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Abstract: This paper deals with the control of walking biped robots. An on line optimal
control approach based on moving horizon strategy is developed. The problem is stated as
an optimization one subject to physical coherent constraints issued from human behavior
observation. The strategy is tested with a model of the BIP robot designed by INRIA.
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1. INTRODUCTION

Receeding horizon control approaches proved their
efficiency in a large variety of processes. Due to
their ability to handle multivariable constraint prob-
lems through on line optimization, they seem a very
interesting way of controlling biped robot dedicated
to navigate in rough terrain and subject to unilateral
constraints such as the ground contacts. In the past
decade, model based predictive control for nonlin-
ear system have been used very successfully in in-
dustry, especially on refining and chemical processes
(Allgöwer F., 1999), (Nevistic V., 1996). More recent-
ly Richalet and al (Richalet J., 1997) have implement-
ed their predictive controller on a KUKA robot with
an approximated linear model of the robot. In (Poignet
P., 2000), a predictive controller combined with a
feedback linearization is compared to the computed
torque control on a SCARA robot.

The major contribution of this work is to propose a
model based technique with a moving horizon. Here,
on line optimal control is performed considering the
dynamic model of the BIP robot (fig.1) designed by
INRIA (Azevedo C., 2000). Most of the approaches
are based on two stages i) walking patterns synthesis
and ii) control of the biped robot along these patterns
(Huang Q., 2001). On the contrary, in the present-

Fig. 1.The INRIA biped robot: BIP

ed approach, the trajectory is not planned. Physical
robot coherent constraints are added to the optimiza-
tion problem and environment is also described as
constraints. These constraints will ensure the biped
motion through the minimization of a quadratic cost
function involving the actuator torques.

The paper is organized as follows: section 2 presents
the nonlinear dynamics biped robot modeling during
the different gait phases and the physical constraints,
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Fig. 2. BIP 6 dofplanar model

section3 details the finite horizon nonlinearmodel
predictivecontrol.Finally section4 exhibits themajor
numericalresultsobtainedwith differenttypesof steps
andthrustdisturbances.

2. PROBLEM STATEMENT

In this paper, we considera planarbipedmodelwith
7 rigid moving links connectedto 6 purely rotational
joints. Each joint is actuated(fig.2). We study the
part of the walking cycle which lies in the sagittal
planeand we assumethat the systemhasalways at
leastone feet in contactwith the ground.The biped
robot is a varying kinematicchainstructure(Chessé
S.,2001).This chainis successively openedor closed
when tips of openkinematicchainscomein contact
with the supportingfloor. It is alsosupposedthat the
gait consistsin a successionof singlesupportphases.
As in (GrizzleJ.W., 1999),thedurationof thedouble
supportphaseis assumedto be negligible. Finally,
thebipedmodelconsistsof two parts:thedifferential
equationsdescribingthe dynamicsduring the swing
phase,andan impulsemodelof the contactevent for
computingthevelocityvectorafterimpact.

2.1 Singlesupportphase

During the swing phase,the stancefoot is modeled
as a pivot fixed on the ground. Using the method
of Lagrange,the dynamicmodelof the robot canbe
writtenas(SpongM.W., 1989):

M � q� q̈ � N � q � q̇� q̇ � G � q�
	 Γ (1)

This equationprovideswith the joint torquesvector
Γ as a function of the joint positionsvector (fig.2)
q 	�� q1 � q2 � q3 � q4 � q5 � q6 � T andjoint velocity vectorq̇,
with M, N andG respectively the inertia matrix, the
Coriolismatrix andthegravity vector.
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Fig. 3. Notationsusedin thepaper

2.2 ImpactEquation

During collision, the contact of the foot with the
groundconsistsin unilateralconstraintwithoutsliding
(Pfeiffer F., 1996).The foot is kept in the horizontal
position.Theimpactis consideredasoccurringat the
ankle.Theconditionof thegeometricclosureis given
by:

φ � q��	 �
yf ly� ankle

xf ly� ankle � � xsupp � ankle � Ls��� 	 0 (2)

where:
- � xsupp � ankle � ysupp � ankle � aretheCartesiancoordinates
of theankleof thestanceleg (fig.3),
- � xf ly� ankle � yf ly� ankle � aretheCartesiancoordinatesof
theswingleg (fig.3),
- Ls is thesteplength.

