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Abstract: This paper addresses the problem of developing an optimisation model to aid the 
operational decision-making process in pipeline systems. The model is applied on a real 
world pipeline oil distribution scenario, which connects an inland refinery to a harbour, 
conveying multiple types of commodities. The optimisation model was developed based on 
mixed integer linear programming (MILP) with uniform time discretization. The MILP well-
known computational difficulty was avoided by the problem domain decomposition. 
Simulation examples demonstrated that the optimisation model was able to define new 
operating points, providing significant cost saving. Copyright © 2002 IFAC 
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1. INTRODUCTION 
 
As the economy moves towards an increasingly 
global market, companies are forced to focus on 
production effectiveness under a highly dynamic 
market. In order to reduce costs and provide better 
services, the industrial structure modelling has 
become a fundamental tool. 
 
The oil industry has a strong influence upon the 
economic market. Research in this area may provide 
highly profit solutions and also avoid environmental 
damages. The oil distribution-planning problem is 
within this context. A wide net with trains, tankers, 
and pipelines are used to link harbours, refineries and 
consumers. According to Kennedy (1993), pipelines 
provide an efficient way to transport oil and gas. The 
maximum utilisation efficiency of this transportation 
medium becomes interesting to the oil industry. 
 
According to Lee et al. (1996), mathematical 
programming techniques for long-term planning have 
been extensively studied and implemented, but much 
less work has been devoted to short-term operation 
scheduling, which in fact reproduces the operational 
decision-making process. The short-term scheduling 
requires the explicit modelling of discrete decisions. 
The approach to solve this problem is manifold. A 
general one is to use a mixed integer linear 
programming formulation (Pritsker et al., 1969). It 
comprises a collection of variables under constraints, 
and an objective function to be either maximised or 

minimised in the process of assigning values to the 
variables. The objective function may encode a 
single scheduling goal, or it may attempt to satisfy a 
collection of multiple objectives (e.g., minimisation 
of both order tardiness and amount of changeover 
activities). Among the MILP solution methods, it can 
be found branch-and-bound, enumeration, and 
dynamic programming. A complete survey in mixed 
integer programming and techniques for several 
application problems is presented in (Wolsey, 1998). 
The great concern of a real-world MILP formulation 
is related to the combinatorial explosion. In practice, 
it is often impossible to find solutions in a reasonable 
computational time. An analytical investigation of 
the combinatorial nature and computational 
complexity of problems in process systems can be 
found in (Ahmed and Sahinidis, 2000). According to 
Applequist et al. (1997), the number of integer 
variables required to represent a practical problem in 
a MILP feature can be quite large, thus the 
computational expense should be concerned. 
Subrahmanyam et al. (1995) demonstrates that one 
approach to avoid the combinatorial explosion 
introduced by integer variables is based on 
decomposition strategies. 
 
 
1.1 Problem Definition. 
 
This work focuses on the short-term scheduling of 
activities in a specific pipeline system. It connects a 
harbour to an inland refinery. 
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Figure 1 illustrates the pipeline physical structure. 
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Fig. 1. Pipeline physical structure overview. 
 
The pipeline is 93.5 km length, it can store a total 
volume of 7,314 m3, and it connects the refinery tank 
farm to the harbour tank farm going along regions 
with 900-meter-altitude difference (∆h). The pipe 
conveys multiple types of commodities. It is possible 
to have flow either from the refinery to the harbour 
or from the harbour to the refinery. There is no 
physical separation between different products as 
they move in the pipe. Consequently, there is a 
contamination area between products: the interface. 
In order to avoid a specific contamination, a plug 
product can be used between elements. This 
procedure increases the operating cost. The tank farm 
infrastructure, an up-to-date storage scenario, the 
pipeline flow rate details, and the demand 
requirements are known a priori. The scheduling 
process must take into account product availability, 
tankage constraints, pumping sequencing, flow rate 
determination, and a wide variety of operational 
requirements. The task is to predict the pipeline 
operation during a limited time horizon (T), 
providing low cost operational procedures. 
 
 

2. METHODOLOGY 
 
The methodology employed in this work is the mixed 
integer linear programming with uniform time 
discretization. The computational complexity is 
concerned, and the problem is splited in small 
entities. The division is based on the three key 
elements of scheduling: assignment of resources, 
sequencing of activities and determination of 
resource timing utilisation by these activities 
(Reklaitis, 1992). The idea is to share the basic 
scheduling elements among an integrated architecture 
(Figure 2), providing a framework that aims to 
reduce the computational expense. 
 
