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Abstract: A modified predictor-corrector algorithm is presented. This algorithm
obtains a pre-specified point on the primal-dual central-path. It is shown to be
suitable for a recently proposed class of receding horizon control laws which include
a recentred barrier in the cost function. The significance of these controllers is that
hard constraints are replaced by penalty type soft constraints, which has the effect of
backing-off the control action near the constraint boundary. The class of controllers
is parameterised by a positive scalar with an associated unconstrained minimisation
problem. The solution to this problem for a fixed parameter value is given by the
corresponding point on the primal-dual central-path.
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1. INTRODUCTION

Model predictive control (MPC) requires the so-
lution of an optimisation problem at each time
interval. This determines a sequence of control
moves that steer the system state to some de-
sired set-point. An MPC strategy is often chosen
for its constraint handling capabilities. Recently,
interior-point methods have been proposed for
solving the associated constrained optimisation
problem (Rao et al., 1998; Wright, 1997; Hansson,
2000).

Wills and Heath (2002) have proposed a class
of receding horizon control laws which are based
on quite traditional interior-point methods. In
particular a recentred barrier function is used to
regulate points to lie inside the constraint set.
The significance of these controllers is that hard
constraints are replaced by penalty type soft con-
straints using a recentred barrier function. This
has the effect of backing-off the control action near
the constraint boundary. The extent to which this
backing-off occurs is determined by a weighting
parameter 7). For each value of 7 there is an associ-
ated convex unconstrained minimisation problem;

the basic approach is to fix 7, to say n,, and solve
the corresponding problem at each time step.

In the case where 7, is sufficiently large the op-
timisation problem may be solved using simple
Newton iterations. However, when 7, is chosen
to be small, this approach may have poor nu-
merical properties. This phenomenon is common
to barrier methods for small values of weighting
parameter where the Hessian matrix becomes ill-

conditioned (Wright, 1992).

In this paper we present a predictor-corrector
algorithm that is suitable for any choice of pa-
rameter value. The algorithm terminates when
the iterates become sufficiently close to a pre-
specified point on the primal-dual central-path.
It is intended for (but not restricted to) the above
mentioned class of receding horizon controllers.

The paper structure is as follows. In section 2
we provide some notation and definitions relevant
to the above mentioned class of controllers. In
section 3 we provide a brief overview of stan-
dard conic quadratic form. In order to take ad-
vantage of primal-dual interior-point methods, we



reformulate the ‘limiting case’ minimisation prob-
lem into conic form (Nesterov and Nemirovskii,
1994). We consider the plant to be represented by
a linear time-invariant discrete-time state-space
model with both linear and convex quadratic con-
straints. Furthermore, we make the usual assump-
tion that the finite receding horizon cost function
can be expressed as a convex quadratic function of
future inputs for a given system state. In this case,
we may represent the ‘limiting case’ optimisation
problem in standard conic quadratic form. In sec-
tion 4 we provide an algorithm which is primarily
based on §7 of (Nesterov and Todd, 1998). In
particular, we are interested in stopping at the
point on the primal-dual central-path which cor-
responds to the parameter value 7,. The resulting
point may then be used to obtain a solution to
the original minimisation problem. In section 5
we confirm that the solution obtained in section 4
indeed corresponds to the original problem posed
by Wills and Heath (2002). In section 6 we provide
a simple example simulation to help illustrate
these ideas. Section 7 concludes the paper.

2. RECENTRED BARRIER MPC

When designing a receding horizon controller, it
is customary to represent physical and imposed
constraints as a closed convex subset of a finite
dimensional real vector space (Mayne et al., 2000).
We may regulate points to lie inside this feasible
domain by including a barrier function with a fized
weighting parameter n, > 0 (see e.g. Fiacco and
McCormick, 1968). In this section we provide a
summary of relevant definitions and notation for
this approach.

