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Abstract: In this contribution, variance propertiesiof model reduction are studied. That

is, given an estimated model of high order we study the resulting variancelof eeduced
approximation. The main result of the paper is showing that estimating a low order output
error (OE) model viaL, model reduction of a high order model givesmaller variance
compared to estimating a low order model directly from data in the case of undermodeling.
This has previously been shown to hold for FIR (Finite Impulse Response) models, but is in
this paper extended to general linear OE models.
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1. INTRODUCTION models with tight error bounds, where the model and
its error bound is used for control design.

Model reduction has been subject to considerable in-In the system identification literature, there have been
terest, both from a modeler’s perspective and from aa couple of ideas on how to utilize model reduction
control designer’s. There exists quite a wide range of like methods to achieve good low order models. In
alternatives when performing model reduction. This Hsia (1977), three rather similar two-step approaches
paper studies one of these methods, namiglynodel  to identification are given. Zhu and Backx (1993)
reduction.L, model reduction is a topic which has propose a way of estimating models by starting from
been studied by a large number of people; early ref- a high order ARX model, which is then reduced to an
erences are Wilson (1970) and Aplevich (1973) and OE model using a reduction method closdtomodel
two more recent once are Spargtsal. (1992) and  reduction. In these two publications no analysis of the
Ferranteet al. (1999). Most papers in the area of variance of the low order model is given. The number
model reduction are focused on developing algorithms of contributions with a clear variance perspective on
for different types of reduction methods or analyzing model reduction seems to be rather limited. Two of the
numerical properties of existing algorithms. This pa- first papers in this directions are Porat and Friedlander
per, on the other hand, deals with the variance aspect§1985) and Porat (1986). Here ARMA estimation
of the L, model reduction. We analyze the covariance based on sample covariances is studied. The approach
of low order models obtained through, model re-  taken has strong connections with the model reduction
duction of high order ones and compares the resultapproach of this contribution. Only a limited number
with direct estimation of a low order model. of references found, deal with the case when an input
One motivation for this study is that low order models signal IS pres"ent in the identification setup. These
with error bounds are good alternatives for control de- are derstom et al. (1991), _Wahlberg_ (1989)’.
signers, since they lead to less complicated controllers.Wf”‘hlberg (1.5.).87),"and our previous cont_rllbutllgns n
this area (T@instom and Ljung, 2000; Hihstom,

Ninness and Goodwin (1995) study this from a system T N : L
identification perspective, i.e., estimating low order 2000; TArnstom and Ljung, 2001). In Bmstom



and Ljung (2000) it was (among other things) shown i.e., we use prediction error methods (PEM). The basic
that estimating a low order (undermodeled) FIR model resultis then (Ljung, 1999, Chapter 8) that under weak
by L, reduction of a high order model gives strictly conditions

lower variance compared to estimating the low order . . 1o,

model directly from data. This contribution extends ¢~ — ¢ =argmin Ske (t.0), asN — oo. (10)
the previous result to hold for general linear output

o LN .
error models, which is a much stronger result. Herelf(t) = limy oo 7 22—y B f(1). That is,fn

converges to the best model provided by the model
The outline of the paper is as follows. The next sec- class. (If the minimizer is not unique, the convergence
tion covers the basic identification setup and notation. will be to some value in the set of minimizers.)

The tools used to calculate the variance Iof re-

: : . : By undermodeling a system, we mean that there exists
duced models are summarized in Section 3. Section 4 7 "7 " 0 thatG(q,0*) = Go(q). Therefore,

presents and proves the main result. An illustrating in case of undermodeling, the prediction errors are

example is presented in Section 5, and conclusions are
: ) : correlated with the input via
given in Section 6.

e(t,0%) = (Go(g) — G(g,07))ult) + e(t)
= G(q,0")u(t) + e(t).

The limiting loss function (a&v — o0) is denoted

(11)
2. PREDICTION ERROR METHODS

Throughout the paper, we denote the input signal by V(9) = %EEQ(t, 0). (12)

u(t), the output signal by(t), and N is the total _ o
number of measured data. We assume th(@j is Moreover, denote the first and second order derivatives

generated according to of V(6), evaluated af* by

y(t) = Golayu(t) + e(t) (1) Vi), Vi) 13
and similarly for the derivative ofx (9). The expres-
sion for the distribution of the estimate is based on the
central limit theorem, see (Ljung, 1999, Chapter 9)

whereGy(q) is a linear time-invariant system, usually
referred to as the “true systeny s the discrete-time
shift operator, i.e.qu(t) = u(t + 1). Furthermore, we A
assume that the additive nois€}), is a zero-mean, VN(Ox - 0%) € AsN(0, Py), (14)
white noise sequence, independent of the input havingyhere