The integrated architecture is based upon a MILP 
main model (Main Model), two auxiliary MILP 
models (Tank Bound and Plug Bound), and a 
computational procedure (Time Bound), all of them 
sharing a Data Base. To summarise, the tank bound 
is responsible for the assignment of resources, the 
plug bound determines the sequencing of activities, 
and both time bound and main model are used to 
process the timing feature. Care was taken in order to 
provide a consistency among the scheduling features 
interchanged by different optimisation blocks. 
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Fig. 2. Integrated architecture overview. 
 
The tank bound task involves the appropriate 
selection of some resources (tanks) for a given 
activity (pumping the demanded product). Its main 
inputs are demand requirements, product availability, 
and tankage constraints. As an output, it specifies the 
tanks to be used in operational procedures. 
 
The main input to the plug bound is the compatibility 
matrix, which informs the plug necessity between 
demanded products. Based on this information, this 
auxiliary model determines the pumping sequence 
that minimises the use of plugs. 
 
The auxiliary routine time bound uses the tank bound 
and the plug bound information to determine 
temporal constraints, which are applied on the main 
model. The main model task is the choice of specific 
starting and stopping times of each pumping activity. 
 
The final scheduling is attained by first addressing 
the assignment problem, followed by the sequencing 
task, and, at last, by determining the timing over a 
limited period. Figure 3 illustrates the integrated-
architecture-solving-precedence. A fundamental 
issue of this approach is that the output of one 
optimisation block (determined variables) can be 
used as parameters to the subsequent block. An in-
depth description of the integrated architecture can be 
found in (Magatão, 2001). 
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Fig. 3. Integrated architecture solving precedence. 
 
 
2.1 Optimisation Model: Mathematical Formulation. 
 
The modelling process takes into account the 
following conditions: (i) Pipeline can fill or empty 
only one tank at a time; (ii) Tanks being emptied can 
not be filled; (iii) A tank always stores the same 
product; (iv) The tank farm infrastructure limits must 
be respected; (v) The product flow rate range must be 
respected; (vi) The product demand has to be within 
an operational range; (vii) Every product must be 
pumped uninterruptedly; (viii) It is possible to use a 
plug product between incompatible elements, but 
plug inclusions increase the operating cost; (ix) The 



     

plug volume is significantly smaller than any 
demanded batch, so that its pumping time is 
neglected; (x) Changeover times are neglected; (xi) 
Tank changeovers should be minimised; (xii) Use of 
plugs should be minimised; (xiii) In order to pump 
the entire demand, it is required a minimum time 
horizon (Tmin). In such a horizon, every product is 
pumped at its maximum flow rate; (xiv) To pump 
products from refinery to harbour is called flow 
procedure. To pump from harbour to refinery is 
called reflow procedure; (xv) Complete pumping 
operation covers either a flow followed by a reflow 
procedure or a reflow followed by a flow procedure. 
The user specifies the ordering flow/reflow or 
reflow/flow; (xvi) The pipeline stores 7,314 m3 and it 
always operates completely filled. There is a time 
between sending a product and receiving it. 
Therefore, after sending either the last flow 
sequenced product or last reflow sequenced product, 
it is necessary to pump an extra product amount to 
maintain the pipe filled. Between flow/reflow or 
reflow/flow operations, pumping the extra product 
amount is called gap procedure. After sending all 
demanded products, filling the pipe with an extra 
product amount is called end procedure; (xvii) The 
system starts pumping at the initial time (t=1). In 
case T>Tmin the pumping procedure can be finished 
before T, but the pipeline must remain pressurised. 
This procedure also increases the operating cost. 
 
The mathematical approach, as stated, is based on 
MILP with uniform time discretization. Expressions 
(1) to (137) present the integrated architecture 
formulation, exploiting some of its features. Space 
restrictions preclude a detailed formulation 
description. Such an information can be obtained in 
(Magatão, 2001). 
 
Tank Bound. Objective Function: minimise tank 
changeovers. 
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Subject to constraints: The minimum number of tank 
changeovers occurs when each required product is 
pumped from just one tank. 
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The required product volume has to respect 
operational limits. 
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Demand requirements must be satisfied. 
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Expressions to establish the emptying of tanks: 
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It is admitted an operational transition in case the 
final tank volume differs from its initial time volume. 
Therefore, binary variables r

ipTBT ,  and p
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assume the unitary value when, respectively, 
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Due to operational facilities, at the end of flow or 
reflow operation, the last sequenced product also fills 
the pipeline. The tank bound verifies product 
availability, indicating elements that can be used to 
finish flow/reflow operations.  
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Plug Bound. Objective Function: minimises the use 
of plugs. 
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Subject to constraints: Two products sequentially 
pumped generate an operational transition. The total 
number of operational transitions is related to the 
number of demanded products. 
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A pumping transition between incompatible products 
demands the use of a plug. 

