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Compìegne, France�������

GRASP Laboratory, University of Pennsylvania, 3401
Walnut Street, PA 19104-6228, Philadelphia

Abstract: A model for the dynamics of a four rotor vertical take-off and landing (VTOL)
vehicle known as an X4-flyer is proposed. The model incorporates the airframe and
motor dynamics as well as aerodynamic and gyroscopic effects due to the rotors for
quasi-stationary flight conditions. A novel control strategy is proposed for configuration
stabilization of quasi-stationary flight conditions. The approach taken involves separating
the rigid body (airframe) dynamics from the motor dynamics, developing separate control
Lyapunov functions for the coupled systems and then bounding the perturbation error due
to the interaction to obtain strong practical stability of the complete system.

Keywords: Mobile Robots, Unmanned Aerial Vehicle (UAV), control Lyapunov function.

1. INTRODUCTION

Recent advances in computer and sensing technology,
and the associated reduction in cost of such systems,
have made physical construction of autonomous mo-
bile robotic systems possible at a reasonable price. Au-
tonomous robotic cars and trucks have been under inves-
tigation for some years and, as well as the development
of considerable body knowledge, there now several suc-
cessful commercial systems. More recently, interest is
growing in more complicated systems such as submarine
vehicles (Eglandet al., 1996) and unmanned aerial vehi-
cles (Kooet al., 1998), because of their commercial pos-
sibilities. Fixed-wing unmanned aircraft are being rou-
tinely used for military and meteorological purposes and
have been in service for years. The vehicle considered in
this paper is an autonomous hovering system, capable of
vertical take-off, landing and quasi-stationary (hover and
near hover) flight conditions. In this paper, we propose
a model for the dynamics of a four rotor vertical take-
off and landing (VTOL) vehicle known as an X4-flyer.
The model includes the airframe and motor dynamics

as well as aerodynamic and gyroscopic effects due to
the rotors. The fixed pitch, rigid rotors and four motor
actuation leads to significant differences in the model
proposed to other VTOL systems previously studied in
the literature (Hauseret al., 1992, Kooet al., 1998).
The control design proposed is based on separating the
rigid body (airframe) dynamics from the motor dynam-
ics, developing separate control Lyapunov functions for
the coupled systems and then bounding the perturbation
error due to the interaction to obtain strong practical
stability of the complete system. The control strategy
is novel in two ways. Firstly, the system dynamics are
controlled in two separate dynamic systems correspond-
ing to the rigid body dynamics and the motor dynamics.
The separate system errors are combined into a single
control Lyapunov function via a transient error bounding
argument. This approach avoids the either the necessity
of including a dynamic extension in the controller design
(Koo et al., 1998, Mahonyet al., 1999) or the need
to use approximate linearization, saturated control or
dynamic reduction (high gain) controllers (Frazzoliet
al., 2000, Teel 1996, Sepulchreet al., 1997). The closed
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loop systemis practicallystablefor trajectorytracking
of thecenterof massof theroboticvehicle.Thesecond
novel aspectof the control is the useof a quaternion
representationof the rotationerror in order to obtaina
simple,smoothcontroldesignthatcontainsonly asingle
singularity in error spacecorrespondingto an error of
180 degreesin the rotation.This is a considerablead-
vanceoverearlierwork by theauthorsandcompliments
recentwork by Frazzolietal.(Frazzolietal., 2000).The
approachtaken is basedon earlier work by Eglandet
al.(Egelandetal., 1996).