a variance equal t@. _, 1 o, -1
| P =2 [V @] @[] (15)
Output error (OE) models are fitted to the mea-
sured data. These models are parameterized &y a Q= lim N -E{ [V&(G*)} {VA’(G*)}T}' (16)
dimensional real-valued parameter vedore., N—oo
To evaluate these derivatives, the negative gradient of

y(t) = Glg, 0)u(t) +e(t), @) the prediction errors needs to be defined
h
e W(,0) = ~55e(t,0), a7)
G(g,0) = F(0.0) () andalso , i
B(q,0) = big™ "™ +- +ban—nk_"b+17 4) U (¢,0) = de\:[l(t 0). (18)
F(q,0) =14 fig ' +---+ Ty ™, (5) By simple calculations (cf. Ljung (1999, Chapter 9))
T we get
0=br . by f1 - ;)" (6) 9 o
. . L 1
If F = 1, the model is said to be of finite impulse = lim — EWU(t,0)e(t,07)
response (FIR) type. The true system is said to belong TN N tz:; sz:; (19)
to the model class if, for somg& = 6, it holds that xe(s,07)W 7T (s,0%)
Go(q) = G(g, o). and
The loss function is defined as the sample mean of the 0% — BEU(t. 0 VUL (t. %) — BY (t.0%)e(t. 6
squared sum of the prediction errors (in this case the VI(67) = B, 679 (1,67) (t,67)z(t, (2)6)
output errors) The equations (15) - (20) constitute the basis for the
1 calculation of the covariance of low order models.
Vn(0) =oN Z £2(t,9), @) When the true system actually lies in the model class,
= the covariance expression (15) simplifies to
t,0) =y(t) — y(t|0) = y(t) — u(t). (8 _ —
5( ’ ) y( ) y( | ) y( ) G(qv )u( ) ( ) P@ .Y [EW(ﬁ,HO)‘PT(ﬁ,QO)} 1. (21)

The estimate of is taken as the minimizer of (7)
The calculation of the distributions for other statistics,

Oy = arg main Vi (0) (©) such ag7(e™“, 0 ), is based on a linear approximation



of the mapping from the parameter distribution given
by (14) to the statistic of interest. This mapping is
usually referred to as Gauss’ approximation formula.
It states that iy is sufficiently close t@* = Efy,

the following approximation is valid

Cov f(0) ~ [f'(0")] P [ £/(67)]
[f/(0n)] P [ (On)]

T

T (22)

~
~

3. MODEL REDUCTION

This section contains a brief summary of some model
reduction results presented in affistom and Ljung
(2000) and Tgrnstom (2000). The covariance ex-
pression for a reduced model given below is the foun-
dation for the derivation of the main result in the next
section.

Let two model classed1; and M, be given. These
are parameterized b§ andn, respectively. Assume
that a modelM; (6) is estimated and that the param-
eter estimated, and its covariance matrixjov 6, is
available. The modelM; (f) is subjected to model
reduction toMs(n), described by a loss functiof,
and the parametefsandn

7} = arg min J(n, é) (23)
n

It is also assumed that is twice continuously differ-

entiable. Let)* be defined from

(24)

7" = lim 4,
and#* from (10). Then the low order modélhas an
asymptotic covariance given by

Coviy = [T (1%, 6] [T (", 6%)]

X COVé [Jg,,](ﬂ*a 9*)][‘]00(77*7 9*”71'
(25)

This expression is derived via Gauss’ approximation
formula (22) in TArnstom and Ljung (2000).

When considerind.. model reduction, the loss func-
tion equals

1
T A4x

27
T(n,6) / G, 0)— G, ) 2Dy (w)dw,
0
(26)
where®, (w) is the spectrum of the input. By the use
of Parseval’s formula, (26) can be rewritten according

to

J(n,8) ==E[(G(q,0) — G(q,n))u(t)]”

£ (gm0’

N~ DN~

1=
QE’YQ("’; 7, 9)
(27)

HereG(q, n, 0) = G(q,0)—G(q,n) is the model error
and~(t,n,0) = G(q,n,0)u(t) are the the residuals
from the reduction step. The loss function (27) is

studied closer in the next section.

In  Tjarnstom and Ljung (2000) and @&jhstom
(2000), the expression (25) is used to analyze the
variance properties afs model reduction. The basic
results are:

e When estimating finite impulse response models
of low order (undermodeling), it is strictly better
to estimate the low order model by model reduc-
tion of a high order model compared to estimat-
ing the low order model directly from data.

