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Abstract: Over the recent years many advances in the area of nonlinear model predictive
control have been made. However, with respect to the output feedback problem and predictive
control only a limited number of results are available. Most of the existing approaches do
only guarantee local stability. In this note we propose the use of a high gain observer in
combination with a sampled nonlinear predictive controller for a special MIMO system
class. The resulting output feedback leads to semiglobal practical stability and recovery of
performance of the state feedback controller. The results are valid for a wide class of NMPC
schemes. Thusthey can be considered as a special separation principle for NMPC.
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1. INTRODUCTION

Model predictive control (MPC) for systems described
by nonlinear ODEs (shortly NMPC) has received
considerable attention over the past years. Severa
schemes that guarantee stability if full state infor-
mation is available exist, see for example (Mayne et
al. 2000, Allgower et al. 1999) for recent reviews.
Fewer results are available in the case when not all
states aredirectly measured. In (Michalskaand Mayne
1995) an optimization based moving horizon observer
is designed, that together with the NMPC scheme pro-
posed in (Michalska and Mayne 1993) is shown to
lead to (semiglobal) closed loop stability. In (Magni
et al. 1998, Magni et al. 2001), see also (Scokaert et
al. 1997), local asymptotic stability for observer based
discrete-time nonlinear MPC for “weakly detectable”
systemsisobtained. However, theseresultsare of local
nature, i.e. stability is guaranteed only for a suffi-
ciently small observer error and no exact information
about the required “level of smallness’ is available.
To overcome this problem we follow along the lines
of “separationsprinciples’ for nonlinear systems (Teel
and Praly 1995, Atassi and Khalil 1999) and propose
the use of high gain observers in conjunction with
NMPC. In comparison to (Imsland et al. 2001b) we

derive results for the sampled case, i.e. we do not
assumethat the state feedback is continuously recal cu-
lated. Instead we apply open loop control inputs over
the sampling intervals which are recalculated at the
sampling instances. We show that the resulting control
scheme does lead to semiglobal practical stability of
the closed loop. We al so show that the output feedback
control scheme alows for recovery of performance
of the state feedback controller if the observer gain
is increased and the sampling time is decreased suffi-
ciently. With recovery of performancewe mean recov-
ery of the region of attraction and that the rate of con-
vergence of the output feedback scheme approaches
that of the state feedback scheme. Theresultsare valid
for a wide class of stabilizing NMPC schemes. Thus
for the considered system class the result can be seen
as aspecia separation principle for NMPC.

The key ideas are based on recent investigations of
the output feedback control problem for nonlinear
systems. Based on the output feedback results for
fully input-output linearizable systems (Esfandiari and
Khalil 1992) different versions of the so called non-
linear separation principle for a rather wide class of
systems have been established (Teel and Praly 1995,
Atass and Khalil 1999, Shim and Teel 2001, Mag-
gioreand Passino 2000). Our result isrelated to the re-



sults of (Teel and Praly 1995, Atassi and Khalil 1999)
in the sense that we also use a high gain observer
for the state recovery and that we use the same key
steps in the proof. However the consideration of a
sampled control scheme makes someinherent changes
necessary.

This note is structured as follows: In Section 2 we
briefly state the considered system class. Section 3
contains a description of NMPC state feedback and
the high gain observer used. In Section 4 we derive
the results on the recovery of the state feedback per-
formance and on semiglobal practical stability of the
closed loop.

Inthefollowing blockdiag(A1, ..., Ar) denotesablock
diagonal matrix with the matrices Ay,...,A; on the
“diagona”, while diag(ct1, . .., 0, ) denotes adiagonal
matrix with the scalars a1, . .., o, on the diagonal .

2. SYSTEM CLASS

We consider continuoustime nonlinear systems of the
following form:
X =Ax+ Bd(x, u) (1a)
y =Cx. (1b)

X € X CR" are the system states, the control input
isue U C RP and the measured output y € RP. We
consider the control of (1) under bounded control
action and state constraints, i.e. the system input is
required to liein the set U and the system states must
liein the set X with:

Assumption 1 U C RP is compact, X C R" is con-
nected and (0,0) € X x U.