By derivatingφ :

φ̇ � q��	 ∂φ � q�
∂q

∂q
∂ t

	 0 (3)

Let’sC � q� betheJacobianof φ � q� :
C � q��	 ∂φ � q�

∂q
	 �

Cn � q�
Ct � q��� (4)

whereCn � q� is the normalcomponentandCt � q� the
tangentialcomponent.
When the end point of the kinematic chain enters
in contactwith the ground,velocity vector sudden-
ly changes(WieberP.B., 2000), (RousselL., 1998),
(ZhengY.F., 1984).Using the conservation of linear
and angular impulse and momentumfor the entire
chain,onecanwrite theimpulsivedynamicmodel:

M � q��� q̇� � q̇�
��	 C � q� TΛ (5)

q̇� and q̇� arerespectively the velocity of the joints
beforeandafterimpact.Fromequation(5), q̇� is given
by:

q̇� 	 q̇ � � M � 1 � q� C � q� TΛ (6)

whereq̇� , M � q� andC � q� aresupposedto beknown.
Assumingthatthemotionis achievedwithoutslipping



or rebounding,equation(6) is supplementedby equa-
tion (3) writtenafterimpact:�

Ct � q� q̇� 	 0
Cn � q� q̇� 	 0

(7)

TheLagrangianΛ canthenbecomputedby replacing
equation(7) into equation(6):

Λ 	 � � C � q� M � q� � 1C � q� T � � 1C � q� q̇� (8)

Finally, equations(1), (4), (6) and (8) describethe
dynamicmodel over the whole gait phasesand will
beusedfor thesimulations.

2.3 Physicaldynamicconstraints

In addition to the classicalrobot constraintssuchas
joint and torque limitations, coherentphysical con-
straintsarededucedby observingthe humanbehav-
ior. In (HurmuzluY., 1993a), (HurmuzluY., 1993b),
thebodyerectionpostureandtheoverall progression
are prescribedto characterizethe motion. In (Patla
A., 1991), a successfulhumanlocomotion is stated
in 3 points: i) the productionof a basic locomotor
rhythm, ii) the control of the equilibrium andiii) the
adaptationof themovementsto meettheenvironmen-
tal demandsandgoals.In (PrattJ., 1998),the condi-
tions for a planarrobot to walk aredefinedin terms
of height, pitch and speedstabilization.The role of
the swing leg is presentedasimportantto ensurethe
stabilization.

According to theseintuitive but physicalconsidera-
tions,asetof equalityandinequalityconstraintslisted
below hasbeenestablished(fig.3):� Robot internal constraints:
- Actuatortorquelimitations:

Γmin � Γ � Γmax

- Jointpositionlimitations:

qmin � q � qmax� Erected Body Posture
The bipedshouldmaintainan erectedpostureduring
locomotion.This condition is guaranteedby a con-
strainton thepelvisheight:

ypelvis � hpelvismin� Overall Progression Velocity
Theoverallprogressionvelocityisdefinedastheankle
speedof theflying foot in thepositivex-direction.

vxmin � vxf l y ankle � vxmax� Static stability
In this study, with the manipulatorbasedmodel de-
scribedin section2, the locomotionwe canconsider
is limited to staticwalking.Thestaticstability is guar-
anteedby maintainingthe projectionof the centerof
masswithin thesoil of thesupportfoot:

xsupp � heel � xCoM � xsupp � toe
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Fig. 4. Constraintson theflyingankleposition

As the weight is mainly disposedin the trunk, a
constrainton its inclinationguaranteesthatit doesnot
bendbackandlimits theforwardbending:

