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Abstract: This paper considers position and attitude control of large space structures
composed of a number of subsystems which are interconnected by springs and
dampers. It is assumed that sensors and actuators are collocated. A decentralized
simple dynamic displacement feedback, proposed by Fujisaki, Ikeda, and Miki, is
transformed to a controller whose input contains the control input and the measured
output of the space structure. The objective of this paper is to present a condition
under which the controller is optimal for a quadratic cost function.
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1. INTRODUCTION

This paper considers position and attitude control
of large space structures composed of a number
of subsystems which are interconnected flexibly
by springs and dampers. Flexible interconnection
of subsystems is realistic when we deal with very
large space structures such as solar power satel-
lites (Mankins, 1997). For interconnected large
space structures, it is reasonable to apply de-
centralized control compatible with subsystems,
which allows us to expand a large space structure
by connecting a new subsystem, or remove a failed
subsystem from the structure without any change
of the control law. In this paper, we consider op-
timality of the decentralized simple dynamic dis-
placement feedback proposed by Fujisaki, Ikeda,
and Miki (2001) under the assumption of sen-
sors/actuators collocation.

The simple dynamic displacement feedback (SDDF
B) (Fujisaki et al., 2001) is an extension of
the direct velocity and displacement feedback
(DVDFB) (Ikeda, Koujitani, and Kida, 1993)
which robustly stabilizes uncertain space struc-
tures with collocated sensors and actuators if the
rigid modes are controllable and observable. To
apply DVDFB, we do not need to know any

parameter values of the structure. The SDDFB
retains this desirable property for large space
structures.

The objective of this paper is to present a condi-
tion under which optimality of the decentralized
SDDFB is achieved for a quadratic cost function.
We expect desirable response characteristics of the
overall control system by such optimality. How-
ever, it is not possible for mechanical systems such
as space structures to be optimally controlled by
proper dynamic displacement feedback, because
the relative degree of mechanical systems is 2,
while the relative degree of the loop transfer func-
tion of an optimal control system is 1. Therefore,
we propose a transformation of the SDDFB to
a controller whose input contains not only the
measured output, but also the control input of the
space structure to be controlled as in the cases
of observer-based and Kalman-filter-based con-
trollers. Then, it is shown that the overall closed-
loop system is optimized by tuning the controller
parameters properly.

The organization of this paper is as follows. In
Section 2, we describe subsystems of the large
space structure and present a transformation of
the local SDDFB. In Section 3, we connect the



subsystems by springs and dampers and form the
decentralized SDDFB. In Section 4, we derive a
condition for optimality of the control system. An
example is presented in Section 5, which suggests
how to choose parameters in local controllers to
achieve the overall optimality.

2. SDDFB CONTROL OF SUBSYSTEMS

In this section, we present subsystems with col-
located sensors and actuators and the stabiliz-
ing SDDFB control law. The subsystems are de-
scribed by

M;G; + Dig; + K;q; = Liu;, y; = LT g
i=1,2,....0 (1)

where ¢; € R™, u; € R™, and y; € R" are the
displacement, control input, and measured output
of the i-th subsystem, respectively. The mass
matrix M; is positive definite, and the damping
and stiffness matrices D;, K; are positive semi-
definite. The existence of rigid modes implies

rank [Di Kz] =rank D; = rank K; < n;. (2)

The matrix L; is defined by the locations and
directions of actuators, and the matrix LT ex-
presses the locations and directions of sensors.
This transposition relation is implied by the sen-
sors/actuators collocation. We assume that

rank [Di Li] =n;, rank [Kz Li] =mn; (3)

hold, which means that the rigid modes of each
subsystem are controllable and observable.

To stabilize the subsystem, we consider a local
SDDFB controller (Fujisaki et al., 2001)

(i = —iViGi + BiviUsyi
w; = BiviUL G
— (U V72U + B UV Us) i (4)

where (; € R™ is the state of the controller, V;
is a positive definite matrix, U; is a nonsingular
matrix, and «;, §;,7; are positive constants. The
transfer function of (4) is written as

ui(s) = ULV, 2Uy(s) — ULV, 20,
-1
1
- { <—> sUZWVTU + I, } syi(s) (5)

i

where the second term works as a differentiator
in the low frequency range. The parameter ~;
determines the bandwidth of differentiation and
a?, 32 respectively play as the gains of the pro-
portional part and the pseudo-differential part of
the controller.