For a finite dimensional real vector space Z = R",
let G denote the constraint set defined as,

G={z€Z: fi(z)<0fori=1,...,M}, (1)

where z typically represents a stacked vector of
future input signals and each f;(z) is a convex
quadratic function, i.e. f;(z) may be expressed
as fi(z) = 2TA;z + bl'z + ¢; with A; positive
semi-definite and symmetric for ¢ = 1,..., M.
Furthermore, let GV denote the interior of G. It
is assumed throughout this paper that G° # 0,
and G is bounded. Let L(z) be the standard
logarithmic barrier function,

M
: 0
L(z) = —i:len(—fi(z)) ifzedG @)

00 otherwise.

For a point zg € GY let L.,(2) denote the
recentred barrier function defined as,

Mo
L., (z)=L(z)+ bZsz, b,, = vafi(zd)~
- 3)

The class of receding horizon optimisation prob-
lems may be expressed as,

(RHy):  min {fo(z) +0L:y(2)},  (4)

where fo(2) = 2T Agz + bl'2 + & represents the
receding horizon cost function and n € (0, c0).
The approach is to fix the value of 7, to say
n = 1np, > 0, and solve the corresponding un-
constrained minimisation problem (RH,,). The
associated receding horizon control law is then
constructed in the standard manner by selecting
the first control move. This process is repeated at
each time interval.

By construction, the minimum of the recentred
barrier occurs at zg € GY. This is an essential
characteristic for the class of receding horizon
controllers which are constructed from (RH,). It
means precisely that if the closed-loop system is
stable and z, is the desired steady-state set-point,
then the system will indeed converge to zg4. This
property is not guaranteed with a more general
barrier (for example the logarithmic barrier) -
even with integral action.

For a fixed weighting parameter n = 1, > 0 and
a point zg € GV, we find it convenient to express
(RH,,) as an instance of the following class of
optimisation problems,

(RC,): miy {fo2) +uL(2)}  (5)

where p € (0,00) and fo(z) is given by fo(z) =
ZTAoz + b,(Z;Z + ¢o, with bo = bo + 'f]pbzd, AO = AO
and ¢y = ¢&. Clearly, (RC,) and (RH,,) are
equivalent when p = 1,.

It is well known that in the limit as © — 0, the
solution to (RC\,) tends to the solution of the fol-
lowing problem (see e.g. Fiacco and McCormick,
1968),

(C): min fo(z) st.z€ G (6)

In the sequel we may refer to (C) as the ‘limiting-
case’ optimisation problem.

3. CONIC FORM

In order to take advantage of recent developments
in interior-point machinery, it is first necessary
to translate (C) into standard conic quadratic
form. Nesterov and Nemirovskii (1994) defined the
primal conic form as,

(P): min {c,z)

where K is a pointed convex cone with non-empty
interior. In particular, for the case of a single
convex quadratic constraint, the cone is given by
the n-dimensional second order cone defined as

st. Ax=b, x e K (7)

Kpy={z €R": |lzan|3 < =i}, (8)
where ., refers to the (n — 1) vector whose i’th
element is x;11 for i =1,...,n — 1. Moreover, for

the case of a single linear inequality constraint,
the cone is given by the non-negative half-axis
denoted R;. In what follows we will consider a
combination of K2 and R, to construct K.

The following, which is broadly based on §6.2 of



(Nesterov and Nemirovskii, 1994), demonstrates
how to convert (C) into standard conic form. Let
V = R and let v = [t,27]7 € V. It is well
known that the solution set of (C) coincides with
the solution set of the following problem,

(CT) : s.t. v € Gy 9)
where Gy == {v € V : gi(v) <0, fori =
0,...,M} and go(v) = fo(z) —t and g;(v) = fi(2)
for i = 1,..., M. Note that each g;(v) may be
expressed as g;(v) = vT A;v + EZTU + ¢;, where A;
and b; are augmented versions of A; and b; that
cater for the extra variable t.