The matrix A,B and C are given by:

010

00--0

[o 0 i]
0 - 0 I Xrj

B = blockdiag[B1. - Bp], Bi=[0-- 01]

C = blockdiag[C1, --Cp |, G =[10-- 0]y,

A= blockdiag[As, -

i.e. the dynamics consists of p integrator chains, with
n=ry+--- 4 rp. Furthermore we assume, that the
following holds:

Assumption 2 The function ¢ : R" x U — RP is as-
sumed to be locally Lipschitz in its arguments over
the domain of interest with ¢(0,0) = 0, ¢(x, u) is well
defined for all xe R" and ue Ut and ¢ is globally
bounded.

The considered system class has an (invertible) ob-
servability map that does not depend on the input.
Thetypical source of systems of this class, isan input
affine nonlinear system

%= f(x) +g(x)u, y=h(x)
with full (vector) relative degree (ry,ro,...,rp), i.e,
SP ri=n. Then, it is possible to find a coordinate
transformation (Isidori 1995) such that the system is
described by (1) with ¢(x, u) linear in u.
Remark 2.1 Inthe S SO case, our approach could be
expanded to systems of the general form

x= f(x,u),y = h(x)

1 Thisis necessary, since the observer estimate can leave the set X

with (y,u) € R? if the observability map ¥
Y = W¥(x,u,0,,...,ul),

withY = [y,y,...,y%]" is known and invertible for x.
Then one would have to know the derivatives of y and
u to recover the state. These can be easily obtained by
adding a chain of integrators to the input and using
a high gain observer to recover the derivatives of y
and u (Teel and Praly 1994). However, then we must
assume that the state feedback controller stabilizes
the expanded system. The original constraints on the
inputs become state constraints and additional con-
straints on the qyth derivative of the input have to be
added to guarantee compactness of the feasible set of
“new” inputs.

3. SETUP

The output control feedback scheme is given by a
nonlinear model predictive state feedback and a high
gain observer for recovery of the system states.

3.1 Sate feedback NMPC

In the framework of predictive control, the input is
defined by the solution of an open loop optimal con-
trol problem that is solved at sampling instants. For
simplicity we denote the sampling instants by t;, with
ti—ti_1 = being the sampling time. For a givent, t;
should be taken as the nearest sampling time t; < t.
(+)i denotes the value of the corresponding variable at
the sampling instance i, i.e. xj =X(ti). The open loop
optimal control problem solved at any t; is given by:
NM PC open loop optimal control problem:
Solve ming)J(u(-);%)
subject to: X=AX+Bo(X, u) X(t=0)=x (3a)
u(t) €U, X(t) X t€[0, ) (3b)
X(Th) €E (3¢)

where the cost functional is given by:

_ T _ _
J(u(-);x)::/oF(x(r), u(t))dt+E(X(F))-

The bar denotes internal controller variables, X(-) is
the solution of (3a) driven by theinput u(:) : [0, Ty] —
U with initial condition x;. The stage cost to be
minimized over the control horizon T, is given by
F (X, U). We assume that F satisfies:

Assumption 3 F:R"x U — R is locally Lipschitz
with F(0,0) =0 and F(x,u) >0V R" x U > (x,u)#
(0.0)

The solution to the optimal control problemis denoted
by U(-;x) in the following. If the optimal control
problem is solved at time tj, then the system input
between two sampling instants at time s € [t;,t + )
isgiven by:

u(s; xi) = U (s—tj;%). (4)

The constraint (3c) in the NMPC open loop optimal
control problem forcesthe final predicted state at time
t=Tp toliein aterminal region denoted by £ and is
thus often called terminal region constraint. In the cost
functional J, the deviation from the origin of the final
predicted state is penalized by the final state penalty
term E. We further assume, that:



Assumption 4 The system (1) has an unique contin-
uous solution for any initial condition in the region
of interest and any piecewise continuous and right-
continuousinput function u(-) : [0, Tp] — U.

If Tp, E, F are chosen suitably, stability can be guaran-
teed. Several NMPC concepts that guarantee stability
and that are similar to this setup have been proposed
e.g. see (Mayne et al. 2000, Allgdwer et al. 1999) for
areview. We will use the following result, which is a
dlight modification of Theorem 4.1 in (Chen 1997):
Theorem 3.1 Suppose

(a) that Assumptions 1-4 are satisfied,

(b) E isC!, £C X is closed and connected with
the origin contained in £ and there exists a
continuous control law k : R" — RP with k(0)=0
such that k(x) € U Vx € E and

JE

oX

(c) the NMPC open-loop optimal control problem

has a feasible solution for t =0.