In the time domain, the term { (%) sUV U,
+1,, }_1 sy;(s) means the estimated value g, of

the velocity 9;, and the SDDFB controller (4) can
be wriiten as

up = —aiWyy; — BIW;y, (6)

where W; = UV, 2U;. Therefore, the SDDFB
controller (4) is the approximation of the DVDFB
controller

u; = —a2Wiy; — B2 Wiy (7)

which can be applied in the case that the velocity
of the subsystem is measurable as well as the
displacement.

The closed-loop system obtained by applying the
local controller (4) to the subsystem (1) is stable,
and its stability is robust against the uncertainty
in M;, D;, K; of the structure (Fujisaki et al.,
2001). However, the closed-loop system cannot be
optimal for any quadratic cost function, because
the relative degree of its loop transfer function is
2. As well known, for a closed-loop system to be
optimal, the relative degree of the loop transfer
function has to be 1.

Now, we note that for optimal control, we gen-
erally use a Kalman filter or an observer to esti-
mate the state, and apply state feedback control
law. Such a Kalman-filter-based or observer-based
controller’s inputs are the measured output and
control input of the system to be controlled. The
controller can optimize systems of the relative
degree 2 or even more. Seeing this fact, we use

—%:ViGi + BiviUsyi
= =B, VU T B U G
— (U V72U + B2 U VUL i}
—a; BV Uiy
= a3V Uy — B ViU

to transform the controller (4) equivalently to

Gi=—ai B,V Wiy — B ViU T
wi = B UG
— (U V72U + iU VU ) s (8)
whose inputs are the measured output y and
control input u; of the subsystem (1), where U;*

denotes (UT)~!. In this paper, we use (8) as the
local controller.

3. SDDFB OF OVERALL SYSTEM
We connect the subsystems (1) by springs and

dampers. The obtained overall system is described
by

M;g; + D;q; + Kiq;
¢

= Liu; + )_ Nij{ Kcij (Njia; = Nijai)

j=1



+ Deij (N — Nfai)}
i=1,2,...,0 ()

where V;; is a matrix representing the locations
and directions of the springs and dampers at the
i-th subsystem, which connect the i-th subsystem
with the j-th subsystem. The matrices K¢;; and
Dc;j respectively denote spring and damper pa-
rameters, which are positive semi-definite.

In (9),

Kcij (Njiaj — Nij5a:) + Deij (Njid; — Nigdi)

represents the force and/or torque affecting the
i-th subsystem by the springs and dampers con-
nected with the j-th subsystem, and Nj;¢; is the
displacement of the connecting points of springs
and dampers in the i-th subsystem. We assume
that when the i-th and j-th subsystems are at
the origins of their displacements, ¢; = 0 and
g; = 0, the springs between them are neither
stretched nor compressed. The effects of springs
and dampers are bilateral, which implies K¢;; =
KCji and DCij = DCji-

Thus, the overall structure is described by

i=lql a3 - a/ 1", a=[uf uj - uf]"
g=lyl v vl
M = diag{M;}i=12,.¢
] -1 0
D:diag{Di}i:Lz, ,[‘F Z NUDCZJNW
i=1 j=it+1
-1 ¢

K= diag{K;}i=12, ¢+

L= diag{L;}i=1,2, ¢

Here, the matrix Nij is defined by N;; and N;; as

in which the elements except the submatrices N
and —Nj;; are all zero.

The local SDDFB controllers (8) are put together
in the decentralized form as

{=-a2F V- B VO Ta
= py0Te
— (aQUTV—QU n B%UTV*U) § (1)

where

(=1 @G "

V =diag{Vi}tic12..0, U =diag{U;}ic12.
a=diag{a;l,, Yic1,2,..0, 3= diag{Bil,; }iz1,2,..0
5 = diag{vi I, }i=12,.. .- (12)

The overall closed-loop system is stable (Fujisaki
et al., 2001).

