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Abstract:  A robust ∞H approach to filtering for continuous-time linear uncertain systems 

with time -delayed measurement is investigated. The filters such that the filtering process 

remains robustly stable and the transfer function from the disturbance inputs to error state 
outputs meets the pres cribed ∞H -norm upper-bound constraints  can be derived and 

obtained by solving two Riccati equations based on the lemma of robust stability for control 

system with delay, and the resulting filters are parameterized. Simulation examples prove 

the method is effective and feasible. Copyright©2002 IFAC 
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1 INTRODUCTION 

 
All actuation and measurement devices are subject to 
time delay. Specifically, time delays arise in control 
actuation devices as well as computation delay in 
sensor measurement processing. Time delays often 
are the main cause of instability and poor 
performance of systems. In recent years a number of 
authors have devoted their attention to the 
stabilization of systems with state delays. There exist 
two main stabilization methods for the uncertain 
systems with time delay. One is Riccati equation 
(K.zhou and P.P.,1988; Shen et al.,1991;Lee et al, 

1994;Ge et al,1996), and the other is Linear Matrix 
Inequality (LMI) (Lee et al,1994;Li et al,1996;Xu et 
al,2000). In K.zhou and P.P. (1988), a sufficient 
condition for me moryless stabilization of a class of 
uncertain linear systems with a variable -state delay 
and norm-bounded time-varying uncertainties is  
derived in term of an algebraic Riccati equation. 
Modified Riccati equation based design techniques 
were developed for feedback control of systems with 
delay in the system state dynamics in Lee et al (1994) 
and Ge et al (1996) and their references therein. LMI 
feasibility approaches for system stabilization with 
time delay were developed in Li et al (1996). Pila et 
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al (1999) studied the problem of robust ∞H filtering 
for linear certain systems with delay in measurement 
process using difference Riccati equation. However, 
the researches literature on the robust ∞H filtering for 
systems with time-delayed measurement is  few. 
 
In this paper the problem of robust ∞H filtering for 
linear uncertain systems with time -delayed 
measurement process is considered. The purpose is to 
realize a simple filter that assures a prescribed 
estimation performance for any disturbance in 2L . 
Based on the lemma of robust stability for control 
system with delay, the sufficient conditions of the 
existence of the robust filters are obtained. Moreover, 
the filter is characterized in the terms of positive 
solutions of two algebraic Riccati-like equations. It 
should be pointed out that, the filters are independent 
on the time -delay length for both time -delayed 
measurement and uncertain time -delayed 
measurement. 
 
Notations: nℜ denotes the n dimensional Euclidean 
space, mn×ℜ is the set of all mn × real matrices. For 
any two symmetric matrices YX, in nn×ℜ , 

)( YXYX ≥> means that YX − is a positive- 

definite (semi -positive-definite ) matrix. The 

∞H norm of a relational transfer function )(sH  is 

∞||)(|| sH . )(sH zw  is the transfer function from w  

to z and |||| ⋅ means induced matrix 2-norm, and 

2L stands for the space of square integral vector 
functions. I  is the identity matrix with appropriate 
dimensions and the superscript “T” stands for matrix 
transposition. 
 
 

2 PROBLEM FORMULATIONS 
 

Consider the uncertain time-delayed system.  
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where ∈)(tx nℜ is the system state, pt ℜ∈)(y is 

the controlled output, qt ℜ∈)(w is the disturbance 

input which is assumed to be an arbitrary signal in 

2L . dCCBA ,,,  and D  are known constant real 

matrices of appropriate dimensions that describe the 
nominal system, )(),( tt CA ∆∆ and )(tdC∆ are real 

time-varying matrix functions representing 
norm-bounded parameter uncertainties. τ denotes 
state delay, and )(tφ is a continuous vector-valued 
initial function.  

 
The admissible parameter uncertainties in this paper 
is assumed to be modeled as  
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EHHH ,,, 321

 are known constant matrices with 

appropriate dimensions, )(tF is unknown matrix but 
satisfies the following:  
  

  IFF ≤)()( ttT                       (2) 
 
We will design the filer such as  
    0)0(),()()( =+= eeeee ttt xyKxAx&      (3) 

 
where )(tex denotes the state estimation, and 

eA and
eK  are the filter parameters to be estimated. 