Then for any sampling time 0 < & < Tp the closed-

loop system is asymptotically stable with the region of

attraction ®_being the set of states for which the open-
loop optimal control problem has a feasible solution.

f(x,K(x))+F(x,k(x)) <0, VxeE.

Notice, that assumption (c) is, as usua in NMPC,
an implicit controllability assumption. Additionally to
the given assumptions, we will later need that the state
feedback defined via the NMPC open loop optimal
control problemand (4) isuniformly locally Lipschitz:
Assumption 5 The optimal control u*(t;x(t)) isuni-
formly locally Lipschitzin x in the region of attraction

1T (%) — T (1:2) | < Lullxa—e]| VT € [0, Ty).
In words, this (quite frequently made) assumption
means that two “close” initial conditions must lead
to “close” optimal input trajectories. Note that this
does not exclude piecewise continuous input signals
as is often used in NMPC. The assumption is rather
strong, for example it excludes systems that can only
be stabilized by discontinuous feedback (as state feed-
back NMPC can stabilize, (Fontes 2000)). From the
assumptions made, we can easily deducethat the value
functionV (x) = J(U*(+; x); x) satisfies the following:
Proposition 3.1 Thevaluefunctlonv( )=

J(U(+;x);x) islocally Lipschitz for all xe R..

To simplify the derivations, we state some properties
of V(x) as given in (Chen 1997):

Lemma 3.1 Thevalue functionV(x), V: R — R, has
the following properties:

e V(0)=0andV(x) >0for x#0
e Along trajectories starting from any x(to) € X,
forto<s;<sp<oo

S
V(X(s2)) -V (X(51)) < — /Sl F(X(1),u(T;%))dr

holds with u(s; x;) given by (4).

Later on we show recovery of performance with re-
spect to an arbitrary compact set § C R . We need, that
for any set § we can find a compact outer approxima-
tion Q(S) that contains § and is invariant under state
feedback. Thus we assume:

Assumption 6 (Blanket assumption) For all compact
sets § C R containing the origin, there is a constant
C > MaXye sV (X), such that the compact set Q(.S5) =
{xexX|V(x)<c} > S.

The assumption on the existence of such a set Q(.5)
for all compact sets S C R is strong and difficult to
check a priory. If this assumption is not fulfilled, the
recovery of the region of attraction will be limited to
sets contained in the largest level set of V contained in
R.. Further work will investigate in relaxing the above
assumption.

Note that since S is a rea subset of ® and the
input is bounded, it is aways possible to find a small
sampling time § such that for sampling times 8 < S the
state trgjectory starting with initial condition x(0) €
S, controlled during the first sampling interval with
“open loop” control u*(t;X(0)) for X(0) € Q, where
Q isacompact subset of R", does not leave Q(S).
Fact 3.1 Fromthe compactnessof Q(.5) for all SC R
and Assumption 3 it follows, that there exist finite
constants Lg, and Ly, such that:

|F (X1,u1) —F (x2,u2)| < Lex|[X1—x2]]
+Lrullur—w2||  Vxg,x2 € Q(S), ug,up € U.

3.2 High gain observer

The observer used isahigh gain observer asin (Atassi
and Khalil 1999, Teel and Praly 1995, Tornambe
1992). It is given by:

2= AR+ BO(%,U) + H(y— CX)

where H =blockdiag[H3, . . .,Hp] with

H [ocl /€, ocz)/ /gr.
The oc?) sare such, that the polynomial
o)ty o) stal) =0,i=1,...,p

is Hurwitz .1 isthe high-gain parameter.
Remark 3.1 Notice that the use of an observer makes
it necessary that the open loop input is also defined
and bounded for (estimated) states that are outside of
the feasiblity region of the controller. We simply define
the open loop input for X ¢ R as fixed to an arbitrary
valueus € U:
u(s %) =us, VX € R, set,t+3). ®)
Note that the input constraintstake care of the peaking
of the observer (Esfandiari and Khalil 1992).