min ¢

In order to express (CT) in standard conic form,
it is first necessary to construct an affine mapping
for each constraint; such a mapping will be de-
noted by B;. Without loss of generality, we assume
that the first p constraints are convex quadratic
and the remaining ¢ constraints are linear. Using
an appropriate decomposition, let A; = DI D;,
where D; is an r; x (n + 1) matrix and r; is the
rank of A;. Note that since A; is non-negative
definite and symmetric, such a decomposition al-
ways exists. For the first p constraints, we have
the following relation,

gi(v) <0< B;(v) € KTQHLQ, (10)
where the affine mapping B;(v) is given by,
Bi:V — RTH_?,BZ'(U) = Bv+d; (11)

with
_6? 1— C;
B;:= |2D;| andd;:=| © (12)
BZT 1+4c¢;

This relationship may be demonstrated as follows.
From the definition of K72 ,, and B;(v) we have

that B;(v) € K7 ,, if and only if,

4T DI D) + (1 4+ bFv +¢:)* < (1 = bFv — ).
(13)
Since
(140 v+e)? —(1—blv—c;)? = 4bT v+-4c;, (14)
then (13) becomes
vT A+ bTv +¢; < 0. (15)

For the g remaining linear constraints, we can
define the corresponding B;(v) as follows,

Bi:V =R, Bi(v) = —blv—c¢ (16)
Clearly in this case, g;(v) <0< B;(v) € Ry. Let
r; = —1 for the case of linear constraints.

Let K; denote the i’th cone for i =0,..., M. We
may define the cone K and vector space X as

M M
K = HKi and X := HR““. (17)
i=0 i=0
Furthermore, with a slight abuse of notation we
can define the mapping B(v) as
B:V — X, Blv)=[BtWw),...,B)]". (18)

Let r = Zij\io(ri + 2). We may write B(v) in a
more convenient form as B(v) = Bv + d, where

B is the r x (n 4+ 1) matrix formed by stacking
the M + 1 matrices B; (where B; = —biT in the
linear case), and d is the vector formed by stacking
the M + 1 vectors d; (where d; = —¢; in the linear
case). Therefore, v € Gy if and only if Bv+d € K.

Since B is an affine mapping, we may represent
the image of B as an affine hyperplane in X. We
make the usual assumption that B has full row-
rank. For the case where Ay is positive definite and
symmetric (this is common to receding-horizon
control), we construct the affine hyperplane as
follows: form the Cholesky factorisation of Ay,
ie. let Ag = CLCy, where Cy is an upper tri-
angular matrix. Let Cy := [0 Cp] be the matrix
constructed by augmenting a vector of zeros with
Cy. Tt follows from the definition of gg(v) that
Ay = CECy and by = [—1,b%]T. We may partition
B as follows,

_BOT

[0l ] s | B

o< o-[8)5-[ ] o
By

Note that U is a full-rank upper triangular matrix.
Let A be the matrix given by A = [BU~! — ]
and let b = Ad. Then zx lies in the image of B
if and only if Ax = b, which is exactly the form
required in (P). It remains to find ¢ such that
(¢, ) = t, in which case (CT) would be equivalent
to (P). Form the QR factorisation of B, i.e. let
B = QR where Q is an r x (n + 1) matrix with
orthonormal columns and R is an (n+1) x (n+1)
upper triangular matrix. Then ¢ may be given by
c:=QR™'¢, where ¢ = [1,0,...,0]7.

4. ALGORITHM

In this section we present a primal-dual algorithm
which terminates when the iterates become suffi-
ciently close to a pre-specified point on the cen-
tral path of (P). In particular, we are interested
in the point that corresponds to the parameter
value 77,. In this case, we may use the solution
generated by the algorithm to obtain a solution
to (RH,) for the chosen parameter value 7,. The
algorithm is based on a primal-dual predictor-
corrector method for self-scaled cones introduced
by Nesterov and Todd (1998).