2. THE X4-FLYER MODEL

TheX4-flyer
�

is a systemconsistingof four individual
electrical fansattachedto a rigid crossframe. It is an
omnidirectional(vertical take-off and landing) VTOL
vehicleideally suitedto stationaryandquasi-stationary
flight conditions.Control of anX4-flyer is achieved by
differentialcontrolof thethrustgeneratedby eachelec-
tric fan. Up down motion is controlledby collectively
increasingor decreasingthe power of all four motors.
Sidewaysmotion is achievedby pitching in thedesired
direction and increasingcollective thrust to overcome
the tendency of the vehicle to side-slip towards the
ground(cf. Figure 1). The rolling motion is achieved
by increasing,for example,the power of the left rotor
and decreasingthat of the right rotor in proportionto
preserve total collective thrust.By the sameprinciple,
differentialcontrolof theforwardandrearrotorsleadsto
controlof thepitchingmotionof thevehicle.The‘yaw’
controlmechanismis moresubtle.Whenarotor turns,it
hasto overcomeair resistance.The reactive force acts
on the rotor in the direction oppositeto the rotation
of the rotor. In the X4-flyer both setsof front-rearand
left-right rotorsturn in oppositedirection(cf. Figure1).
However aslong asall rotorsproducethesametorque,
morepreciselyproducethesamereactive torque,which
is mostlya functionof speedof rotationandrotor blade
pitch, the sum of all air resistancesis zero and there
is no horizontal rotation. If one set of rotors increase
their speed,the inducedtorquewill causethe X4-flyer
to rotatein thedirectionof the inducedtorque.It is im-
portantto notethatbecauseof the“ � ” arrangement,this
operationhasnoeffectontranslationin � or � direction.
The effect on up/down motion canbe compensatedby
reducingthepitchor speedof theotherdiagonalpair.

The following dynamic model of an X4-flyer is pre-
sentedfor the simple casewhere the rotors are fixed
pitch, rigid rotorsandthrustcontrol is obtainedthrough
controlof thetorqueto themotors.Let �	��

�����������������
denotea right-handinertial framesuchthat � � denotes
the vertical directiondownwardsinto the earth.Let the
vector ����������� ��!#" denotethepositionof thecentreof
massof the airframein the frame � relative to a fixed
origin $�%&� . Let '(��

�*)� ���+), ���+)- � bea (right-hand)
bodyfixedframefor theairframe.Theorientationof the
rigid body is given by a rotation .0/�'213� , where.4%&5768�:9;" is anorthogonalrotationmatrix.

<
Theauthorsproposetheterm‘X4-flyer’ asasimple,highly descrip-

tivenamethatwill applyto awide rangeof four rotor flying robots.
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Fig. 1. The four rotors hover systemwith Force and
TorqueControl.

Let = %>� denotethe linear velocity expressedin the
inertial frameand ? %@' denotethe angularvelocity
of the airframeexpressedin the body fixed frame.LetA denotethe massof the rigid object and B %DC -FEG-
denotethe constantinertia matrix aroundthe centreof
mass(expressedin the body fixed frame ' ). Newton’s
equationsof motionyield thefollowing dynamicmodel
for themotionof theairframe:H�I� = (1)A H= � AKJML -+N .PO (2)H.Q�R. sk� ? "S� (3)

B H? ��T ? � BU? N�VXW (4)

Thenotationsk� ? " denotestheskew-symmetricmatrix
suchthatsk� ? " = � ? � = for thevectorcross-product� andany vector = %YC - . Thevector O�%�' combines
theprincipalnon-conservative forcesappliedto theX4-
flyer airframeincludingthrusts(generatedby therotors
cf. Figure1) anddragtermsassociatedwith the rotors
downwashon theairframe.ThetorqueV %I' is derived
from differential thrust associatedwith pairs of rotors
alongwith aerodynamiceffectsandgyroscopiceffects.

Due to the rigid rotor constraintthe dynamicsof each
rotor disk around its axis of rotation can be treated
as a decoupledsystemin the generalizedvariable ZK[
denotingangularvelocity of a rotor aroundits axis.The
torqueexertedby eachelectricalmotor is denoted\F[ .
The motor torqueis opposedby an aerodynamicdrag] [ . Newton’s equationsare

B�^ HZK[ � \F[ T ] [ (5)

where B_^ is the momentof inertia of a rotor aroundits
axis.