4. STABILITY AND RECOVERY OF
PERFORMANCE

In this section the main results, i.e. semigloba prac-
tical stability of the closed loop, recovery of the re-
gion of attraction and convergence of trgectories is
established. We follow in principle the lines of (Atassi
and Khalil 1999). In the first step we establish, that
for any compact set of initial conditions of the state
that is a subset of the region of attraction of the state
feedback and any compact set of initial conditions
of the observer the closed loop states stay bounded



for a small enough € and enter in finite time a pos-
itively invariant region (which is arbitrarily small in
the direction of the observer states). In a next step
semiglobal practical stability in the sense that the tra-
jectories come arbitrarily close to the origin (in finite
time) is established. Additionally, it is shown that the
trajectories of the state and output feedback controller
can be made arbitrarily closefor small enoughe and 8.
The main differenceto (Atassi and Khalil 1999) liesin
the fact that we use a sampled NM PC scheme and thus
can not fall back to standard Lyapunov and converse
Lyapunov arguments. Instead decreasing properties of
the value function along solution trajectories for small
enough € and d are used.

4.1 Setup

Definen as the scaled observer error,

. Xij —Xij
N = [Nt Marg e Mpt-Mprp |, wWith 1 = Jr_ J-IJ
e

Hence we have X=x—D(g)n with
D(e) =blockdiag[D1,D>,...,Dy],
=diag[e",...,1]
The closed loop system is given by

X(t) = AX(t) + Bo(x(t), (t'Xi—
en(t) = Aon(t) +eBg(t, x(t),x
(e

with g(t,X(t),X|, ()n(t);D ) )
= o(x(t),u(t,x —D(e)ni))—
o(x(t) =D(e)n(t), u(t; x —D(e)n;i))

and Ag =eD~1(e) (A—HC)D(¢) where Ag is Hurwitz.
In the following the initial states are x(0) € S, where
S isany compact set in theinterior of . The observer
initial statesarein X(0) € Q. Q is any compact subset
of R".

Similar to (Atassi and Khalil 1999), for simplicity, we
will write the closed loop as

X(t;€) = fr (T, x(1;€),%,D(e)N;i).

The trajectories of the closed loop output feedback
system will be denoted (x(-;€),n(+;€)), starting from
(x(0),Mm(0)). The closed loop under state feedback is
denoted by X,(t) = fr (t,% (1),%,0) with trajectories
X (+). Theresulting (sampled) open-loop control based
on the observed state, will be denoted u(t;€), and the
control based on the real state will be denoted u, (7).

D(e)ni))
D(e)n(t), D(e)ni)

4.2 Preliminaries

Before we move to the main results we establish
the existence of an invariant region for the observer
for all system states Q(S). Furthermore we show,
that the integrated error between the state feedback
and output feedback can be made sufficiently small
by decreasing € and o if the observer error starts
in a sufficiently small region. This implies, that the
“difference” between the “resulting” value functions
can be made sufficiently small. Let p = 16k2||Po||3,
W(n) =nT"Pym and Py the solution of the Lyapunov
equation PopAg+ Al Po= —I. Furthermore let k; be a

bound for the “observer error” nonlinearity for al
n e R andx € Q(S):

ll9(t,x(t),x, D(e)n(t), D(e)ni)[| < ki
Due to the assumptions made and the fact, that U
is compact we know that such a ky exist. Then the
following can be established:
Lemma4.1l Theset {n|W(n)< pe?} isinvariant for
the observer error if xe Q(SS).

The proof is similarly to (Atassi and Khalil 1999).
Lemma4.2 Consider any £] > 0. Then there exists
an €7 >0 and 87 > 0 such that for all 0 < e<ej and

0<3 <87 for n(t) e {n|W(n) <pe?}, x(t) €S

t+T T
[ FOde),ume)dr— [ F oo (@), u(@)de <TE
t t
holdsfor any T € (0, T*] where T* > § isfinite, such
that x(t +t;€) € R VT e (t,T"].
Lemma4.3 Consider T € (0,T*] where T* > 3§ is
finite, and such that x(t + t;€) € R and x(t + 1) €
R V1€ [t,t+T*), both starting at x(t) € Q(.S5). Then
for every &5 > 0 there exists €5 > 0 and &% > 0 such
that for every 0 < e <e5 and 0 < § < 85 andn(t) €
{nW(n) < pe?},
V(x(t+T;e) =V ({t+T)) < TE.
4.3 Boundedness