When estimating output error models (of correct
order), nothing is lost in terms of variance, when
getting the estimate via reduction of a high or-
der model compared to estimating the low order
model directly from data.

It is the first of these results that is generalized to hold
for general linear undermodeled output error models
in this contribution.

The tool (25) is also used in djiistom and Ljung
(2001) to study a two-step least-squares procedure for
estimating the system dynamics. Here a covariance
expression is derived for the final estimate and opti-
mization issues around this are discussed.

4. MAIN RESULT

Before presenting the main result of the paper, the
difference between thélirect estimate and thee-
ducedestimate must be made clear. The direct esti-
mate G(q,nq) Of the system is obtained by directly
minimizing the loss functio/y (n) defined in (9)
from measured data. On the other hand, the reduced
estimate=(q, 7}, ) is obtained by first estimating a high
order model(q, f) that minimizesVy () in (9) and
then reducing this estimate bl, model reduction
defined byJ (1, §) in (26).

Note: When comparing the variance expressions for
the direct and the reduced estimate, the expectation is
taken overboth e and u. Therefore it is essential to
use the true input spectrudn, as weighting in thd.,
reduction, and not an estimate of it like the absolute
square of the FFT of the input sequence used. If the
latter is used, the results changes. For finite impulse
response models, it is easy to see that the reduced
and the direct estimates are identical in this case, see
(Tjarnstom and Ljung, 2000; Binhstom, 2000).

Theorem 1.Assume that data is generated according
to the assumptions in Section 2. Let a high order OE
model,G(q, §), be parameterized such that there exists
a uniquef = 6y giving G(¢,60) = Go(q), and let

7 parametrize a low order OE modél,(q,n). Then

by first estimating(q, 6) by minimizing (9) and then
reducingG(q, 6) by L, model reduction according to
(26) we get a modet(q, 7,-) with Cov 7. = P,.. Also
assume that a low order mod&(q, 74) with the same
parameterization a&'(q, n,.) is estimated directly by



minimizing (9). This model is denoted b§(q, 7j4) That is, (29), can be written as

havingCov Na = Py. Then it holds that Q= /\E\I/(t, n*)\IIT(t, 77*) + 8, (32)
P < Py whereS is positive semidefinite. Finally we simplify
the expression (20) by utilizing thatandw are inde-
pendent

Note that since the existence of a unigée that o B
minimizesV (9) is assumed, it follows that* = 6, V(") =BV (t,n) U (t,n)
in (10). It is important to note thag; = #n;. The I o (A .

reason for this is that both estimates asymptotically — BT (t,n7) (G(q,n Jult) + e(t))

minimize the same criterion, i.6/,(n) given by (12). =EU(t,n")v(t,n")
In the followingn}; andx;: are therefore replaced by _ E\If’(t 1) )ult) (33)
77*. K Y *

Expressions (15), (32), and (33) together give the
covariance ofyy, i.e.,

4.1 Direct estimate Py =[EW¥(t,n*) VT (t,n")

, N -1
To prove Theorem 1, some expressions involving the —E\I/_(t 1 )G( @) (t)}
covariance matrices for the two estimates are needed. x [AEW (L, n*) U7 (t,n*) + 5] (34)
We start by looking at the covariance expression (15) % [E\p(t’n )\I/ (t,n")
for the low order modei,. C o, - . 1
In the special case of undermodeling for OE models —BW {t;n")Gla )u(t)} '
we are considering, it is possible to simplify the ex-

pression foi in (19). Using (11) we get 4.2 Reduced estimate
= lim — Z ZE U(t,n*) n*)u(t) To calculate the variance of the reduced order model
T N-w N =1 =1 we need to derive the expressions i, (1*, 6,) and
x G(q,n")u(s)¥T (s, %) ‘]gé (n*, 00) (see (25)). Taking derivatives of (27) gives
N N / n
. 1 % J, (7’7 9) - E\P(ta 77)’7(157 , 9) (35)
+ Jim NZZE\II(t,n Je(t) J,," e T
e t=1 s=1 nn (777 0) *E\Il(tv 77)\:[] (tv 77)
T * _
()07 (s.7") ~ELw(tn(tn6)  (36)
TR 3 ~ dn
+ Jim oSS 2B )Gl u) W) =~ BV o) @)
t=1s=1 o Note that since the true system belongs to the model
e(s)¥" (s, n") (28)  class parameterized Iy thenG(q, 8y) = Go(q) and
Sincee is white and independent af the last term it follows that
vanishes and the second term can be simplified ~¥(t,m, 60) =(G(q,60) — G(gq,n))u(t)
L NN i =(Golg) — G(g,n))u(?)
Q= lim <> > BU(t7)G(gn" )ult) =G(q, n)u(t) (38)
t=1 s=1
. This gives
xG(q.n"yu(s) 7 (s,17°) J I
T (0", 60) =EV (¢, 7" )W (¢,7%)
+ Jim ZE\P () e" (t,n")  (29) — B (t,7")G(q, 7" )u(t)  (39)
- wo(n",00) = — BY (.0 )07 (1, 6) (40)