Thelift generatedby arotor in freeair maybemodelled
as `

[ /a��TPb Z ,[ L -
where b*c4$ is a proportionalityconstantdependingon
the densityof air, the cubeof the radiusof the rotor
blades,the numberof blades,the chord length of the
blades,the lift constant(linking angleof attackof the
blade airfoil to the lift generated),the drag constant
(associatedwith the airframe)andthe geometryof the



wake
,

. For quasi-stationarymanoeuvresin free,still air
it is a reasonableassumptionthat the scalar bdc($ is
indeedaconstant.

The reactive torque(due to rotor drag)generatedby a
rotor in freeair maybemodelledas] [ /e�Rf Z ,[
Theconstantf dependsonceagain on the factorsmen-
tionedabovefor rotorthrustandparticularlyonthepitch
angleof therotorblades.

Thethrustappliedto theX4-flyer airframeis

g �
h
[ji �

k ` [ k �Rb
h
[ji � Z

,[ (6)

Recallingthe discussionprecedingthe modelEqn’s 1-
4, theaerodynamictorqueinputsappliedto theX4-flyer
structureusingthe combinationof the producedforces
andair resistancesare\ ) �4� \ �) � \

,
) � \

-
) "\ �) �Rl�b Z ,, T Z ,h

\ ,) �Rl�b Z , � T Z ,-
\ -) �Rf Z ,, N Z ,h T Z , � T Z ,-

where l representsthe displacementof the rotorswith
respectto thecentreof massof theX-4 flyer.

The final torque contribution to the X4-flyer dynam-
ics comesfrom gyroscopiceffects.Eachrotor may be
thoughtof asa rigid disk rotatingaroundtheaxis L - in
thebody-fixed-framewith angularvelocity ZK[ . Theaxis
of rotationof therotor is itself moving with theangular
velocity of the airframe. This leads to the following
gyroscopictorquesappliedto theairframe

m ) ��T
h
[ai �

n ^ � ? � L - " ZI[ W
Basedon the above discussionthe following model is
proposed: H�I� = (7)H= � JML - T o

A g . L - (8)H.Q�R. sk� ? "S� (9)

B H? ��T ? � B�? N m ) N \ ) W (10)

B_^ HZI[ � \p[ Tqf Z ,[ W (11)

Thedynamicequationsmaybethoughtof in two parts;
firstly therigid bodydynamicsof theairframeEqn’s 7-
10 with inputs � g � \ �) � \

,
) � \

-
) " andsecondlythe Eq. 11

that links the motor torqueinputs \F[ to the rigid body
forcesandtorquesvia themappingg
\ �)\ ,)\ -)

�
T*brT*bDT*bsT*b$tl�b $ T*l�bl�bu$vTPl�bv$w T w w T w

Z , �Z ,,Z ,-Z ,h
�Rx

Z , �Z ,,Z ,-Z ,h
(12)

It is easily verified that the matrix xy%zC h E h defined
above is full rankfor b_� w �{l|cq$ .

}
For a detaileddiscussionof theaerodynamicmodelof a helicopter

rotor thereaderis referredto any standardtext onhelicoptermodelling
(cf. for example(Prouty1995)).A condenseddiscussionis given in
(Mahony andHamel2001).

3. CONTROL DESIGNMETHODOLOGY

In thissectionabacksteppingcontroldesignis provided
for themodelEqn’s 7-11proposedin theprevioussec-
tion.

Let �p~�����" be the desiredposition trajectory. The dy-
namicsassociatedwith trackingsucha trajectoryfully
determinetwo degreesof freedom(pitchandroll) in the
attitudeof theairframe.Theyaw of theairframemustbe
separatelyassigned.Thereis no ‘correct’ way in which
thisassignmentshouldbemade.In thispaperweusethe
classical‘yaw’, ‘pitch’ and‘roll’ Eulerangles������������"
commonly usedin aerodynamicapplications(Murray
et al., 1994). Although theseanglesare not globally
definedthey provide a suitablelocal representationfor
all quasi-stationarymanoeuvrersundertaken by an X4-
flyer. The yaw angletrajectory is specifieddirectly in
termsof the angle ��~�����" . The relationshipbetweenthe
Euleranglesusedandtherotationmatrix is

