Copyright © 2002 IFAC

15th Triennial World Congress, Barcelona, Spain

GLOBAL STABILIZATION OF THE INVERTED PENDULUM
USING MODEL PREDICTIVE CONTROL

L. Magni, R. Scattolini *! K. J. Astrom **

* Dipartimento di Informatica e Sstemistica, Universita di Pavia, via
Ferrata 1, 27100 Pavia, Italy
e-mail: {lalo.magni, riccardo.scattolini } @unipv.it
WERB: http://conpro.unipv.it/lab/
** Department of Automatic Control, Lund Institute of Technology,
Box 118, S-22100 Lund, Swveden

Abstract: Model Predictive Control (MPC) is used to improve the performance of energy
control for swinging up a pendulum. A new MPC method is developed in continuous time,
but it explicitly considers its digital implementation letting the control signal be piece-
wise constant. The stability properties of the algorithm are analyzed in terms of the free
MPC design parameters. The achieved performance improvement is witnesses by a detailed

simulation study.
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1. INTRODUCTION

The inverted pendulum is a classica benchmark for
nonlinear control techniques, see e.g. (Astrbm and
Furuta, 2000), (Angeli, 2001) and the papers quoted
there. In particular, (Astrt')m and Furuta, 2000) re-
cently proposed an amost globally stahilizing strategy
based on energy control for swinging up the pendu-
lum. Starting from their results, we suggest here to
resort to Model Predictive Control (M PC) to improve
the control performance in terms of a cost function
suitably selected by the designer. Theideaisto add an
extraterm computed with M PC to the control signal
provided by energy control. In so doing, it is possible
to use this auxiliary signal to achieve some specific
goals, such as the minimization of a prescribed cost.

The natural setting of the problem and of the solution
based on energy control is the continuous time, there-
fore also the M PC implementation proposed here is
developed for continuous-time systems. However, it
basically differsfrom the continuoustime M PC' algo-
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rithms for nonlinear systems previously published in
the literature, see e.g. (Mayne and Michalska, 1990),
(Chen and Allgower, 1998). In fact, these methods
assume that the M PC' law is continuously computed
by solving at any (continuous time) instant a difficult
optimization problem. This is impossible in practice,
since any implementation is practically performed in
digital form and requires a non-negligible compu-
tational time. The aternative method proposed here
explicitly takes into account these constraints and is
based on a truly digital approach relying on a contin-
uous time problem formulation. In fact, it is assumed
that the signal computed by M PC' is piece-wise con-
stant and with a limited number of free movesin the
future. This leads to a discontinuous (with respect to
time) control law which preserves the stability of the
overal system provided that the free tuning parame-
ters of the M PC agorithm are properly chosen, see
e.g. (Mayne et al., 2000). The “sampling time” be-
tween two successive solutions of the M PC' problem
must be selected to be greater or equal to the computa-
tional time required. However, it does not represent a
critical parameter, since the auxiliary signal computed



with M PC acts on an already almost globally stable
system.

Section 2 describes in general terms the innovative
M PC formulation here adopted and states the main
stability result. The proposed algorithmisthen used in
Section 3 to globally stabilize an inverted pendulum;
the results achieved are compared to those provided
by energy control. Finally, some concluding remarks
close the paper.

2. PROBLEM STATEMENT

Consider the nonlinear continuous-time dynamic sys-
tem

&(t) = fz(t),u(t),t 2 € )

with z(f) = z wherex € R", u € R™, f(-,-) €
C?, f(0,0) = 0, and assume that the state and
control variables are restricted to fulfill the following
constraints

z(t)e X, ul)eU, t>t 2
In(2), X andU aresubset of R™ and R™ respectively,
containing the origin as an interior point.

For system (1), assume to know a state feedback
control law

u(t) = w(z()) ©)

which stabilizes the origin of the closed-loop system
(1), (3) and define the output admissible set (Gilbert
and Tan, 1991) as an invariant set X (x) such that (2)
issatisfied Vo € X (k).