4. OPTIMALITY

The interconnected structure (10) and the decen-
tralized controller (11) are described together in
a state equation as

£=A¢f + Ba (13)
I 0 Iy 0
A= ~M'K ~-M™'D 0
—a?g~v oLt o 0
I 0
B = ML
il

i=—[a?UTV2ULT + B30TV IULT
0 —gy0T)E  (14)

£
. a7
where £ = [QT ('jT CT} and 7 = an Then,
i=1

we present the following theorem.

Theorem 1. For the system (13), the state feed-
back (14) is a stabilizing control law, and mini-
mizes the quadratic cost function

J= / Oo(éTégé + @ Ra)dt (15)
0 ~ ~ ~
_ ~ Qn Qm Q13 -
Q=T"|Q, Qa2 Qo3 | T (16)

s Q23 Qss
Q1 = &K + Ka? + a*LUTvV2UL"
Qo = (@D — Da?) + L (K — F°K)
(R +&LOTV20L7)
MLOTV3ULT iAo
Qus = (K + a2 LOTV 20 L)
MILOTV 305
Qs = 2D + DB + FLOTV 20 LT
2GR0 — 5 0TI
(D + PLOTV-20LT)
(D + PLOTV20LT)
MLOTV3ULT g5
Qs = (D + BPLUTT20LT)



8= diag{ B In, }i=1,2....¢
7 = diag{viIn, bi=1,2,..¢
R=(UTv20)™! (17)
if the parameters «;, Bi, i are chosen so that the
matrix @ is positive definite.

(Proof) Since the state feedback (14) is equivalent
to the controller (11), it is a stabilizing control law
for the system (13). Then, we introduce a matrix

I::)ll E’lQ 1—5)13

P=T" | Pf, Py Py | T (18)
PL PL P33

- 1 - - 1 ~ - e

P = 5(Doz2 +a%D) + 5(1(52 + 3%K)
+&?FPLUTV2ULT

Py =a’M, Pi3=0

Poy = (PIT — f5 OV SO LT
RO TS LT N DTS TET
Poy = 05 2LOTV UL LOTV 0
]533 _ B4W—20T‘7—1
GV BPVROLT I TV AT

Using this P, the stabilizing feedback gain of (14)
can be described as

RBTP = [a?UTV2ULY + 3507V ULT
0 —py0"]. (19)
Furthermore, P satisfies the following Riccati

equation with @ of (16) and R of (17) for the
system (13).

PA+ATP - PBR'BTP+Q=0 (20)
We rewrite (20) as

P(A—BR'BTP)+ (A—BR'BTP)"P
+PBR'BTP+Q =0, (21)

where A — BR_1~BTP is stable and @ is positive
definite. Thus, P is a unique positive definite
solution of the Riccati equation (20). Therefore,
the feedback gain (19) of the control law (14) is
optimal for the cost function (15). The proof is
completed.

The existence of the parameters «;, G;, and ~;
which satisfy the condition of Theorem 1 is shown
as follows. Let us choose the parameters as

a=a, Bi=0 =" i=12...,0.(22)
Then, Q of (16) becomes

o C:?n le C:?13 ~

Q=T"| Q% Qa2 Qo3 | T (23)

15 Q33 Qs
Qi1 = o? (Qf( + aZfJUTV_QUfJT)
Qiz = —B*7! (f( + afo]Tf/_QUI:T)
WL LT
Qs = By (f( + aZI:UTV_QUI:T)
LTI
QZQ = 3 (2[) + ﬁQI:UTf/_QUI:T)
—20>M
BN ROV BT ET A
(D+ g LOTV2OLT)
'y (D + PLOTV2OLT)
MALUTVBULT
Qa3 = fiy7! (D + ﬁQf/UTV_QUfJT)
LT
Q33 = UV 0.

By increasing v, the off-diagonal blocks Q12, Q13,
and Qo3 in the matrix between T7 and T of @Q
converge at zero matrices. On the other hand, the
diagonal blocks~ @11 and Q33 are always positive
definite, and Q22 becomes positive definite by
choosing a sufficiently large g for a. Therefore,
there exist «, 3, and ~v of (22), which satisfy the
condition of Theorem 1.

