 � t � 2dt � 0 � 24662E� 02�

B 1

0

'
e� t � ' 2dt � 0 � 45948E� 02�

B 1

0
τ1 � t � 2dt � 0 � 58322E� 01�

B 1

0
τ2 � t � 2dt � 0 � 37925E� 00�

B 1

0

'
τ � t � ' 2dt � 0 � 62115E� 01�\ Case 2: usualH∞ control scheme withγ1 . 0 Y 1,

γ2 P ∞ (Theorem 3)

v �2� 1
2
; 1

γ2
1

I � K < s�
B 1

0
e1 � t � 2dt � 0 � 14007E� 02�

B 1

0
e2 � t � 2dt � 0 � 11984E� 02�

B 1

0

'
e� t � ' 2dt � 0 � 25992E� 02�

B 1

0
τ1 � t � 2dt � 0 � 52174E� 01�

B 1

0
τ2 � t � 2dt � 0 � 36290E� 00�

B 1

0

'
τ � t � ' 2dt � 0 � 55803E� 01�\ Case 3 : proposed control scheme withγ1 . 0 Y 1,

γ2 . 0 Y 1 (Theorem 3)

v �2� 1
2
; 1

γ2
1

I � 1

γ2
2

ΩTΩ � K < s�
B 1

0
e1 � t � 2dt � 0 � 30649E� 03�

B 1

0
e2 � t � 2dt � 0 � 24101E� 03�

B 1

0

'
e� t � ' 2dt � 0 � 54750E� 03�

B 1

0
τ1 � t � 2dt � 0 � 43353E� 01�

B 1

0
τ2 � t � 2dt � 0 � 32726E� 00�

B 1

0

'
τ � t � ' 2dt � 0 � 46626E� 01�

7. CONCLUSION

A design method of adaptive nonlinearH∞ control for
robotic manipulators is presented in this manuscript.
The proposed control schemes are derived as solutions
of particular nonlinearH∞ control problems, where

both disturbances and estimation errors of unknown
system parameters are regarded as exogenous distur-
bances to the processes. ¿From the several numerical
simulation studies (Case 1] Case 3), it is seen that the
proposed control strategy (Case 3) has better transient
properties with less control energy compared with the
conventional adaptive control (Case 1) or even usual
nonlinearH∞ control schemes (Case 2). Those are
owing to that the control efforts are also penalized in
the correspondingH∞ control problems. Nevertheless,
there is no necessity of solving nonlinear HJI equation
in the proposed control schemes.
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