The problem considered in this paper is to determine
an additive feedback control signal v(t), such that the
resulting control law is

u(t) = r(x(t)) +v(t) (4)

where v(t) is selected to possibly enlarge the stability
region and to enhancethe overall control performance
with the fulfillment of the constraints (2). A practica
ble way to solve this problemisto resort to the M PC
approach applied to the closed-loop system (1), (4)
described for t > ¢ by

&(t) = fx(t), k(x(t)) + o(t)) ©®)

with z(t) = z. Nowadays, there are many M PC
techniques for nonlinear systems guaranteeing stabil-
ity properties under state and control constraints, see
(Mayne et al., 2000). However, in the M PC ago-
rithms for continuous time systems presented so far,
see e.g. (Mayne and Michaska, 1990), (Chen and
Allgbwer, 1998), the control law is obtained by contin-
uously solving a constrained finite horizon optimiza-
tion problem, which isindeed a practically impossible

task. As amatter of fact, discretization is required due
to the computational load involved in the minimization
procedure and for the control law implementation.
The sampling mechanism was explicitly considered
in (Fontes, 2001) where a continuous time M PC for
which a functional optimization problem is solved at
each sampling time is proposed in order to stabilize
some nonholonomic systems.

For thisreason, and with the aim to reduce the number
of optimization variables, we here propose a new
MPC approach, where the signal v(t) is assumed
to be piece-wise constant during intervals of equal
length T, where the “sampling time’ T is at least
equal to thetimerequired to compl etethe optimization
step. In this way, there are many advantages: i) the
number of future “free moves’ of v(t) is limited, i)
the “intersample behavior” is fully considered, iii)
one can make the control design in continuous time,
without the need of the approximate discretization
required by many M PC agorithms for nonlinear
systems, see (De Nicolao et al., 1998), (Magni et
al., 2001), iv) the sampling time T’ is a free design
variable.

In order to describe the method, first define apartition
of [0,4+00) as an infinite sequence 7 = {t;},-,
consisting of numberst = ty < t; < t2 < ... with
tit1 — t; = Ts. Given the control sequence

lech (tl) = [Ulti ) ’U2ti PRRET] ’Uthi]

with N, > 1, for any t > t; define the associated
piece-wise constant control signal

_ v, t€ltivi-1,tivg), 5 =1,...,Ne
v = {0 t>t; + N.T, (6)

Then, for system (5) consider the following
Finite Horizon Optimal Control Problem (FHOCP).
Given the positive integers N. and N,, N, < N,
at every “sampling time” instant ¢;, minimize, with
respect to 1,y (¢;), the performance index

Jra(x,, U1,n.(8), Ne, Np) (7)
ti+NpTs
- / (o(r), v(r))dr + Vi (@t + N,TL)
t;
where a, (||(z,v)]))* < ¢(x,v), ¥(0,0) = 0, where

oy is a suitable function of class K. As for the
terminal penalty V7, it is here selected as

Vi(z(t; + NpTy)) = x(t; + NpT) Ha(t; + NpT)

wherell =II' > 0.

The minimization of (7) must be performed under the
following constraints:

(i) the state dynamics (5) with z(t;) = @y, ;



(ii) the constraints (2), t € [t;,t; + N,T5) with u
given by (4);

(iii) v(t) givenby (6);

(iv) theterminal state constraint z(¢; + NpTs) € Xy,
where X ; is a suitable terminal set. |

According to the well known Receding Horizon ap-
proach, the state-feedback M PC' control law is de-
rived by solving the FHOC' P at every sampling time
instant ¢;, and applying the constant control signal
o(t) = vf, , t € [ti,tiy1) Where vf, is the first
column of the optimal sequencev{ y_(t;). Insodoing,
one implicitly defines the discontinuous (with respect
to time) state-feedback control law

o(t) =& (z;) , teltitivg)  (®
Remark 1. In FHOCP, N, specifies the prediction
horizon [t;,t; + NpTs), while N, defines the con-
trol horizon [¢;,t; + N.T). The positive integer N,
corresponds to the number of optimization variables:
the bigger it is, the heavier is the computational load
involved by FHOCP.

Remark 2. Itishereimplicitly assumedthat 7'y ischo-
sen so as to be larger than the time required to solve
FHOCP. To thisregard, recall that T', isthe “ sampling
time” for the M PC control law (8) acting on the
(stabilized) system (1), (3) for optimization purposes.
As such, thereis some freedom in the selection of 7',
which can be chosen large enough. Note also that, in
order to consider all the implementation aspects, one
should take care of the delay of one sampling time 7',
dueto the measurement of z(¢; ), to the computation of
the optimal solution of FHOCP and to the refresh of
v(t). However, this would make the analysis reported
in the sequel much more involved without bringing
new significant information on the approach proposed
here. Then, for this aspect, the interested reader is
referred to (Magni and Scattolini, 2001).