-

.Q�
�U�
�U�q�����_���U� T �U���_���U�����
�U� N ��������U�
���������_���_� N �U���U���U�����
��� T �_�����
T ��� �����U� �U���U� W

(13)

Thetrajectorytrackingcontrolproblemconsideredis:

Find a smoothstatic statefeedback � \ � � \ , � \ - � \ h " de-
pendingonly on the measurable states����� H����.*� ? " , the
angularvelocityof each rotor � ZK[ " andarbitrarily many
derivativesof the smoothtrajectory ���F~#�e��"S����~�����"U" such
that the tracking error �e�;����"�T��p~�����"S��� ����"�T���~�����"U" is
asymptoticallystable.

Define �
� /e�X�;�e��"�T��p~�����"�
, /e� ow � � = T H�p~�" N

�
� (14)

where
w � is apositiveconstant.Let 5 � bethefirst storage

functionfor thebacksteppingprocedure.It is chosenfor
thefull lineardynamicsEqn’s 7-8

5 � � o� k
�
� k , N o� k

�
, k , W (15)

Takingthetimederivativeof 5 � andsubstitutingfor Eq.
8 yields

ll�� 5 � ��T w � k
�
� k , N w � k

�
, k , N ow �

���
, ��T o

A g . L - N JML - T���p~�"S�
(16)

Fromthepoint of view of a classicalbacksteppingcon-
trol designthevectorialterm � op� A " g . L - is thevirtual
input to this stageof thebacksteppingdesign.To apply
thisapproachin full generalityit is necessaryto dynam-
ically extendthethrustinput

g
in orderthatthevectorial

virtual control assigned(for Eq. 16) can be cascaded
throughtheattitudedynamics(Mahony et al., 1999and
Frazzoli et al., 2000). In the caseof the X4-flyer, the

�
Thefollowing shorthandnotationfor trigonometricfunctionis used:�_�+���8 �¡_¢_£j¤;¥§¦�¨��*� �©¢«ª�¬�£j¤;¥§¦�­��+���8®«¯_¬�£j¤M¥§°



highly couplednatureof the motor dynamicsthat gen-
erateboth torqueandthrustmeanthat this approachis
not recommended.Alternatively, thevectorialinput can
be split into its magnitude

g
, that is linked directly to

themotortorquesvia Eqn’s 11 and12,andits direction. L - , thatdefinestwo degreesof freedomin theairframe
attitudedynamicsEqn’s9 and10.Assigningthethrust

g
immediatelyandthencontrolling theattitudedynamics
leadsto a designapproachsimilar to thoseproposed
for theVTOL (Teel1996,Sepulchreet al., 1997).Such
control strategiesleadto time scaleseparationbetween
theattitudeandlineardynamicsof theairframedynam-
ics andrequiresignificantcontrol responsein thethrust
input

g
. Onceagain the couplednatureof the motor

dynamicsindicatethatthisapproachis notadvised.The
approachtaken in the presentpaperdiscardsthe con-
ceptof exact linearizationor classicalbacksteppingand
fallsbackonacontrolLyapunov functiondesignfor the
full dynamics.A backsteppingdesignfor therigid-body
dynamicsof the airframe is undertaken, however, we
do not attemptto directly cancelthe effect of the vir-
tual controlerror in therigid-bodydynamicswithin the
backsteppingcontrol designitself. Rather, theseerrors
areleft asperturbationsto therigid-bodydynamics.The
errorsintroducedinto thecontroldesignarelinearin an
error criterion that forms the basisof a secondcontrol
Lyapunov designfor themotordynamicsEq.11.