Continuing to work with the first term in (29) (from

now on denoted by) we find that Expressions (21), (25), (39), and (40) together give the

covariance ofyy, i.e.,

N T *
5= ]\}EDOONE <Z ‘I’(ﬁ,n*)é(q,n*)u(t)> Fr=A [_E\IJ( YT
N . B (1,0")Cla,n*)u(t)|
X (Z ‘I’(tm*)@(q,n*)u(t)> >0 x [E(t,n") U7 (t, 60)]
= 0) x [BW(t, 60) 07 (t,60)] ' (41)
) x [EW(t,00) 07 (t,n")]
From the definition of£ we also have that the second % [E\I/(t, n*)q/T(t7 )

term equals
AEW (¢, 7" ) U T (¢, 1%). (31)



4.3 Proof of the main result

After simplifying the expressions for the covariance

matrices (34) and (41), the main result can now be

proved. Showing thaP,. < P is equivalent to show-
ing that
A [BU(t, )T (t,60)] [E(t,60)97(t,60)]
X [E\Il(tv 90>\IIT (tv 77*>]
< AEW (8,7 )T (t, %) + S
(42)
Moreover, sinceS is positive semidefinite it is suffi-
cient to show that
[E(t, ") U7 (t,60)] [EU(t,00)T7 (¢, 60)]
x [EW(t,00)UT (t,n*)] < EW(t,n*)¥"(t,n*)
(43)

In order to complete the proof of the main result we

difference in size is linked to the size of the model
error.

Let the true system be given by

B )+ e,

y(t) = Fo)

where

B(q) =2¢ ' —¢q?
F(q) =1-0.7¢7 1 +0.52¢72
—0.092¢72% — 0.1904¢—*.

The input,u, and noiseg, are jointly independent,
zero-mean, white noise processes, both with variance
1. The system is simulated wittv 250 data
and low order models of OE type are calculated. To
illustrate how the size of the model error affects the
result, 3 levels of approximation are calculated. This
is represented by estimating models of ordgis =

need a result of the Schur complement (Zhang, 1999,1, ny = 1, ni = 1}, {ny = 2, ny = 2, ny, = 1},

Theorem 6.13).

Theorem 2.Let A, B, andC be real matrices, where
Ais ann x n positive definite matrix an is ann xm
matrix. Then for any positive semidefiniée (m x m)

A B T 4—1
(BTC)ZO s C>BTA'B.

Since every covariance matrix st least positive
semidefinite it follows that

0<E (\\IIJIEL 90)) (W7(t,60) W (t,n"))

t,n") )
(B, 00)T(t,00) EW(t,00)0T (¢, 1)
B (E\I’(t n*)er(t,0o) E\If(tm*)\IfT(tm*))

(44)

By noting thatEW (¢, 0,) W7 (¢, 6,) is positive definite
due to the assumption th&{ is unique, Theorem 2 is
applicable. Direct application of this shows that (44)
is equivalent to (43), and the main result follows, i.e.,
P. <P,

For P, = P, to hold, two things have to be fulfilled.
First of all S = 0 is needed. Secondly, equality in
(43) has to hold. These things are obviously fulfilled if
the model error(z, is zero, and no other configuration
fulfilling both of these conditions is obvious. It is
worth noting that the difference betweéh and Py
grows withS, andS grows with the bias error squared
according to (30).

5. ILLUSTRATING EXAMPLE

This example is included to illustrate two things. First,
to show that the covariance matrix of tiig reduced

and{n, = 3, ny = 3, ny = 1}, respectively. The
approximations obtained are shown in the Bode plot
in Figure 1. As seen from the Bode plot, both the 2nd
and 3rd order approximations give reasonably sized
model errors, while the first order approximation is
very bad. From data, both the direct and the reduced

From ul toyl

Amplitude

_sol

-100~

Phase (degrees)

-150

107 10" eauoncy (e 10° 10"

Fig. 1. True system (solid), 3rd order approximation
(dash-dotted), 2nd order approximation (dotted),
1st order approximation (dashed).

estimates are calculated. The reduced order models
are calculated from an estimated model of true order,
e, {ny = 2, ny = 4, nk = 1}. This is repeated
250 times and from the obtained estimates, Monte
Carlo based estimates of the covariance matrices are
calculated. From each (of the six) covariance matrices
the eigenvalues are determined to represent the size of
the covariance matrices. The results are presented in
Table 1. From the table it is immediate that there is
a difference in size of the covariance matrix between
the two different methods. The difference can be large
as in the OE(1,1,1) case (where the bias is large) or

estimate really is smaller than the covariance matrix rather small as in the OE(2,2,1) and the OE(3,3,1) case
for the direct estimate. Second, to illustrate that the (where the bias is smaller).