We define the dual optimisation problem in the
standard manner as,

(D) : max (byy) st. ATy+s=c, s € K* (20)
y

where Y = R"~"*+! and K* is the cone dual to K,
which in this paper is K itself. We may define the
combined primal-dual minimisation problem as,

(PD): min {{ca)— (by)}  (21)
st Az =10
ATy+s=c
re K, se K*



We may define a barrier for the cone K as follows:
let z(i) € R"*2 denote the i’th ‘block vector’ of
z€ X fori=0,...,M. Then F(x) is given by,

p—1 M
=— Z In (z - Z In(z(7))
i=0 i—p

(22)
where Q; := diag(1,—1,...,—1). Let F,(s) denote
the dual barrier defined as,

F.(s) = F(s) +pln(4) —v (23)

where v = 2p + ¢. For feasible (z,s,y) we have
that (s,x) = (¢, z) — (b,y). Then we may define a
perturbed problem for (PD) as,

(PD,): min {2)(5,33) + F(x) + F*(s)} (24)
st Av =0, ATy+s=c

Let (x(p), s(p), y(p)) denote the solution to (PD,).
Then the collection of points {(z(p), s(p),y(p)) :
p € (0,00)} defines the primal-dual central path
for (P D). Furthermore, for any p > 0, the follow-
ing relation holds (Nesterov and Todd, 1998),

s(p) = —p F'(2(p))- (25)

To measure the ‘closeness’ of a primal-dual pair
(z,8,y) to a point on the central-path, we use the
functional proximity measure defined in (Nesterov
and Todd, 1998), where the particular point on
the central-path corresponds to the parameter
value given by p(z,s) := 1 (s, z).

For the case of linear and convex quadratic con-
straints, the functional proximity measure may be
expressed as,

F(z)+ F(s) +vin(p(x,s)) + pln((4))

26
We have by definition that K is a self-scaled cone
(Nesterov and Todd, 1994), and F(z) is a self-
scaled barrier for K. A remarkable property as-
sociated with self-scaled barriers is the existence
of a unique scaling point w € int K (where int K
refers to the interior of K) such that F"(w)z = s
for x € int K and s € int K*. For the case of
linear and convex quadratic constraints, the point
w may be easily computed, e.g. see (Andersen
et al., 2000).

vr(x,8) =

Solving the following set of linear equations is
integral to many feasible-start interior-point al-
gorithms,

F"(w)d, + ds = (s+EF (o)
Ad, =0 (27)
ds + Ady =0
where ¢ and ¢ are variables that change according

to the particular algorithm (and possibly at dif-
ferent stages in the algorithm).

Let F(B) denote the set of all strictly feasible
primal-dual points (z, s, y) such that vr(x,s) < 8
(see figure 1), compute the following:

Algorithm: Choose ¢ > 0, e > 0, A > 0
and 3 such that 0 < 8 < 1 — In2. Given a
positive weighting parameter 7, and a strictly
feasible initial primal-dual pair (zg,so,yo) such
that v (2o, 80) < B, we have the following,

While |p,JCr —np| > €1 and (Tpt1, Skt1,Ykt1) €
F(e2) then iterate the following:

(1) Let pr = p(xk, sk) and ex = pr — 1.
(a) If e > €; then obtain (dg,,ds,,dy,) by
solvmg (27) with ( =1 and £ = 0. Let
O(k =1- 7
(b) If e, < —e1 then obtain (dg, ,ds, ,dy, ) by
solving (27) with ( = —1 and £ = 0. Let
o =1+ Z—z
(2) Form the ‘predictor’ point,

(o) = z), — ady,,

L) = s, — ads,,

() =y — ady, .

If (zf(a}),si (o), yf (o)) is strictly fea-

sible and yp(zf (af),sf(af) < B+ A

then let ap = o«f and proceed to step

(3). Otherwise, find oy € (0, ;) such that

(z;} (o), si (an), y; (ag)) is strictly feasible
and vp () (ar), s (o)) = B+ A,

(3) Compute the new point (xgy1, Spt+1, Yk+1) Dy
using the Newton method defined in §5.2
of Nesterov and Todd (1998) starting from
(z;} (o), si (), y; (). Note that the cen-
tring direction can be found by solving (27)
with ¢ = 1 and & = p}, where p =

p(‘rz(ak)as;(ak)) If \Pz - np‘ > ¢ then

terminate as soon as a point in F(43) is found.
Otherwise, terminate as soon as a point in
F(e2) is found.

end.