;   __
1

1
,,, papPSBIPTR

p pa

npr

s
papspap ≠∀=⋅∑∑ ∑

−

=
 (24)

;   __
1

1
,,, papRSBIRTR

p pa

npp

s
papspap ≠∀=⋅∑∑ ∑

−

=
 (25)



     

Logical arrangement to guarantee the sequencing of 
all demanded products: 
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The operational transition between either flow/reflow 
or reflow/flow is considered (switch transition), and 
it can be expressed as an implication form: 
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Considering the implication: (A) and (B) ⇒ C, where 
A and B are binary variables, expression (34) 
demonstrates the implication in an equivalent 
mathematical programming formulation (LINDO, 
1999). 
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Thus, implication (32) and (33) can be expressed as: 

;1_;1,1;,
1___

;__
;__

,,,,,,,

,,,,,

,,,,,

==−=≠≠∀
−+≥

≤
≤

RPsinprsfpdpcpbpa
RTRPTRPRTR

RTRPRTR
PTRPRTR

sipdpcsfpbpapdpcpbpa

sipdpcpdpcpbpa

sfpbpapdpcpbpa

 (35)

;1_;1,1;,
1___

;__
;__

,,,,,,,

,,,,,

,,,,,

==−=≠≠∀
−+≥

≤
≤

PRsinppsfpdpcpbpa
PTRRTRRPTR

PTRRPTR
RTRRPTR

sipdpcsfpbpapdpcpbpa

sipdpcpdpcpbpa

sfpbpapdpcpbpa

 (36)

The switch transition must occur, and it is possible to 
use a plug. 
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Logical arrangement to obtain the sequencing of all 
demanded products: 
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The pipe operates filled. There is an operational 
transition between the first sequenced product and 
the element that is pressurised in the pipeline. It is 
also possible to use a plug in such transition. 
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The product ordering considers tankage constraints, 
which were previously determined by the tank 
bound. 
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Time Bound. This auxiliary computational procedure 
determines parameters that are dependent on both the 
product ordering (obtained by the plug bound) and 
the usage of tanks (determined by the tank bound). 
 
Gap procedure lower/upper time interval: 
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End procedure lower/upper time interval: 
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Time limits to the end pumping of batches (the 
symbol 〈 〉 indicates that is necessary to round off the 
division to the next integer value): 
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Time limits to the start pumping of batches: 
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Lower time limit of gap/end procedure start: 
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Upper time limit of gap/end procedure completion: 
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Upper time limit of end procedure start: 
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Main Model. Objective function: minimises the 
operating cost: 
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Equation (65) demonstrates that the plug inclusion 
( ,,, tpapSP tpapSR ,, ) and the occurrence of changeovers 
( ,,,, tljpTP  ,,,, tkipTR  ,,,,, tnjpapTP  tmipapTR ,,,, ) increase the 
operating cost. As a result, the optimisation solution 
method seeks scheduling answers that minimise both 
the number of plug inclusions and the number of 
changeover occurrences. There is also a cost 
associated with the time period that a product is 
pumped in the pipeline ( ,,

p
jpTFB  ,,

r
ipTFB  ,,

p
jpTIB  ,,

r
ipTIB  

,TGAP TT ). This time is related to the flow rate by an 
inverse ratio: if the flow rate increases, the product 
pumping time decreases and the operating cost 
decreases. On the other hand, if the flow rate 
increases, the electric pumping cost increases and so 
the operating cost. Consequently, there are 
contrasting objectives, and the optimisation model 
must determine the ideal flow rate policy during a 
limited time horizon (T).  
 