Applying classicalbacksteppingone would assigna
virtual vectorialcontrolfor � op� A " g . L -
� g . L - "«~±/e� AKJ�L - T A ��F~ N A w � � w � N w , "

�
, � w , cq$

(17)
Here � g . L - "«~ denotesthe desiredvectorialcontrol in-
put. Taking the norm of the right handside of Eq. 17
leadstog ~±� k A�JML - T A ��p~ N A w � � w � N w , "

�
, k W (18)

Thedesiredrotationmatrix .²~
.²~ L - /e� og ~ � g . L - "«~ (19)

is obtainedby solving for �S�M�{�
���|" using Eq. 13 and
subjectto the constraintgiven by the specificationof��~#����" h .

Substitutingfor Eqn’s 18-19oneobtainsH� , �qT w �
�
� T w ,

�
, T o

A w � ��³.qT n " g ~�.²~ L -
T o
A w � ³g . L - (20)

where

³g � g T g ~��(³.Q�R.P.
�
~ %&576±�´9;" W

From the above discussionthe dynamicsof the first
storagefunction 5 � (Eq.16)canbeboundedasll�� 5 �¶µ T w � k

�
� k , T w , k

�
, k , (21)

N k g ~ kA w � k
�
, k�k ³.�T n k N

k ³g kA w � k
�
, k

·
Thisonly oneof anumberof possibilitiesfor fully determininģ¶¹ .

The key point is that ¸¶¹ is fully definedby the vectorial constraint
on ¸¶¹Sº � combinedwith someadditionalconstraintthatfixestheyaw
parameter.

Note that theerror terms
k � , k , k ³g k and

k ³.RT n k
enterbi-

linearly into thelasttwo termsof thisexpression.

The next stageof the control designinvolves control-
ling the attitudedynamicssuchthat the error � ³.@T n "
is minimized.Designingcontrollersto stabilizeattitude
dynamicshasbeenanawkwardproblemin recentpapers
(Koo et al., 1998,Mahony et al., 1999,Frazzoliet al.,
2000). The key problem comesin finding an elegant
methodof representingthe attitudeof the systemthat
doesnot suffer from singularitiesand leadsto a sim-
ple control design.In this paperwe employ a quater-
nion representationof the rotation in order to obtaina
globally definedsmoothstatic control for the attitude
dynamicswith a singlesingularitycorrespondingto an
attitudeerrorof 180degrees.Theattitudedeviation ³. is
parameterizedby a rotation ³» aroundtheunit vector ³w .
UsingRodrigues’formulaonehas(Murrayetal., 1994)

³.Q� n N½¼U¾e¿ � ³» " sk� ³w " N � o T&À�Á ¼ � ³» "U" sk� ³w " ,
Thequaternionsdescribingthedeviation ³. aregivenby
(Egelandetal., 1996):

³Â /a� ¼U¾e¿ ³» � ³w � ³Â�Ã /e��À�Á ¼ ³» �
whicharesubjectto theconstraint:k ³Â k , N ³Â ,Ã � o

(22)

Thedeviationmatrix ³. is thendefinedasfollows:

³.Q�4� ³Â ,Ã T k ³Â k , " n N � ³Â ³Â
�
N � ³Â�Ã sk� ³Â " (23)

Theattitudecontrolobjective is achievedwhen ³.Ä� n
.

It is easyto seefrom Eqn’s 22-23that this is equivalent
to Â ��$ and ³Â�Ã � o

. Indeed,it maybeverifiedthat

k ³.qT n k Å � tr �U��³.�T n "
�
��³.�T n "U"Æ� ��Ç � k ³Â k (24)

Basedonthis resulttheattitudecontrolobjectiveusedis
to drive ³Â to zero.Deriving � Â � Â�Ã " yields(Murrayetal.,
1994,pg.74)H³Â �

o� � ³Â�Ã n N sk� ³Â "�" ³? � H³Â�Ã ��T o� ³Â
�
³? (25)

where ³? definestheerrorangularvelocity

³? �R.²~#� ? T ? ~�" (26)

and ? ~ representsthe desiredangular velocity. It is
definedby in AppendixA.