For the case of e, > ¢; (Zone 2 in figure 1), then
the above algorithm takes predictor-corrector
steps in the usual fashion until the iterates be-
come sufficiently close to the desired point on the
central-path.

Zone 2

Central-path

Zone 1

)

" Level'set

_—z

Fig. 1. This figure shows a conceptual view of the central
path. Zone 1 and 2 represent the regions where py —
np < —€1 and py, — Np > €1 respectively. The dashed
line passing through the central path represents the
level set where (s,x) = vnp. Furthermore, the dot-
dashed lines running along-side the central-path rep-
resent the neighbourhood such that yp(z,s) < 3.



The mechanism for ensuring that p(zri1,Sk+1)
does not go beyond n, comes from the identity
(see §5.1 of Nesterov and Todd, 1998),

(s§ (@), 2 () = (1 — a) sk, wp)- (28)

Since we are trying to find (Zxt1, Sk+1,Yk+1) Such
that p(Tg41, Sk+1) = 7p, then we may set the right
hand side of (28) to vn, and solve for a (this is
equivalent to «; from step (1a)).

In the event that an initial point has eg < —e¢;
(Zone 1 in figure 1), then the algorithm takes neg-
ative predictor steps and normal corrector steps
until the iterates become sufficiently close to the
desired point on the central-path. In this case the
first equation of (27) becomes,

F”(wk)dmk + dsk = —Skg, (29)

and since s = [F”(w)]"'x then the following
relation holds,

<57€’ dwk> + <d5k7x]€> = _<57€v xk>v (30)

and therefore, (s (a),z{(a)) = (1 + a)(sk, xk)
(since (ds, , dz,) = 0). Moreover, for aj defined in
step (1b) we have that p(zi1, Sk+1) = Mp-

In both cases, we are trying to find a primal-dual
pair such that |p(zg+1, Sk+1) —Mp| < €1. Once this
is achieved, the algorithm enters a final corrector
stage to ensure the resulting pair is close to the
central-path (as determined by e3).

To initialise the algorithm we propose the fol-
lowing approach: obtain a strictly feasible primal
point (this is usually a trivial task for receding
horizon control since the constraints are com-
monly related to physical phenomenon). Use the
initialisation method described in §9 of (Nesterov
and Todd, 1994) with a fixed weighting parameter
7 > 0, where 7 should be chosen large enough
that convergence is rapid. At each iteration of
the method, construct s via the following projec-
tion: let y = [AA*]71A(c + 7F'(x)) and then let
s = ¢ — A*y. We have from equation (25) that
s — —71F'(z) as x — x(7), and therefore a strictly
feasible primal-dual pair may be obtained in this
manner.

Remark 4.1. In the case where constraints are of
a static nature, i.e. do not change with time, then
it suffices to compute, off-line, a point close to
the analytic centre of G and use primal steps
and the above projection to find a strictly feasible
primal-dual pair. This is the approach taken for
the simulations presented in section 6.

Remark 4.2. When implementing an interior-point
algorithm for receding-horizon control, care should
be taken to exploit any matrix sparseness and
problem structure. For the algorithm presented
above, it is necessary to reformulate the prob-
lem into conic quadratic form at each time step.
For the case of a linear plant model and convex
quadratic objective function, it is often the case
that only by changes between time intervals. In
this case, we may update the QR factorisation of

B via a single Givens rotation, and therefore c
may be obtained ‘cheaply’ (as long as we store
@ and R). Furthermore, A can also be obtained
‘cheaply’ by updating the first row of U~! (which
corresponds to by) via forward substitution.