Subject to constraints: Each product is pumped only 
once throughout the scheduling horizon. 
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At least one batch starts being pumped at the initial 
time. 
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Each time unit can have one pumping start variable 
set to one. 
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Each time unit can have one pumping finish variable 
set to one. 
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The pumping finish variable is set to one only if the 
product starts being pumped in the scheduling 
horizon. 
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Equations for determining the pumping initial time: 
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Equations for determining the pumping final time: 
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Expressions to establish temporal constraints: 
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The demanded volume divided by the maximum 
product flow rate determines the minimum product 
pumping time. 
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Continuous flow constraints: there must not be a time 
interruption between the pumping finish of one 
product and the pumping start of the preceding one.  
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The gap time has to be considered between either 
flow or reflow operations. 
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Pumping transition between tanks of the same 
product can be expressed as an implication form. 
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Using expression (34), the (87) and (88) can be 
expressed as: 
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The pumping transition between products can be 
expressed as an implication form. 
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Using expression (34), the (91) and (92) can be 
formulated as: 
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A pumping transition between incompatible products 
demands the use of a plug. 
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Equations (97) to (100) help to model the time 
interval that the pipe empties a tank. 
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Overlap between batches is not a valid condition. 
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The pipeline flow rate has to be respected. 
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The required product volume has to respect 
operational limits. Expressions (6) to (11), used in 
the tank bound, are also applied on the main model 
formulation (considering 1;;   ,,, =∈∀= tRTipVVi p

r
tip

r
ip ; 
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p
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p

jp ). Expressions (104) and 
(105) establish that tank storage range has to be 
respected. 
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The product pumped must satisfy the demand. 
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Flow rate determination: 
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Expressions (110) to (112) help to model the gap 
time. 
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During the gap time, the pipeline flow rate must be 
respected. 
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Gap time determination: 
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Either flow/reflow switch or reflow/flow switch 
occurs when the pipeline is full. 
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Electric cost during the gap time: 
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Expressions (118) to (123) help to model the end 
time. 
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End time duration: 
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During the end time, the pipeline flow rate must be 
respected. 
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After pumping the entire demand, the pipe must be 
filled up. 
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Electric cost during the end time: 
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In case the system finish pumping the demand before 
T, the pipeline must be maintained pressurised. 
Expressions (129) to (132) help to model this 
constraint. 
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Time period that the pipe remains pressurised: 
TFBTTTS −=  (133) 

The computational auxiliary routine time bound 
determines temporal constraints that must be respect 

by the main model. Moreover, setting up binary 
variable values decisively aids the search process 
(Wolsey, 1998).  
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3. RESULTS 
 
This section considers an example involving the 
pumping of four products from the harbour to the 
refinery followed by another four pumped from the 
refinery to the harbour. Each product has two tanks 
enabled to sending operations. For simplicity, units 
are standardised and omitted. The normalisation is 
based on the pipeline volume. The entire pipe has 
7,314 m3. It is admitted a NF (normalisation factor) 
that equally divides the pipe volume. The product 
demand is expressed based upon NF. As an example, 
NF=4 determines batches of 1,828.5 m3 (7,314÷4). A 
normalised demand of two units represents a total 
demanded volume of 3,657 m3 (1,828.5x2). The 
system pumps, at most, one normalised volume per 
time unit. A normalised flow rate of one at a time t 
indicates that a volume of 1,828.5 m3 is pumped 
between times t and t+1. The time length selection of 
each discretised time span involves a trade-off 
between accurate operation and computational effort. 
The problem data was rounded, so that the time 
quantum could be increased and, thus, the number of 
decision variables decreased. Simulation covers since 
the minimum normalised time horizon (Tmin=20) up 
to twenty-five normalised time units (T=25). The 
pumping process starts from the harbour to the 
refinery (P_R=1); NF=4; CPpump, CRpump, Cplug, and 
CS were considered unitary. 
 
Table 1 indicates the plug necessity between 
products. As an example, the sequence product P1 
followed by product P2 demands the use of a plug 
(P1↔plug↔P2), P1 followed by P3 do not demand 
the use of a plug (P1↔P3). 
 

Table 1. Product versus Plug Necessity 
 

Plug Necessity  Product 
P1 P2 P3 P4 

P1 no yes no yes 
P2 yes no no no 
P3 no no no yes 
P4 yes no yes no 

 
Table 2 is a system information sketch for the 
problem main features. It presents a priori 
information about tanks (storage tank label) that can 
be used in sending operations: the storage capacity, 
and the up-to-data volume (initial amount). In the 
simulation scenario, these tanks are not enabled to 



     

receive products. The demanded amount represents 
the standardised product necessity. As an example, 
the harbour is in need of two normalised units (3,657 
m3) of P3. This batch has to be supplied by the 
refinery tank farm of P3 (P3_TR1, P3_TR2). The 
minimum volume to be left per tank (heel) is equal to 
one normalised unit for all tanks specified in Table 2. 
It was considered that both the harbour tank farm and 
the refinery tank farm were able to receive the entire 
demanded amount. Table 3 details the product flow 
rate range. 
 