The choices of «;, B;,7; in (22) are the simplest
ones. The condition of Theorem 1 provides the
freedom in choosing the parameters.

If the velocity of each subsystem in the structure is
measurable as well as the displacement by sensors
collocated with actuators, we can apply stabilizing
decentralized DVDFB

i =—a’Wij— Wy (24)
W = diag{W;}i=1.2, ¢
composed of the local DVDFB (7), where & and

(3 have been defined in (12). It has been shown
(Tkeda, et al., 1993) that if we set

ﬁi = ﬁa
and choose «, 3 suitably, the decentralized DVDFB

(24) becomes an optimal control law. We state the
following lemma.

o = a, i=1,2,...,0 (25)



Lemma 1. For the space structure (1), the de-
centralized stabilizing control law (24) with (25)
minimizes the quadratic cost function

s (1 T AlG T A

J—/O ([qT q }Q[5]+UJTRu> dt (26)

» [a?(2K +o*LWLT) 0 ]
0 B%@2D+ FPLWLY) —2a*M

R=wW=1>0

where a and (3 are chosen so that Q is positive
definite.

In this DVDFB case also, we need to increase 3
sufficiently for a to make the control law optimal.

Comparing Q and R in Lemma 1 with Q and R
in Theorem 1 under the constraint (22), we see a
relation. If we choose the matrices in (4) and (7)
so that

W, = UV, ?U;, (27)
the matrix Q is equal to the upper left 2 x 2 block
of the matrix between 77 and T of @, and R = R.
Furthermore, the upper left 2 x 2 block of the
matrix between T7 and T of P in (18) is equal
to

o?D + K 4+ 22 LW LT oz2]\:4 (28)

o’ M B2M

which has been used as the positive definite so-

lution to the Riccati equation to prove Lemma 1
(Ikeda et al., 1993).

P:

5. EXAMPLE

Let us consider an interconnected space structure,
which is composed of two subsystems connected
in the x direction by springs and dampers as
illustrated in Fig. 1. For simplicity, we assume
that each subsystem consists of two rigid bodies
of rectangular shapes, which are connected in the
y direction by springs and dampers. The rigid
bodies may not be of the same size.

The mass and moment of inertia of the j-th rigid
body in the i-th subsystem is denoted by m;; and
Ji;j. The motion of the rigid body is described by
the displacements z;;, y;; of the center of mass
and the rotational angle 6;; around the center
of mass. It is assumed that the input forces and
torque are applied at the center of mass in each
rigid body.

In the i-th subsystem (i = 1,2), rigid body has
two connecting points labeled as ijk meaning that
the connecting point is the k-th one (k = 1,2) at
the j-th rigid body (j = 1,2). The length of the
line segment between the center of mass and the
connecting point ijk is denoted by /;;;. The angle
between the line segment and the edge of the rigid
body at the connecting point is denoted by ;.

subsystem 1 1subsciipt of spring and dampe ]

K subscrﬁpt of spring and damper

subsystem 2 !

:— I I
: 113 : 2™ 213 :
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Fig. 1. An interconnected space structure

The springs and dampers are represented by lines
between rigid bodies in Fig. 1. The angle between
the edge of the rigid body and the direction of
the spring and damper attached not rectangularly
at the point ijk is denoted by ¢;;i. Then, the
displacement vector of the i-th subsystem (1) is
q; = [331'1 Yi1 i1 Ti2 yiz Oi2 ]T

and the coefficient matrices of (1) are

M, = diag{m;1, m1, Ji1, mu2, M2, Jia}

N; e
D; = [_ 32] Dy [NE —NE |
5 .
K = [_ 32] Ko [NT —NZ]
Ny =
[ 0 0 —COSP;11
1 1 sinqbﬂl
| —{i11c08%i11,£i12€08V;i12,—Lir18in (i1 + dinn)
Nip =
[ 0 0 —COSP;22
1 1 Sinqﬁigg

| —li22C08Yi22, Lin1COSYia1, Linasin(ion + Piza)
Dy; = diag{d;1, di2, di3}

Ky = diag{ki1, k2, kis}

Li=1Is

Here, the matrices Nil and Niz are defined by
the location and direction of springs and dampers
in the i-th subsystem. The scalar values ki, d;x
respectively represent the spring and damper pa-
rameters. The subscripts ik indicate the positions
of the spring and damper as indicated in Fig. 1.