Theorem 4.1 Under the Assumptions 1-5, there ex-
istsan €5 >0 such that, for every 0< e <e3, thetrajec-
tories (x(t;€),n(t)), starting at (x(t),n(t)) €S x Q,
are bounded for all T > t.
Proof. Let A = Q(S)x{n € Q | W(n) < pe?}. We
show that for small enough € and 3, the compact set
A is positively invariant, and that tragjectories starting
in S x Q enteritinfinitetime.
Invariance of the set A: Define dQ(.S) asthe boundary
of Q(S). For (x(t),n(t)) € 0Q(S) x {n|W(n) <pe?}
andall T € (0, T*] whereT* > § isfinite, we have that

V(X(t+T;e))—V(x(t))

SV (t+T))=V(x(t))

VXt +T8) =V (% (t+T)))

t+T
— [ FOx (D). u@)de
+V(Xt+T;€)) =V (@t +T))]
t+T

F(x(r' €),u(t;e))dt

t+T
\/ 56))~ F 04 2. U
+V(Xt+T;€)) =V (@t +T))]

(1))t

We note, that since Q(S) C R IT* suchthat VT < T*
X(t+T;e) € R, so we can apply Lemma 4.2 and
Lemma4.3

V(x(t+T;e))=V(x(t))

t+T
- F(x(t;e),u(t;e))dt+ TE + TES

Sincex(t) # 0and T > Oisfinite, we know that
T

F(x(t;¢),

t

u(t;e))dt > Ty



for some k1 > 0. It follows that there exists €] > 0,
€5 > 0 and 67 > 0, such that for 0 < & < min(ej,€5)
and 0 < § < 8, we have —x1 + &; + &5 < 0, and
V(X(t+T;e)) —V(x(t)) < 0. This shows that x(t +
T;e) €Q(S) C R, hencethisholdsfor al T € (0, T*].
If, for sometimet > T*, x(t, €) should reach the border
of Q(S) again, we can reapply the above reasoning.
Further, for (x(t),n(t)) € Q(S)x {n|W(n) = pe?} we
have from Lemma 4.1 that W < 0 if p = 16||Po||3k2.
We concludethat for 0 < e <min(ej,e5) and0 < d <
97, the set A is positively invariant.

Finite time attractivity of A: The same way as in
(Atass and Khalil 1999), consider (x(0),n(0)) € S x
Q. There exists a time Tp such that x(t,e) does
not leave Q(S) on the interval [0, Tg]. Also, the set
{M|W(n) < pe?} isreached by 1 in time T(g) where
T(e) - 0ase — 0, and n(t) is bounded on the time
interval. Choose e, such that for € < €5, T(g) < To.
Then (x(T (¢);€),n(T(g))) € A, and the trajectories
stay bounded, since A is positively invariant. ]

4.4 Semiglobal Practical stability

We show that for any small ball around the originthere
exists a observer gain and a sampling time, such that
trajectories will reach the ball in finite time and that
theball isinvariant.

Theorem 4.2 Let the conditionsof Theorem4.1 hold.
Then, for any £ > 0, there exists €5 >0, 85 >0and Ty
such that for every 0 < e < e3 and 0 < 8 < 83, we have
IX(t;e)] + (o)l < & Vvt > To.

Proof. Given &. As shown in (Atassi and Khalil 1999)
we can find ez < €7 such that for all 0 < € < €3 we
have|n(t;e)|| <&/2, Vt>T(e3). Then, sinceV(x)
is continuous at the origin and V(0) = 0, it follows
that it is possible to find a ¢1 such that{x|V(x) <
c1} C {X||IX|| < &/2}. With the same reasoning as in
Theorem 4.1, we can show that for 0 < e < e3 and
0<6<d3 T

V(x(t+T%e)) -V (x(t)) <— [ F(x(t;€),u(t;e))dt
t
+T'(E1+E5).
Notethat thereexistsax,>0suchthat F(x, u) >« for
X € Q(8) — {xV(x) < c1}, ue U. Assume now that