Table 2. System Information – Main Features 
 

Product 
Storage 

Tank 
Label 

Storage 
Capacity 

Initial 
Amount 

Demanded 
Amount 

P1_TP1 12 6 P1 P1_TP2 12 6 1 

P2_TP1 12 2 P2 P2_TP2 12 2 1 

P3_TP1 12 6 P3 P3_TP2 12 6 2 

P4_TP1 12 6 

H 
A 
R 
B 
O 
U 
R P4 P4_TP2 12 6 1 

P1_TR1 15 6 P1 P1_TR2 15 6 1 

P2_TR1 15 6 P2 P2_TR2 15 6 2 

P3_TR1 15 3 P3 P3_TR2 15 2 1 

P4_TR1 15 6 

R 
E 
F 
I 
N 
E 
R 
Y P4 P4_TR2 15 6 1 

 
Table 3. Product Flow Rate Range 

 
Product Parameter P1 P2 P3 P4 

min
pPR  0.5 0.5 0.5 0.5 
max
pPR  1 1 1 1 
min
pPP  0.5 0.5 0.5 0.25
max
pPP  1 1 1 0.5 

 
Table 4 shows the electric cost at each time unit. 
Pumping start time is at 6 a.m. (t=1). The cost 
variation is due to on-peak demand hours. A uniform 
time discretization of six hours was adopted. 
 

Table 4. Electric Cost Variation 
 

t 1 2 3 4 5 6 7 8 9 10 11 12 13
tCe  1 1 5 1 1 1 5 1 1 1 5 1 1

t 14 15 16 17 18 19 20 21 22 23 24 25 26
tCe  1 5 1 1 1 5 1 1 1 5 1 1 1

 
The modelling and optimisation tool Extended 
LINGO/PC Release 6.0 (LINDO, 1999) was used to 
implement and solve the model. LINGO is a 
commercial tool, which allows formulating linear and 

non-linear large problems, solving them, and 
analysing the solution. It has four internal solvers: a 
direct solver, a linear solver, a non-linear solver, and 
a branch and bound manager. The Lingo's solvers are 
all part of the same program, which is directly linked 
to its modelling language. This allows the data 
exchange directly through memory, rather than 
through intermediate files. Direct links also minimise 
compatibility problems between the modelling 
language and the solver components. 
 
Table 5 provides information about the integrated 
architecture simulation. The computational time is in 
the worst case of ten runs on a platform Pentium III, 
933 MHz, 256 MB RAM. It was not applied any 
optimality margin (Shah et al., 1993), and the search 
tree was entirely executed. The integrated 
architecture blocks tank bound, plug bound, and time 
bound required a computational time lower than one 
second for all simulation instances. T indicates the 
scheduling horizon, NV stands for the total number of 
variables, NBV stands for the total number of binary 
variables, NC stands for the total number of 
constraints, Time indicates the simulation time 
(seconds), and Cost ($) indicates the normalised 
objective function value - equation (65). 
 

Table 5. Integrated Architecture Simulation:  
Main Model Data 

 
T NV NBV NC Time (s) Cost ($)
20 1,325 82 4,297 17 64 
21 1,405 92 4,526 24 62 
22 1,483 102 4,749 43 61 
23 1,561 112 4,972 134 60 
24 1,639 122 5,197 146 61 
25 1,717 132 5,422 340 62 

 
Considering a time horizon equal to twenty-three 
normalised units (T=23), Figure 4 is a Gantt chart 
about sending operations established by the 
integrated architecture. 
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Fig. 4. Sending operations during time horizon. 



     

Figure 4 demonstrates that the system established the 
pumping sequence P4_TP1, P2_TP1, P2_TP2, 
P3_TP1, P1_TP1, and GAP in reflow procedure. The 
sequence P1_TR1, P3_TR1, P2_TR1, P4_TR1 and 
END was established in flow procedure. In 
accordance with Table 1, these pumping sequences 
minimise the use of plugs. Considering a time 
horizon equal to twenty-three normalised units 
(T=23), Figure 5 demonstrates the emptying of tanks 
determined by the integrated architecture. Figure 5 
and Table 2 demonstrate that the predicted operation 
schedule minimises the tank changeovers. 
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Fig. 5. Tank volume during time horizon. 
 
Based on electric cost variations on the available 
time horizon, the optimisation model determines the 
ideal pipe flow rate. Considering a time horizon 

equal to twenty-three units (T=23), Figure 6 shows 
the normalised flow rate as a time function.  
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Fig. 6. Normalised flow rate during time horizon. 
 