The use of the auxiliary feedback control law (8)
can modify the stability properties of the closed-loop
system (1), (3). Then, it is now to be verified that the
proper selection of the free M PC design parameters
Np, N, and, in particular, of the terminal cost V;
and of the terminal constraint set X ; can maintain
the stability of the origin. To this regard, it is first
necessary to define the resulting overall closed-loop
system (1), (3), (8), given by, Vi € [¢;,1i+1)

[sb(t) ]: {f (2(8), 5(2(1) + 6" (210) | (g

&1 (t) 0
[:n(m ] _ {w(ti‘)}
i(t) ]~ ()
where the auxiliary state variable x; has been used

to describe the hold mechanism producing the piece-
wise constant signal v(t) defined through (8).

Letting ¢ = [z’ ]’ € R?" be the composite state,
for system (9) we here introduce three definitions
which will be used in the following anaysis. Firgt,
let pftH (t,t,€) € R?" be the movement of (9) with
&(t) = &. Second, define by X9(N.,N,) € R" be
the set of states x;, of system (5) in the sampling
times t; such the there exists a feasible control se-
quence v, (t;) for the FHOC'P. Finaly, denote by
XO(N,, N,) the set of states of (9) at any time instant
t suchthat asolution of F HOC P will exist at the next
sampling time ¢; in the future, that is

X°(N.,N,)

{ €€ R [I" 0" (t;,1,) € X2(Ne, Ny),

ti=arg min 7-—1
TEW, T>t

(10)

where I™ and 0™ are the identity and zero matrices of
dimension n, respectively.

In order to state the main stability result, it is nec-
essary to preliminary establish some intermediate re-
sults, which can be proven aong the lines depicted
in (Magni et al., 2001). To this end, first let A =
97(0,0), B = 3L(0,0), K = 2%(0), and note that,
in view of the stability of the origin of system (1), (3),
A, = A+ BK isHurwitz.

Lemma 1. Consider apositive definite matrix Qanda
real positive scalar -y such that v < A, (Q). Let II
be the unique symmetric positive definite solution of

the following Lyapunov eguation:
AT+ TA, +Q =0 (11)

Then, there exists a constant ¢ € (0, co) specifying a
neighborhood (2. (x) of the origin of the form

Qe(k) ={z e R" | o'z < ¢} (12)

such that:

() e X, k(z)eUfordlze Q.(k);
(il) Vz € Q.(k),

20" 11 f (x, k(z)) < —ya'x (13)

In view of (i), Q.(k) is an output admissible set for
(1), (3), or equivalently for (5) with v(t) = 0, while
(i7) statesthat Vi, (z) = 2'Ilz isaLyapunov function
for the same system. Then, the following result holds.

Theorem 2. Giventhe FHOCP with Xy = Q.(k),
where Q.(x) and II are derived according to Lemma
1 with v such that vz’ > ¢(z,0), Vo € Xy, the
NM PC control algorithm applied to (5) asymptoti-
cally stabilizesthe origin of (9) with output admissible
set X°(N,, N,).

Pr oof:



First we show that X°(N,, N,) is an invariant set
for system (9). To this end, assume that £(¢;) €

X°(N,, N,); than, from (10), it resultsthat o 4 (¢, 1, €) €

< / Bla(r), 57 (o (r)dr t> 7

XO(N07 NP)7Vt € [tia ti+1)7 prOVIdedthat [In On]QORH(ti—Fl: ti7 f(tl)) €

X%(N¢, N,). To prove this, note that, letting o7, the
optimal solution of the FHOCP &t timet;, afeasible
solution at time ¢;,, forthe FHOCP is

’51ch (ti+1) = [Usti ey ’U?\fcti 0] (14)

Then [1" 07]p™ (ti41, 1, £(t:)) € X7(Ne,N,) and
O (b0, t,E(t:) € X°(N., N,). Moreover in
view of constraints (ii) of the FHOCP (2) are sat-
isfied.

Assume that o7 v (t;) = [v{’ti,vgti,...,v;’vd_] is the
solutionof FHOC P at timet;, and defi neﬁgjvc (t;) =
[Usti s oo UJOVcti ]. Letting, Vt € [ti, tiy1)

V(E,t)
= JFH((pRH (ti+1 ) t: g(t))7 TJ%NC (tl)a N67 Np)
it is now shown that V' (&,¢t) is a Lyapunov function
for (9), V¢ € X°(N,, Np). To thisend, first note that

by definition V(0,¢t) = 0 V¢, and V({,t) > 0 = # 0.
Moreover

o Vte [ti,ti+1)

V(E(t),t) = V(E(t), t:)

t

_ / (e(r), 5P (ay (7)) dr

o Attimet = t;y1, ¥y, given by (14) is a(sub-
optimal) feasible solution for the new FHOC P
so that