X(t;e), t <t <t+T'isnotin {xV(x) < c1}. Then,
we have that

V(X(t +T’;g)) —V(X(t)) < _K2T1+TléI+T,E_,E

Choose € and § such that £} + &5 — k2 < 0. If now
T' is large enough (we can choose it as large as
we want, Lemma 4.2 and 4.3 will hold since we
are in the invariant region A), we have that V (x(t +
T;e)) <c; forsomeT < T'. Then, by contradiction,
wemust havex(t+T;e) € {x|V(X) < c1}. By thesame
reasoning as in Theorem 4.1, this set is invariant, and
we can choose T1 = max(T (g3), T’). |

This establishes our main result. The closed loop
system is semiglobal practically stable in the sense,
that for any S C R and any ball around the origin there
exists observer gain and sampling time, such that we
reach the ball from any point in S in finite time and
that the ball is positively invariant.

Further we can show, that the trgjectories of the output
feedback converges, uniformly int, to the trajectories
of the state feedback ase — 0, § — 0:

Theorem 4.3 Given any £>0. Under the conditions
in Theorem 4.1, there exists €} and a & such that
for every 0<e<ej and 0< 3 <9 [[x(t;e) — % (t)]] <
g, vt >0.

Proof. Follows from Theorem 4.2, on the inter-
val [T1,), and the same on the (peaking) interval
[0, T(e)]. On the interval [T(g),T1] it follows from
the continuous dependence of solutions of differential
equations on parameters and initial conditions over
compact time intervals. See (Atassi and Khalil 1999)
for further details. ]

5. EXAMPLE: PENDULUM ON A CART

We examplify the approach considering the control of
an inverted pendulum on a car, as shown in Fig. 5.
The angle of the pendulum is measured and denoted

Zl(t)

m,|

y

u(t)

2 M

77777797777@7777
Fig. 1. Pendulum on acart

in the following by z;. The input to the system is
given by u which acts on the cart’s translation and
is limited to —10 < u(t) < 10. The control objec-
tive is to stabilize the angle z; = 0 (upright position)
while the cart’s position is not limited. The result-
ing model is of second order and fits the consid-
ered system class (Imsland et al. 2001a). As NMPC
control scheme, the so called quasi-infinite horizon
NMPC scheme (Chen and Allgower 1998) is used.
The choice of the terminal region/terminal penalty and
the other controller parameters are given in (Imsland
et al. 2001a). We show the recovery of the region of
attraction and the recovery of performance for afixed
sampling time 8 = 0.05s. Figure 5 shows a part of the
region of attraction for different values of € = 0.03,
0.07 and 0.09 in comparison to the state feedback
case. As can be seen, the region of attraction of the
output-feedback controller convergesto the state feed-
back for decreasing €. This is in correspondence to
the result of Theorem 4.2. Figure 5 shows the closed

9 T

not feasible

not feasible

I
-15 ~1 -0.5

A
Fig. 2. Recovery of region of attraction.

loop pendulum angle z; and the applied input u for an
initial disturbance for ¢ = 0.03, 0.09 in comparison to
the state feedback case. The observer was initialized
with a zero initial estimate of the states. As for the
region of attraction, the performance is recovered for
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Fig. 3. Recovery of the perfbrmance.

decreasing values of epsilon. Notice aso that for the
shown initial conditionsin the state feedback case the
input constraints are not hit, while for the output feed-
back the NMPC controller hits the input constraints.
This is due to the “observer” peaking in the initia
phase. The presented results underpin the stability and
performance properties derived in Section 4.

6. CONCLUSIONS

In recent years significant progress in the area of
nonlinear model predictive control has been made.
With respect to the output feedback case, however no
significant progress has been made so far. The existing
solutions are either of local nature (Scokaert et al.
1997, Magni et al. 1998, Magni et al. 2001) or difficult
to implement (Michalska and Mayne 1995). In this
paper we have shown, that using a high-gain observer
and a“sampled” NMPC controller for aspecia system
class semiglobal practical stability and recovery of
performance for the closed loop can be achieved. The
results are valid for awide class of stabilizing NMPC
schemes. Thus they can be considered as a special
separation principlefor NMPC. However thereremain
a couple of open question and problems. For example
the properness assumption on the value function of
the state feedback controller in the region of attraction
are difficult to check and limits the applicability. Also
the class of systems the approach is applicable to is
limited. Further work will investigate these problems
and try to overcome them as well as consider the
question of asymptotic stability of the closed loop.
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