In order to pump the entire demand pumping chart, it 
is required a minimum time horizon (Tmin). In such a 
horizon, every product is pumped at its maximum 
flow rate. However, in case T>Tmin the integrated 
architecture determines the optimal flow rate policy, 
according to the available time horizon (T). Figure 7 
shows the normalised cost - equation (65) - as a time 
horizon function. For each time horizon value 
presented in Figure 7, the integrated architecture is 
run, and a specific cost is attained (see Table 5). 
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Fig. 7. Normalised cost versus time horizon. 
 
Figure 7 demonstrates the existence of a specific time 
horizon that yields the minimum operating cost 
(T=23). The cost versus time horizon function clearly 
demonstrates that a correct pipeline timing policy 
provides significant cost saving. 
 
 

4. CONCLUSIONS 
 
It was presented a mathematical programming 
approach to the economically important problem of 
oil distribution through pipelines. It was developed a 
computer-optimisation system to aid the operational 
decision-making process. It was considered a study 
upon a tank farm and a pipeline connecting a refinery 
to a harbour. The scheduling of activities took into 
account product availability, tankage constraints, 
product sequencing constraints, and also satisfied a 
wide variety of operational requirements. The task 
was to specify the pipeline operation during a limited 
time horizon, providing low cost operational 
procedures. The scheduling approach based on mixed 
integer linear programming with uniform time 
discretization was applied on formulating the 
problem. The computational expense was concerned 
and an integrated architecture was proposed. This 
architecture separately solves the three scheduling 
fundamental components: the assignment of 



     

resources, the sequencing of activities, and the timing 
utilisation of resources by these activities. The large-
scale mixed integer linear problem was implemented 
and solved by using the commercial tool Extended 
LINGO/PC Release 6.0. Currently pipeline operation 
is based on experience, and no computer algorithm is 
used; plug product usage and energy consumption are 
not rigorously taken on account. Simulation 
examples demonstrated the economic potential 
involved in the problem of sequencing commodities 
in a multi-product pipeline. 
 
 

5 NOTATION 
 
5.1 General parameters. 
 

plugC  Average cost to pump a plug product ($); 

tankC  Average cost of a tank changeover ($); 

tCe  Average electric cost per flow rate unit at a
time t ($⋅h/m3); 

pumpCP  Average cost to pump a product. Flow
direction: harbour to refinery ($/h); 

pumpCR  Average cost to pump a product. Flow
direction: refinery to harbour ($/h); 

CS  Average cost to maintain the pipe
pressurised ($/h); 

max
,

min
, /

jp

jp

EP
EP  

Minimum/maximum storage capacity of p in 
a tank j - harbour tank farm - (m3); 

max
,

min
, /

ip

ip

ER
ER  

Minimum/maximum storage capacity of p in 
a tank i - refinery tank farm - (m3); 

mki ,,  Refinery tanks; 

papI ,  1 if pumping the product p followed by pa
requires a plug between then, 0 otherwise. It
is a dimensionless parameter; 

K  Auxiliary constant (m3); 
nlj ,,  Harbour tanks; 

npp  Number of products demanded by the 
harbour; 

npr  Number of products demanded by the 
refinery; 

pap,  Products; 
PND  Product that fills the pipeline at the initial 

time (t=1); 
RP _  1 if reflow procedure is followed by flow

procedure, 0 otherwise; 

max

min /

p

p

PP
PP  

Minimum/maximum flow rate of p. Flow 
direction: harbour to refinery (m3/h); 

max

min /

p

p

PR
PR  

Minimum/maximum flow rate of p. Flow 
direction: refinery to harbour (m3/h); 

pPT  Harbour tanks that storage a product p; 

pQP  Volume of p demanded by the harbour (m3);

max

min /

p

p

QP
QP  

Minimum/maximum volume of p demanded
by the harbour (m3); 

pQR  Volume of p demanded by the refinery (m3);

max

min /

p

p

QR
QR  

Minimum/maximum volume of p demanded 
by the refinery (m3); 

PR _  1 if flow procedure is followed by reflow 
procedure, 0 otherwise; 

pRT  Refinery tanks that storage a product p; 

t  Discrete time t=1..T (time horizon). Unit: h;
T  Time horizon. Unit: h; 

minT  Minimum time horizon to complete the 
entire pumping procedure (h); 

p
jpVi ,  Product p storage volume in tank j at the 

initial time (t=1). Harbour tank farm (m3); 
r

ipVi ,  Product p storage volume in tank i at the 
initial time (t=1). Refinery tank farm (m3); 

VD  Pipeline volume (7,314 m3); 
τ  Discrete time duration (h). 
 