V(E(tit1),tit1)

< Jpu (@™ (tivr, ti, €(t:)), 01N, (tix1), Ney Np)

= V(g(ti_+l)7 ti_+1)
tip1+NpTs

+ / Y(x(1),0)dr

ti+ N, T,
+x(tip1 + NpTy) M (tizr + NpTs)
—a(t; + NpTs)' Tz (t; + N,Ts)

and from Lemma 1

V(E(ti1), tiv1) S V(E(ti,),tiny)
tit1+NpTs

+ / ($(e(r),0) — ye(r)'a(r)) dr

ti+NpTs
SV(Eti) i)

In conclusion

V(E(),t) =V (£(D), 1)

and, inview of theassumptionon (-, -), lim;_, oz (t) =
0, from (9) lim;_,..&(t) = 0 sothat & = 0 isan
asymptotically equilibrium point for (9).

3. GLOBAL STABILIZATION OF A PENDULUM

The equation of moti9n of a pendulum, written in
normalized variables (Astrom and Furuta, 2000), is

6(t) — sinO(t) + u(t) cosf(t) =0,  (15)

where 6 is the angle between the vertical and the pen-
dulum, assumed to be positive in the clockwise direc-
tion, and v is the normalized acceleration, positive if
directed as the positive real axis. The system has two
state variables, the angle # and the rate of change of
the angle § (i.e. z = [# 4]'), defined taking # modulo
2r, with two equilibria, i.e. u = 0,6 = 0, § = 0, and
u=200=m, 6 = 0. Moreover, it is assumed that
lu] < n.

The normalized total energy of the uncontrolled sys-
tem (u = 0) is

En(t) = %92@) +cosf(t) — 1

Consider now the energy control law

u(t) = saty, (kyEn(t)sign(0(t) cos6(t))) (16)

where sat,, is a linear function which saturates at n.
In (Astrém and Furuta, 2000) it is shown that the
control law (16) is able to bring the pendulum at the
upright position provided that itsinitial condition does
not coincide with the download stationary position (in
fact, with§ = 7, § = 0, (16) givesu = 0 so that
the pendulum remains in the download equilibrium).
However, the upright equilibrium isan unstable saddle
point. For this reason, when the system approaches
the origin of the state space, a different strategy is
used to locally stabilize the system. In the reported
simulations, a linear control law computed with the
L) method applied to the linearized system has been
used. This switching strategy, synthetically called in
the sequel again “energy control”, is described by the
control law (3) with

k() 17)

[ sat,(kyE,sign(f cos)) if zor ¢ QK)

- —K.Z"zﬂ Zf Tox € Q(K)
where z,; = [mod,,(#) 8], K is the gain of the
locally stabilizing L@ control law and Q(K) is an
associated output admissible set.



The N M PC control algorithm described in the previ-
ous section has been applied to the closed-loop system
(15), (17), with the aim of enhancing the performance
provided by (17) in terms of the energy required to
swing up the pendulum and of the time required to
reach the upright position.

For this reason, the stage-cost of the FHOCP is
given by

P(x,u) = ¢(O)E2 + (1 - ¢(0))V,,  (18)
where
V;z = kvl%Sin2 (g) + %02 (19)
and
2 (6
s(6) = 2" (3) (20)

1 + Btan? (&)

The function V,, given by (19) penalizes the state
deviationfromtheorigin, while ¢(8) alowsto balance
the need to reducethetotal energy applied andto bring
the state to zero. The dependence of ¢(#) from the
parameter /3 isshownin Fig. 1.
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Fig. 1. ¢(6) with 5 = 0.01 (dash-dot line), 5 = 1
(continuousline), # = 100 (dashed line)

In the following simulation examples the saturate
value isn = 0.29, the FHOCP is solved every
Ts = 0.1 sec and the following parameters are used
to synthesize the N M PC control law.

e Auxiliary control law (17): k, = 100, K is
the L control gain with state penalty matrix
Q = diag{2.5,1}, and control penalty matrix
R =1; Q(K) isgiven by

UK) ={z e R" | a, Pror < c}

where P is the solution of the Riccati equation
for the solution of the L) control problem and
c = 0.001.

e FHOCP: N, = 2500, ky,1 = 10, Qc(k) =
QK), Q = Q + K'RE, v = Anin(Q)/20.