5. CENTRAL PATH EQUIVALENCE

In this section we demonstrate that the solution
to (RH,), for some fixed parameter n = n, > 0,
coincides with the point on the central path of (P)
(and therefore (PD)) corresponding to the same
parameter value 7,.

Let (CT,) denote a perturbed problem for (CT')
given by,

(CTo): min {t+oH(v)} (31)

where H(v) is the standard logarithmic barrier for
the constraint set G;. Let v(o) denote the solution
to (CT); then the set of points {v(o) : o € (0,00)
defines the central path for (CT). First, we show
that the solutions to (RC),) and (CT,) coincide
when o = p (independent of the last variable ).
The optimality condition for (RC,) with z € G°
can be expressed as

1
—fi(2)

Similarly, the optimality condition for (CT,) with
veEGY is

M
Vio(z) + 1Y Viz)=0  (32)
=1

m + ai %vng) 0 (33)

Using the definition of v and g;(.), we may express
(33) as

M
1
o' Volz) + o Vfi(2)
; —fi(2) —0 (34)
—o' -1
where ¢’ = —fo0y- From the last equation of (34)

we have that ¢ — fy(2) = o, and therefore (33)
is equivalent to (32) when o = pu (independent
of the last variable t). Furthermore, in the case
where o = 7, the solutions to (RH,, ) and (CT,,,)
coincide (independent of the last variable ¢).

It remains to verify that v(n,) coincides with the
point on the central path of (P) corresponding to
the same parameter value 7,. Let (P,) denote a
perturbed problem for (P) defined as,

(Py) : i%l;{l {{c,x) +yF(x)} s.t. Az =0b (35)

Let z(y) denote the solution to (P,); then the set
of points {x(y) : v € (0,00)} defines the primal
central path for (P). Indeed, from the definitions
of v, gi(v), B(v), H(v) and F(x) we have that
x(1p) = B(v(1p)).



6. SIMULATION

In this section we provide a simple example that
simultaneously illustrates the effect of different
choices of weighting parameter 7, and verifies the
algorithm in section 4. We are using the recen-
tred barrier function receding horizon controller
as defined in (Wills and Heath, 2002), and the
algorithm described in section 4 to solve the asso-
ciated optimisation problem at each time interval.
The plant model is given by,

—-0.3 —0.8 1
Tk41 = [ 0.5 0 ] Ty + |:0:| Uk, Yk = [05 0](Ek

(36)

The input signal is constrained to lie within simple
bounds given by —1 < uy < 0.4. For a prediction
horizon of N = 10, we applied a step-disturbance
to the system and the results are illustrated in
figures 2 and 3. Note that the results here are
equivalent to those found in (Wills and Heath,
2002) where Newton steps are used.

Comparison of different values of weighting parameter np

Output

. . . . . .
0 20 40 60 80 100 120 140 160 180 200
Time (samples)

Fig. 2. Comparison of output signals for different values
of np-

Comparison of different values of weighting parameter n,

-1 C L L L L 1 L L L
0 20 40 60 80 100 120 140 160 180 200
Time (samples)

Fig. 3. Comparison of input signals for different values
of np. For mp small, the input signal may travel
very close to the constraint boundary. But as np in-
creases, the control system penalises points near the
constraint boundary more heavily, hence the cautious
control trajectory observed for large values of np.

7. CONCLUSION

We have presented a modified primal-dual predictor-
corrector algorithm for the case of convex quadratic
cost with linear and convex quadratic constraints.
The objective of this algorithm is to find a point
sufficiently close to a particular point on the
primal-dual central path. The point of interest
corresponds to the fixed weighting parameter 7, >
0 which characterises the receding horizon con-
troller instance. In the case where only linear
constraints are present, then a similarly modi-
fied predictor-corrector method for mized linear
complementarity problems may be more appro-
priate. Furthermore, the above algorithm can be
extended naturally to include the cone of positive
semi-definite matrices.
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