 
5.2 Tank Bound Variables.  
 

pLP  Binary variable that indicates whether p can 
be the last sequenced product of reflow 
procedure (1) or not (0); 

pLR  Binary variable that indicates whether p can 
be the last sequenced product of flow 
procedure (1) or not (0); 

PTB _  Indicates the number of tank changeovers 
occurred in the harbour tank farm to supply 
sending operations. It is a dimensionless 
variable; 

RTB _  Indicates the number of tank changeovers 
occurred in the refinery tank farm to supply 
sending operations. It is a dimensionless 
variable; 

p
jpTBT ,  1 if occurs an operational transition on tank 

j of p, 0 otherwise. Harbour tank farm. It is 
a dimensionless binary variable; 

r
ipTBT ,  1 if occurs an operational transition on tank 

i of p, 0 otherwise. Refinery tank farm. It is 
a dimensionless binary variable; 

p
jpVf ,  Product p storage volume in tank j at the 

final scheduling time (t=T). Harbour tank 
farm (m3); 

r
ipVf ,  Product p storage volume in tank i at the 

final scheduling time (t=T). Refinery tank 
farm (m3). 

 
 
5.3 Plug Bound Parameters. 
 

pLP  Binary parameter that indicates whether p
can be the last sequenced product of reflow 
procedure (1) or not (0). The parameter is 
determined by the tank bound; 

pLR  Binary parameter that indicates whether p
can be the last sequenced product of flow 
procedure (1) or not (0). The parameter is 
determined by the tank bound. 

 



     

5.4 Plug Bound Variables. 
 

spPAUX ,_  Auxiliary binary variable used to model
sOP ; 

spRAUX ,_  Auxiliary binary variable used to model
sOR ; 

sOP  Integer variable. Indicates the pumping
sequence (value ranging from 1 to npr) of p
in the reflow procedure;  

sOR  Integer variable. Indicates the pumping
sequence (value ranging from 1 to npp) of p
in the flow procedure; 

PSB _  Number of plugs used in the reflow
procedure; 

PNDSB _  Number of plugs used between the product
that fills the pipe at the initial time and the
first sequenced product; 

RSB _  Number of plugs used in the flow
procedure; 

SWSB _  Number of plugs used in the switch
transition (either flow/reflow or
reflow/flow); 

spapPTR ,,_  Binary variable that indicates the
transition between p and pa at the 
reflow pumping sequence s. In case,

3,2,1_ PTR , the third reflow transition
occurs between products p=1 and 
pa=2; 

spapRTR ,,_  Binary variable that indicates the
transition between p and pa at the flow
pumping sequence s; 

pdpcpbpaPRTR ,,,_

 
Binary variable that indicates the
switch transition between products pb
and pc (reflow procedure); 

pdpcpbpaRPTR ,,,_

 
Binary variable that indicates the
switch transition between products pb
and pc (flow procedure). 

 
 
5.5 Time Bound Determined Parameters. 
 
FIMG  Upper time limit of gap procedure

completion (h); 
FIMT  Upper time limit of end procedure

completion (h); 
INIG  Lower time limit of gap procedure start (h);
INIT  Lower time limit of end procedure start (h);

p
jpTFBI ,  Upper time limit to pumping completion of

product p stored in tank j, in case T=Tmin. 
Reflow operation (h); 

p
jpTFBS ,  Upper time limit to pumping completion of

product p stored in tank j. Reflow operation
(h); 

r
ipTFBI ,  Upper time limit to pumping completion of

product p stored in tank i, in case T=Tmin. 
Flow operation (h); 

r
ipTFBS ,  Upper time limit to pumping completion of 

product p stored in tank i. Flow operation 
(h); 

max

min /
TGap
TGap Gap procedure lower/upper time interval; 

p
jpTIBI ,  Lower time limit to pumping start of 

product p stored in tank j, in case T=Tmin. 
Reflow operation (h); 

r
ipTIBI ,  Lower time limit to pumping start of 

product p stored in tank i, in case T=Tmin. 
Flow operation (h); 

p
jpTIBS ,  Lower time limit to pumping start of 

product p stored in tank j. Reflow operation 
(h); 

r
ipTIBS ,  Lower time limit to pumping start of 

product p stored in tank i. Flow operation 
(h); 

TL  Upper time limit of end procedure start (h);

max

min /
TT
TT  End procedure lower/upper time interval. 