For different choices of the tuning parameters, and
starting from the initial condition [r,0], the results
summarized in the Table have been obtained. In the
table, Jry is the infinite horizon performance index
with stage cost (18) and % is the variation with respect
to the performance provided by the "energy control”
strategy. Note that for V. = 0, when the " energy con-
trol” strategy is used, anumerical error is sufficient to
move the pendulum in the output admissible set guar-
anteed by the energy control strategy. On the contrary,
with N. > 1, the M PC control law guarantees the
global stabilization of the inverted pendulum. More-
over note that the best improvement is obtained with a
low 3 becausein this case the energy is not considered
in the cost function. In Fig. 2-4 the movement of the
angle position, velocity and of the control signal are
reported for the control strategieswith 5 = 0 and with
different control horizons V...

B=0
Ne |0 2 4 8
Jim | 739 | 700 | 687 | 67.0
% 0 53 | -70 | -94
B =0.01
Ne |0 2 4 8
Jim | 647 | 606 | 610 | 587
% 0 63 | -57 | -9.2
B=1
Ne |0 2 4 8
Jim | 370 | 359 | 355 | 355
% 0 32 | -42 | -42
B = 100
Ne |0 2 4 8
Jim | 264 | 262 | 259 | 257
% 0 06 | -18 | -2.3

Angle position

.
10
Time(sec)

L
15

Fig. 2. Angle position movement with "energy con-
trol” (continuous line), M PC with § = 0 and
N, = 2 (dashdot ling), N. = 4 (dashed line) and
N, = 8 (dotted line)

4. CONCLUSIONS

The study reported in this paper refers to the problem
of swinging up a pendulum, which represents a clas-
sical benchmark for the analysis of nonlinear control



Angle velocity

Time(sec)

Fig. 3. Angle velocity movement with "energy con-
trol” (continuous line), M PC with § = 0 and
N. = 2 (dashdot ling), N. = 4 (dashed line) and
N, = 8 (dotted line)
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Fig. 4. Control signal with "energy control” (contin-
uous line), MPC with 5 = 0 and N. = 2
(dashdot line), N. = 4 (dashed line) and N, = 8
(dotted line)

techniques. It is believed that two ideas developed for
the solution of this problem are of general validity and
can represent asignificant step towards the application
of nonlinear M PC techniques. They are:

(1) the use of the M PC method to improve the con-
trol performance of an already stabilized system.
In the worst case, M PC does not provide any
extra benefit, but can not deteriorate the perfor-
mance already achieved. In general, it allows to
achieve specific goals.

(2) Theformulation of the M PC method is carried
out in continuous time, but explicitly takes into
account itsintrinsic digital implementation. This
is achieved by forcing the control variable to be
constant between two successive sampling times.
The proposed solution has a twofold advantage:
first it avoids the approximate discretization of
the continuous time plant model, which is usu-
aly required by the most popular M PC dago-
rithms for nonlinear systems. Second, it alows
to take care of many significant implementation

aspects, such as the computational time required
by the solution of the optimization problem.

5. REFERENCES

Angeli, D. (2001). Almost global stabilization of the
inverted pendulum via continuous state feedback.
Automatica 37, 1103-1108.

Astrom, K. J. and K. Furuta (2000). Swinging
up a pendulum by energy control. Automatica
36, 287-295.

Chen, H. and F. Allgower (1998). A quasi-infinite
horizon nonlinear model predictive control
scheme with guaranteed stability. Automatica
34, 1205-1217.

De Nicolao, G., L. Magni and R. Scattolini (1998).
Stahilizing receding-horizon control of nonlinear
time-varying systems. |EEE Trans. on Automatic
Control AC-43, 1030-1036.

Fontes, . A. C. C. (2001). A general framework
to design stabilizing nonlinear model predictive
controllers. Systems & Control Letters 42, 127—
143.

Gilbert, E. G. and K. T. Tan (1991). Linear sys
tems with state and control constraints: the the-
ory and application of maximal output admissi-
ble sets. IEEE Transaction on Automatic Control
AC-36, 1008-1020.

Magni, L. and R. Scattolini (2001). Sampling model
predictive control for nonlinear systems. Tech-
nical report. Dipartimento di informatica e Sis-
temistica, University of Pavia (Italy).

Magni, L., G. De Nicolao, L. Magnani and R. Scat-
tolini (2001). A stabilizing model-based predic-
tive control for nonlinear systems. Automatica
37, 1351-1362.

Mayne, D. Q. and H. Michalska (1990). Reced-
ing horizon control of nonlinear systems. |EEE
Trans. on automatic Control 35, 814-824.

Mayne, D. Q., J. B. Rawlings, C. V. Rao and
P. O. M. Scokaert (2000). Constrained model pre-
dictive control: Stability and optimality. Auto-
matica 36, 789-814.