0 � αtrunk � αmax

Additional constraintmaintainsthe pelvis x-position
within the heelof the flying foot andthe toesof the
supportfoot:

xf ly� heel � xpelvis � xsupp � toe

It facilitatesthe supportfoot transitionat the impact.
As thepelvisx-positionandtheprojectionof thecen-
ter of massarelocatedcloselyto in theBIP case,this
constraintwill alsocontributeto thestaticstability.� Trajectory of the swing limbs
The swing limbs have to be lifted off the groundat
thebeginningof a stepandlandedbackat theendof
the step.During the step,the flying foot hasto stay
clearoff thesurfaceto avoid contact.Limit for they-
coordinatesof theankle(fig.3) is givenby:

fm � xf ly� ankle� � yf ly� ankle � fM � xf ly� ankle �
where fm and fM arechosenas4th orderpolynomial
functionsdependingof thedesiredminimumtip clear-
anceh, andtheminimumsteplengthxM � xm (fig.4).
The flying foot is maintainedin the horizontalposi-
tion:

α f ly� f oot 	 0

3. FINITE HORIZON NONLINEAR MODEL
PREDICTIVECONTROL

Let’sconsidertheclassof nonlinearsystemsdescribed
by thefollowing setof equations:

xk� 1 	 f � xk � uk � (9)

with uk andxk respectively the input andthe stateof
the system.The nonlinearmodel predictive control



(NMPC) (Allgöwer F., 1999)openloop optimization
problemthatis solvedat eachtime is givenby:

min
uNc

k

J � xk � uNc
k � (10)

subjectto:

xl � 1 + k 	 f � xl + k � ul + k �
x0 + k 	 xk

ul + k , U � l ,.- 0 � Nc � 1/
xl + k , X � l ,0- 0 � Nc / (11)

with:

J � xk � uNc
k ��	 Φ � xNc + k �1� Nc � 1

∑
i 2 0

L � xi + k � ui + k � (12)

and:

U : 	43 uk , Rm 5 umin � uk � umax6
X : 	43 xk , Rn 5 xmin � xk � xmax6 (13)

Usually the stagecostL is a quadraticfunction in x
andu:

L � xi + k � ui + k ��	 xT
i + kQxi + k � uT

i + kRui + k (14)

In caseof thebipedrobot,thecriterionJ is chosenas:

J � uNc
k ��	 Nc � 1

∑
i 2 0

ΓT
i + kΓi + k (15)

where 3 Γi + k � i ,7- 0 �98:8:8;� Nc � 1/ 6 aretheactuatortorque
vectorsover thereceedinghorizonand

uNc
k 	=< Γ0 + k �>8;8:8:� ΓNc � 1 + k ?

By neglectingtheCorioliseffect,thenonlinearsystem
(eq.1)is writtenas:

q̈l � 1 + k 	 M � 1 � ql + k � G � ql + k �1� M � 1 � ql + k � Γl + k (16)

At eachtime instancek, theinitial conditionsare:

x0 + k 	A@ q0 + k
q̇0 + k B 	 xk 	DC qk

q̇k E (17)

Finally ouroptimizationproblemis resumedas:

min
uNc

k

J � uNc
k ��	 min

uNc
k

Nc � 1

∑
i 2 0

ΓT
i + kΓi + k (18)

subjectto:

q̈l � 1 + k 	 M � 1 � ql + k � G � ql + k �F� M � 1 � ql + k � Γl + k
Γmin � Γl + k � Γmax

qmin � ql + k � qmax

hpelvismin � ypelvisl G k
vxmin � vxf l y ankle

l G k � vxmax

xsupp � heel � xCoMl G k � xsupp � toe

0 � αtrunkl G k � αmax

xf ly� heell G k � xpelvisl G k � xsupp � toel G k
fm � xf ly� anklel G k � � yf ly� anklel G k � fM � xf ly� anklel G k �
α f ly� f ootl G k 	 0

(19)
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Fig. 6. Twostepswith sameheight(plot every100ms)

At eachtime instancek, we applythefirst elementof
the solution sequenceuNc

�
k

of the optimal openloop
controlproblem.