 
 
5.6 Main Model Variables. 
 
CEGAP  Total electric cost to pump a product during 

the gap procedure ($); 
CET  Total electric cost to pump a product during 

the end procedure ($); 
p

tjpFB ,,  1 if the end pumping of p in tank j occurs at 
a time t, 0 otherwise. Reflow procedure. It 
is a dimensionless binary variable; 

r
tipFB ,,  1 if the end pumping of p in tank i occurs at 

a time t, 0 otherwise. Flow procedure. It is a 
dimensionless binary variable; 

tFTP  1 if the end procedure was completed at a 
time t, 0 otherwise. It is a dimensionless 
binary variable used when P_R=0; 

tFTR  1 if the end procedure was completed at a 
time t, 0 otherwise. It is a dimensionless 
binary variable used when R_P=0; 

p
tjpIB ,,  1 if the start pumping of p in tank j occurs 

at a time t, 0 otherwise. Reflow procedure. 
It is a dimensionless binary variable; 

r
tipIB ,,  1 if the start pumping of p in tank i occurs 

at a time t, 0 otherwise. Flow procedure. It 
is a dimensionless binary variable; 

tITP  1 if the end procedure was started at a time 
t, 0 otherwise. It is a dimensionless binary 
variable used when P_R=0; 

tITR  1 if the end procedure was started at a time 
t, 0 otherwise. It is a dimensionless binary 
variable used when R_P=0; 

p
tjpON ,,  1 during p

p,j
p
p,j TFBtTIB <≤ , 0 otherwise. 

Reflow procedure. It is a dimensionless 
variable; 

r
tipON ,,  1 during r

p,i
r
p,i TFBtTIB <≤ , 0 otherwise. Flow 

procedure. It is a dimensionless variable; 



     

tONGP  1 during the gap procedure. It is a
dimensionless binary variable used when
P_R=1; 

tONGR  1 during the gap procedure. It is a
dimensionless binary variable used when
R_P=1; 

tONTP  1 during the end procedure. It is a
dimensionless binary variable used when
P_R=0; 

tONTR  1 during the end procedure. It is a
dimensionless binary variable used when
R_P=0; 

tPP  Flow rate at a time t. Reflow procedure
(m3/h); 

tPPG  Flow rate at a time t (during the gap
procedure). It is used when P_R=1 (m3/h); 

tPPT  Flow rate at a time t (during the end
procedure). It is used when P_R=0 (m3/h); 

tPR  Flow rate at a time t. Flow procedure
(m3/h); 

tPRG  Flow rate at a time t (during the gap
procedure). It is used when R_P=1 (m3/h); 

tPRT  Flow rate at a time t (during the end
procedure). It is used when R_P=0 (m3/h); 

tpapSP ,,  1 if p followed by pa at a time t requires a
plug between then, 0 otherwise. Reflow
procedure. It is a dimensionless variable; 

tpapSR ,,  1 if p followed by pa at a time t requires a
plug between then, 0 otherwise. Flow
procedure. It is a dimensionless variable; 

p
jpTFB ,  End pumping time of p in tank j. Reflow 

procedure (h); 
r

ipTFB ,  End pumping time of p in tank i. Flow 
procedure (h); 

TFBT  Discretized time of end procedure
completion (h); 

TGAP  Gap procedure duration (h); 
p

jpTIB ,  Start pumping time of p in tank j. Reflow 
procedure (h); 

r
ipTIB ,  Start pumping time of p in tank i. Flow 

procedure (h); 
TIBT  Discretized time of end procedure start (h); 
TK  Total time to complete reflow, flow and gap

procedures (h); 
tljpTP ,,,  1 if the changeover between tanks j and l of 

p occurs at a time t, 0 otherwise. Reflow
procedure. It is a dimensionless variable;  

tkipTR ,,,  1 if the changeover between tanks i and k of 
p occurs at a time t. Flow procedure. It is a
dimensionless variable; 

tnjpapTP ,,,,

 
1 if the changeover between tank j of p and 
tank n of pa occurs at a time t. Reflow 
procedure. It is a dimensionless variable; 

tmipapTR ,,,,

 
1 if the changeover between tank i of p and 
tank m of pa occurs at a time t. Flow 
procedure. It is a dimensionless variable;  

TS  Time period that the pipe remains
pressurised (h); 

TT  End procedure duration (h); 
p

tjpV ,,  Product p storage volume in tank j at a time 
t (2≤t≤T). Harbour tank farm (m3); 

r
tipV ,,  Product p storage volume in tank i at a time 

t (2≤t≤T). Refinery tank farm (m3). 
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