Thevirtual control ³?ÉÈ is definedto ensurethefollowing
storagefunctiondecreases,

Ê � /e� o� k ³Â k ,
Set ³? È ��T � wpË ³Â�Ã ³Â
With theabove choiceonehasHÊ �¶µ T wFË ³Â ,Ã k ³Â k , N ³Â�Ã wpË ³Â

� Ì N � w � N w , "
k ³g kg ~

k ³Â k
wheretheerrorapproximationfollowsfrom theerrorin-
troducedin thedefinitionof Í in Eq.36andÌ represents
thefinal errorusedin theprocessof backstepping

Ì /e� o� wpËP³? N ³Â�Ã ³Â W (27)



to simplify the control designa control input lineariza-
tion of equationEq.10 is undertaken.DefineÎ /e��T BpÏ � ? � BU? N BFÏ � m ) N BpÏ � \ ~) (28)

where\ ~) is thedesiredtorqueinput.SinceB is full rank
thenthisis certainlyabijectivecontrolinputtransforma-
tion between\ ~) andÎ . With thischoiceEq.10becomesH³? � ³Î N .²~ BpÏ � ³\ � (29)

where

³Î �R.²~�� Î T H? ~�" N .¶~ sk� ? ~#"�.
�
~ ³? �&Ð ¿�Ñ � ³\ � \ ) T \ ~) W

The torqueerror ³\ actsas a perturbationerror in the
control Lyapunov function for the rigid bodydynamics
and will be usedas a basicerror signal for designof
the control Lyapunov function for the motor dynamics.
The ‘error’ input ³Î may be arbitrarily assignedvia its
dependenceon Î .

Set

³Î /a� � wpË wpË ³Â -Ã ³Â T
o� ³Â�Ã sk� ³Â "�³? T wpË ³Â ,Ã Ì N

o� ³Â ³Â
�
?

T � w ,Ë ³Â�Ã ³Â T � wpË#wpÒ ³Â ,Ã Ì (30)

Define 5 , thestoragefunctionfor theattitudedeviation

5 , � o� k ³Â k , N
o� k Ì k , W (31)

Taking the derivative of 5 , , substitutingfor the deriva-
tive of Ì and taking careto identify all termsthat are
dueto theerrorapproximationmadein Eqn’s 36and29
leadstoH5 ,|µ T wpË ³Â ,Ã k ³Â k , T wpÒ ³Â ,Ã k Ì k ,

N � w � N w , "
k ³g kg ~ �

k ³Â�Ã kak ³Ì k N k ³Â k " N
k B Ï � k� wpË k Ì k{k ³\ k

(32)

This completesthe control designfor the attitudedy-
namics.Observe that all the error termsin this expres-
sion are bilinear in the error variables.Moreover, the
final two termsin theexpressiondependon thecontrol
errors

k ³g k and
k ³\ k .

Thecontroldesignfor themotoractuatorsarebasedon
minimizing the control errors

k ³g k and
k ³\ k for the rigid

bodydynamics.To simplify thenotationsetÓ �4� g � \ �) � \
,
) � \

-
) "S�Ó ~±�4� g ~���� \ �) "Ô~���� \
,
) "«~���� \

-
) "«~�"

and ³Ó � Ó T Ó ~ . Furthermore,set Z �Ä� Z � � W�W�W � Z h " ,Z , �v� Z , � � W{W�W � Z ,h " , \pÕ �Ö� \ � � W{W�W � \ h " and B�× �
diag� B_^ � W�W�W � B_^ " . Then Eq. 11 can be written in block
form B�× HZ � \FÕ Tqf Z ,
Notethat ³Ó ��x*� Z , TØx Ï � Ó ~�" . Takingthederivativeof

³Ó it follows thatH³Ó ��x*� � Z
�
� \FÕ Tqf�x Ï � Ó "�T	x Ï � HÓ ~�" W

Set

\pÕ /e�Rf�x Ï � Ó N Z Ï � x Ï � HÓ ~ÉT Z Ï � wpÙ ³Ó � wpÙ cq$��

whereZ Ï � �4� Z Ï �� � WeW � Z Ï �h " . This leadsdirectly toH³Ó ��T wpÙ ³Ó � (33)

andguaranteesthat theerror ³Ó convergesexponentially
to zero.