Fig. 5. Viewsof theinitial positionusedin simulations

4. NUMERICAL RESULTS

The optimizationproblemis solved using the fmin-
con1 function of the Matlab Optimization Toolbox
dedicatedto the minimization of a constrainednon-
linearmultivariablefunction. fminconis basedon the
sequentialquadraticprogramming(SQP)algorithm.
SQPis an iterative techniquein which the objective
is replacedby a quadraticapproximationandthecon-
straintsby linearapproximations(Allgöwer F., 1999).
TheBIP dynamic(fig.1) modelis usedfor thesimula-
tions.Detailedparameterscanbe foundedin (Espiau
B., 2000).

Motion parametersare given by: hpelvismin
	 0 8 85m,

vxmin
	 0 8 2m8 s� 1, vxmax 	 0 8 6m8 s� 1, αmax 	 0 8 2rad.

Thesimulationresultsarecomputedwith a sampling
period of 0.01s.The moving control horizon corre-
spondsto 5 samplingperiods.Fig.5 shows different
viewsof theinitial position.

The simulation of two consecutive steps(fig.6) is
performedby constrainingtheminimumheightof the
flying foot to 10cm. Thetrajectoryof theflying ankle
is shownonfigure7.Theaveragevelocityof theflying
foot is of 0 8 93km8 h � 1 and the computationtime for

1 http://www.mathworks.com/products/matlab
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0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
−300

−200

−100

0

100

200

300
Umax

Umin

ANKLE 

KNEE 

HIP 

Torque (Nm) 

Time (s) 

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
−300

−200

−100

0

100

200

300
Umax

Umin

ANKLE 

KNEE 

HIP 

Torque (Nm) 

Time (s) 

Fig. 8. Joint TorquesΓ (supportandswinglegs)

Fig. 9. 3D Simulationof onestep

onesamplingperiodof simulationis 31s. In figure8,
theupperfigureshows the joint torquesof thestance
limbs andthe lower figurepresentsthetorquesof the
flying leg. Figure9 presentsa 3D simulationof one
step.

The simulationof two consecutive stepswith differ-
ent heights(fig.10) exhibits the ability of the control
strategy to negotiateon line obstaclesor to matchthe
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Fig. 10.Twostepsof differentheights(plot every100ms)
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Fig. 11.Trajectoryof theflyingankle
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Fig. 12.ThrustdisturbanceFext H 100N

roughnessof terrain.Theminimumstepheightis 2cm
for thefirst oneand10cm for thesecondone(fig.11).
Theaveragevelocity of theflying foot is 1 8 04km8 h � 1

andthe computationtime for onesamplingperiodof
simulationis of 378 08s.

Thesimulationof anunknown andunmeasuredthrust
disturbanceappliedin thebackof thetrunkatthemid-
dleheightduringastep(fig.12)exhibitstherobustness
of the control law. The simulationis performedwith
a thrustequalto Fext 	 100N appliedduring 0.5s.In
figure 13, the upper figure shows the joint torques
of the stancelimbs andthe lower figure presentsthe
torquesof theflying leg.

5. CONCLUSION

In this paper, we presenta new control approachfor
walking bipedrobots.The strategy is developedwith
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Fig. 13.Joint torquesΓ (supportandswinglegs)

anon line optimalcomputationovera receedinghori-
zonusingphysicalconstraintsensuringthebipedmo-
tion.

Simulationsexhibit efficient resultsin caseof a biped
walkingonaroughterrainor subjectto athrustdistur-
bance.Thekey advantageof theproposedtechniqueis
thatwe do notneedany referencetrajectory.

Themanipulatorbasedmodelusedin thispaperlimits
the motion to staticwalking. Indeed,we arecurrent-
ly developinga moving referencebasemodel,which
will allow usto considerdynamicwalking takinginto
accountthe supportforces.We arealsoinvestigating
solutionsto reducethe computationtimesin orderto
implementreal-timestrategy on BIP robot.
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