The subsystems are connected at four points la-
beled as ijk denoting the k-th point (k = 3,4) at
the j-th rigid body (j = 1, 2) in the é-th subsystem
(1 = 1,2). Then the interconnection term in (9) is
expressed by



Table 1. Parameters of the structure

i g | mij Jij kik, ket | dik, de
1 1 20.0 100.0

2 40.0 400.0 0.1 0.01
2 1 30.0 225.0

2 60.0 900.0

k=123 1=1,...,6

Table 2. Parameters of the controller

Case 1 Case 2
i | oy Bi Vi i @ Bi Vi
1 3.0 9.3 23.0 1 3.0 6.0 23.0
2 3.0 11.3 43.0 2 3.0 7.0 43.0
S N1
Ny =
—Nop
1 1
N12 = dlag 0 0
l1j4c08t1 54 —H153C081 43
sin¢1j4
COS¢1j4
€1j481n(w1j4 + ¢1j4) j=1,2
1 1
N21 = dlag 0 0
laj3c081n;3 —l2;4C08Y044
Sin(bgjg
COS¢2j3

—loj3sin(1ha;3 + P2;3) =12
Dcio = diag{d.1, dc2, des, des, des, des}
Kcip = diag{ke1, ke2, kes, kea, kes, kes} (29)

The scalar values k. and dg; (I =1,...,6) respec-
tively represent the parameters of the spring and
damper connecting the subsystems. The subscript
l indicates the [-th connection shown in Fig. 1.
The notations fijk, Vijk, ¢ijr for k = 3,4 are
defined as those for &k =1, 2.

For simulation, we use the values of mass, moment
of inertia, stiffness, and damping given in Table
1. The length ¢;j; and angles ¥k, ¢ijr (3,5 =
1,2, k = 1,2,3,4) are 1.0, w/4[rad], 7/3[rad],
respectively.

The controller parameters «;, 8;,7v: (i = 1,2) are
chosen as in Table 2. The matrices U;, V; (i = 1, 2)
in the controller are 6 x 6 identity matrices. In
Table 2, the parameters of Case 1 make @} of
(16) positive definite, and those of Case 2 do
not. In Case 1, the parameters are chosen as
follows. First, a; are arbitrarly fixed. Then, f;
are increased so that the term (°D + DS +
BLUTV2ULT — 2a2M of Q22 in (16) becomes
positive definite. Finally, +; are increased so that
the matrix between 77 and T of @ in (16)
becomes positive definite.

Setting the initial displacements of subsystems as

¢1(0)=(0 0 0 0.05 0.07 0.1)7
¢2(0)=(0 00 0 0 0)7,

x10™ Case 1
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|
[
rigid body 21

Q10" 50 100

rigid body 22
o
{
i
|
rigid body 22
o
L
T
)
0
i

0 50 100 0 50 100
time time

Fig. 2. Initial-state responses of displacements

the responses are computed as in Fig. 2. The left
column shows behaviors in Case 1. The right col-
umn is those of Case 2. The top, second, third, and
bottom figures respectively show the responses of
rigid bodies 11, 12, 21, and 22. Solid lines, broken
lines, and chained lines respectively indicate the
displacements in the direction x;j, y;;, and the
rotational angle 6;;. It is seen that the settling
time and amplitude of vibration is much less in
Case 1 than in Case 2.

6. CONCLUSION

This paper has considered position and attitude
control of large space structures composed of a
number of subsystems which are interconnected
by springs and dampers. A decentralized SDDFB
control law compatible with subsystems has been
applied under the assumption that sensors and
actuators are collocated. A condition has been
derived for the overall control system to be opti-
mal for a quadratic cost function. This result can
be used in choosing the controller parameters on
the design stage, and also in tuning them on the
operation stage where a new subsystem may be
connected to the space structure or a failed sub-
system may be disconnected from the structure.
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