Theorem3.1. Considerthesystemdynamicsdefinedby
Eqn’s 7-11 along with the control inputs proposedin
the body of the paper. Assumethat thereareconstantsÚ ��bÛc�$ suchthat

k g ~ k c Ú and
k ³Â�Ã k cÜb . Let Ý be an

upperboundondesiredaccelerationk ��p~ k µ Ý
Let

w � � w , betwo positivecontrolgains(cf. Eqn’s14and
17).Setw � w � N w , �²Þ�� ow � wpÒ b , � w , wpË b , w , � T½ß;� J N Ýà" , "
andchoosetheremainingcontrolgainsto satisfy

wpË c ß;� J N Ýá" ,w , � w , b , �wpÒ cq$��
wpÙ c A ,

Þ w , w , � � wpË N w , wpÒ " N½â � J N Ýá" , � ��Ç � w�wpÒ
N wFË#wpÒ T � w , " W

Then,for any initial conditionsuchthattheinitial value
of theLyapunov function

ã �´$�"7�R5 � �:$;" N 5 , �´$;" N o� k ³Ó �´$;" k ,|ä J N Ýw � � w � N w , "
,
�

(34)
theLyapunov functionis boundedfor all time

ã �e��" ä J N Ýw � � w � N w , "
,

and is asymtoticallystable.The trackingerror ���;�e��"XT�F~#�e��"U" is locally exponentiallystable.

Proof3.2. LetL �4� k
�
� k � k

�
, k � k ³Â k � k Ì k � k ³g k � k ³\ k "

�
%�CXå

beavectorof absoluteerrorsof thebacksteppingerrors.
RecallingEqn’s 21, 24, 32 and 33, it may be directly
verified that the derivative of the Lyapunov function

ã
is boundedby Hã µ T L

�
x L

where

x�/e�w � $ $ $ $ $
$ w , T Ç �

k g ~ kA w � $ T o� A w � $
$æT Ç �

k g ~ kA w � wpË ³Â ,Ã $ T w� k g ~ k $
$ $ $ wFç ³Â ,Ã T w

k ³Â�Ã k� k g ~ k T
k B Ï � kâ wpË

$èT o� A w � T w� k g ~ k T w
k ³Â Ã k� k g ~ k wFÙ $

$ $ $ T
k B Ï � kâ wpË $ wpÙ

ThequadraticexpressionT L
�
x L is guaranteednegative

definiteif andonly if thesymmetricmatrix x is positive



definite.This is true if andonly if the principal minors
of x arepositive.

The first two principal minorsarepositive definitedue
to thechoiceof

w � � w , cé$ . Thethird principalminor is
positive if wFË c � k g ~ k ,A , w , � w , k ³Â�Ã k , W
RecallingEq.18andapplyingtheboundsin thetheorem
statementonehasg ~ µ A � J N Ýà" N A w � � w � N w , " k

�
, k

UsingtheboundEq.34, it follows thatk g ~ k ä � A � J N Ýà" W
In additionapplyingthe bound

k ³Â�Ã k cÜb it follows that
choosing

wpË
superiorto theboundgiven in thetheorem

statementensuresthat the third minor of x is positive
definite. Once this choice is madeit is clear that the
fourthminor is alsopositive definitefor

wpç cq$ .

The final two minorsareof interestsincethey involve
theinteractiontermsassociatedwith theapproximations
made in the virtual control inputs during the control
design.Thus,unlike thecasefor classicalbackstepping
designs,thedynamicsof ³g and ³\ interactwith all stages
of the error dynamics.However, sincethe control gainwpÙ

used at this stage is independentof any further
calculationsit may be chosenarbitrarily and indeed
may even be chosentime varying to avoid robustness
problemsin the asymptoticlimit of the control design.
A more completediscussionof the potential of the
proposedcontrol design is beyond the scopeof this
paper. Straightforward but tedious calculationsshow
that choosing

wpÙ
superior to the bound given in the

theoremstatementensuresthe the final two minors ofx arepositive definite.The proof follows by applying
Lyapunov’s directmethod.