Table 1. Monte Carlo estimates of the Spanos, J. T., M. H. Milman and D. L. Mingori (1992).

eigenvalues of the covariance matrices for A new algorithm forL, optimal model reduction.

OE models of order 1, 2 and 3. Both the di- Automatica28(5), 897-909.

rect and the reduced estimates are included. Tjarnstom, F. (2000). Quality Estimation of Approx-

“d” is short fort direct estimate and “r" is imate Models. Licentiate thesis LIU-TEK-LIC-
short for reduced estimate. 2000:06. Department of Electrical Engineering,

Order e s % N e % Linkdpings universitet. SE-581 83 Linking,

d1,1,1 2643 0216 - - - N _ Sweden. .
ri,1,1 0971 0.076 Tjarnstom, F. and L. Ljung (2000)L.-model reduc-

d2,2,1 1866 0.918 0.088 0.040 - - tion and variance reduction. IRroc IFAC Sym-

r2,2,1 169 0868 0077 0.037 - - posium, SYSID 2000Banta Barbara. pp. 929—
d3,3,1 2410 3266 0889 0.38L 0.037 0.023 935
3,3,1 1768 2193 0.841 0339 0033 0022 _ . . .
' Tjarnstom, F. and L. Ljung (2001). Variance prop-
6. CONCLUSIONS erties of a two-step ARX estimation procedure.
) o o In: Proceedings of the European Control Confer-
In this contribution we have shown that it isver ence Porto, Portugal. pp. 1840-1845.

better to estimate a low order OE model by direct wahlperg, B. (1987). On the Identification and Ap-
estimation, compared to estimating the model using  proximation of Linear Systems. PhD thesis 163.
a two step procedure. This procedure consists of first Department of Electrical Engineering, Liogihg
estimating a high order OE model which is subjected University.

to L, model reduction to produce a low order model. wahiberg, B. (1989). Model reduction of high order
It has also been pointed out that the difference grows estimated models: The asymptotic ML approach.

with the bias error. Int. J. Control49(1), 169-192.

This result clearly has an impact on the way low order Wilson, D. A. (1970). Optimum solution of model re-
modeling should be addressed. By starting witha high ~ duction problemProceedings IEEL17(6), 1161~

order model which is then reduced to low order, bias 1165. ) _
errors can be tracked, and at the same time variancézhang, F. (1999)Matrix Theory - Basic Results and
is kept small. Applications of this are obvious, e.g., in TechniquesSpringer-Verlag, New York.

robust control where one would like to use low order Zhu, Y. and T. Backx (1993)dentification of Multi-

models with tight error bounds to get simple regulators ~ Variable Industrial Processes for Simulation, Di-
with good performance. agnosis and ControlSpringer-Verlag.

REFERENCES

Aplevich, J. D. (1973). Approximations of discrete
linear systemslnternational Journal of Control
17(3), 565-575.

Ferrante, A., W. Krajewski, A. Lepschy and U. Viaro
(1999). Convergent algorithm féy model reduc-
tion. Automatica35, 75-79.

Hsia, T. C. (1977)ldentification: Least Squares Meth-
ods Lexington Books. Lexington, Mass.

Ljung, L. (1999).System Identification: Theory for the
User. 2nd ed.. Prentice-Hall. Upper Saddle River,
NJ.

Ninness, B. and G. Goodwin (1995). Estimation of
model quality Automatica31(12), 1771-1797.
Porat, B. (1986). On the estimation of the parameters
of vector gaussian processes from sample covari-
ances. InProceedings of the 25th Conference on

Decision and ControlAthens, Greece. pp. 2002—
2005.

Porat, B. and B. Friedlander (1985). Asymptotic ac-
curacy of ARMA parameter estimation methods
based on sample covariances. Rreprints 7th
IFAC Symposium on ldentification and System
Parameter EstimationYork, U.K.. pp. 963—968.

Séderstom, T., P. Stoica and B. Friedlander (1991).
An indirect prediction error method for system
identification.Automatica?7, 183—188.