Remark3.3. The theoremstatementincludessimplify-
ing bounds

k g ~ k c Ú and
k ³Â�Ã k cêb aswell asa boundk ��F~ k µ Ý . In practice,this coversall situationsin which

onewishesto apply thecontroldesign.It is theauthors
opinionthatthesetheoreticalboundscanbesignificantly
relaxed,however, suchan analysisis beyond the scope
of thepresentpaper.

APPENDIXA

Considerthekinematicsof thedesiredattitude .²~H.¶~±�R.²~ sk� ? ~�" (35)

FromEqn’s 3 and35, it followsH³.@�ë³. sk�
³? "
Deriving theexpressionof .¶~ L - (Eq.19)oneobtains

sk� ? ~#" L - ��.
�
~ Í&� (36)

Where Í is definedas known part of ~~�ì �S.²~ L - " . The
derivative is not exactly known dueto theerror term ³g
in Eq.20.Direct calculationleadsto theerrorbound

k ÍíT ll�� �S.²~ L - "
k µ � w � N w , "

k ³g kk g ~ k W

Recallingthatsk� ? ~�" L - ��T sk� L - " ? ~ onehas

? �~ /a��T L
�
, .²~_Í&� ? , ~ � L � � .¶~�Í W (37)

This processdeterminesthe first two componentsof
the desiredangularvelocity ? ~ . To determine? - ~ it is
necessaryto recall the kinematicrelationshipbetween
theEuleranglesandtheangularvelocityof a rigid body
(cf. for example(Murrayetal., 1994)).OnehasH��~H��~H��~ � o

�U�
$ � � � �
$ �U�
�U� T �U�
�_����Ø�_�
���î���
�U� ? ~ W

Solvingfor ? - ~ in termsof
H��~ usingthefirst row of this

equationleadsto

? - ~ � �U��U� H��~ÉT�� � ? , ~
where? , ~ is givenby Eq.37.

REFERENCES

Egeland,O.,M. DalsmoandO.J.Sordalen(1996).Feed-
backcontrolof anonholonomicunderwatervehicle
with constantdesiredconfiguration.International
Journalof RoboticsResearch Vol 15, 24–35.

Frazzoli, E., M.A. Dahleh and E. Feron (2000). Tra-
jectorytrackingcontroldesignfor autonomoushe-
licoptersusing a backsteppingalgorithm. In: The
AmericanControl Conference. Illinois, USA.

Hauser, J., S. Sastryand G. Meyer (1992). Nonlinear
controldesignfor slightly non-minimumphasesys-
tems: Applications to v/stol aircraft. Automatica
Vol. 28, No 4, 665–679.

Koo, T.J.,F. Hoffmann,H. Shim andS. Sastry(1998).
Controldesignandimplementationof autonomous
helicopter. In: The 37th Conferenceon Decision
andControl. Florida,USA.

Mahony, R. and T. Hamel (2001). Adaptive compen-
sation of aerodynamiceffects during takeoff and
landingmanoeuvresfor a scalemodelautonomous
helicopter. EuropeanJournal of Control (EJC)Vol
7,no 1, 43–58.

Mahony, R., T. HamelandA. Dzul (1999).Hover con-
trol via approximatelyapunov control for a model
helicopter. In: The Conference on Decision and
Control. Phoenix,Arizona,USA. pp.533–534.

Murray, R.M., Z. Li and S.S.Sastry(1994). A Math-
ematical introduction to Robotic Manipulation.
CRCPress.

Prouty, R.W. (1995).HelicopterPerformence, Stability
and Control. Krieger PublishingCompany, reprint
with addition,originaledition(1986).USA.

Sepulchre,R., M. Janković, and P. Kokotović (1997).
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