 
The state estimation error is  
 

)()()( ttt exxe −=  

 
According to(1)and(3), we get the error dynamics  
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where ez is the output of error, L  is a known 

constant matrix. In the following sections, the 
variable t will be omitted if there is no risk of 
misunderstanding. 
 
Therefore, by (1) and (4), it is easy to obtain the 
augmented system 
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where [ ]TTT ex=ξ , 

ccccccA FEHAAA +=∆+=ˆ ,

cedddd FEHKAAAA 3
ˆ +=∆+= , 
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The objective of this paper is to design the filer (3), 



such that the filtering system (5) is asymptotically 
stable and its ∞H norm less than a prescribed lever 

γ , that is γ≤∞zwH , for all admissible 

uncertainties satisfying (2). 
 
When 0=∆ dC , system (1) changes into  
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The admissible uncertainties are norm-bounded form  
 

[ ] [ ] EFHHCA )()()( 21 ttt =∆∆  
 

)(tF is an unknown time-varying matrix function 
satisfying (2). We will design the filer such as  (3). 
 
Therefore, it is easy to obtain the augmented system 
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where cccccc FEHAAAA +=∆+=ˆ ,
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are the same to the system (5). 
 
 

3 MAIN RESULTS FOR 0=∆ dC  

 
Lemma 1 (Wang, et al, 1994): Given matrices 

)(, tFH and E of appropriate dimensions, then for 

any )(tF satisfying 1||)(| ≤tF|  and 01 >ε , we 
have the following inequality 
 

EEHHHFEHFE TTTTT 1−+<+ εε  
 
Lemma 2 (Pila, et al, 1999): If there are positive- 
definite matrices P and Q such that 
 

0

ˆˆˆˆˆˆ

2

1

<

+++++
−

−

PBPB

LLQPAQAPAPPA
T
cc

TT
ddc

T
c

γ
    (7) 

holds, then system (5) is stable and γ≤∞zwH . 

 
It is easy to see that Lemma 2 is also fit for the 
system (6). 
 
For sake of simplicity, we give the following 
definitions: 
 

TT
11

2 HHBBM εγ += − , TT
12
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T
dd

TT CQCHHDDR 1
1122

2 −− ++= εγ , 

1MPAA +=ε , 1NPCC +=ε , 

εε CRNAA 1ˆ −−= T  

 
Theorem 1: Let 21 ,δδ  be sufficiently small 
positive constants. If there exists positive scalar 
ε and a positive-definite block-diagonal matrix 
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have symmetric positive-definite solutions 01 >P  

and 02 >P  respectively, then the filter with 
parameters 

         1−= RNK T
e ,                  (10) 

        εε CKAA ee −=                 (11) 

will be such that, for all admissible parameter 
uncertainties, the system (6) is asymptotically stable 
and ∞H norm satisfying γ≤∞zwH . 

 

Proof: It does not matter that let 
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For 0>ε , 0>P ,from Lemma1, it is easy to know 
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Let the right side of (12) = 
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Equation (8) means that 0111 <−= Iδψ , and the 



expression of eA  in (11) and equation (14) imply 

012 =ψ . According to the expression (10) and (11), 

it is not difficult to obtain 0222 <−= Iδψ .  
 
Now we have the conclusion that 0<ψ , and thus 
from Lemma 2 that there exist positive-definite 
matrices  P and Q, such that the expression (7) holds 

and the system(6)is stable and γ≤∞zwH . This 

proves Theorem 1.  
 
From the proof of Theorem 1, we can see that the 
robust filters design for time -delay systems with 
parameter uncertainty is mainly based on the 
positive-definite solutions for two algebraic Riccatic 
equation (8) and (9), and the parameters of the filter 
can guarantee the robust performance of systems 
independent of delay and uncertainties. Two positive 
constants 21,δδ  are just to ensure that 

0,0 2211 << ψψ  hold.  
 
 

4 MAIN RESULTS FOR 0≠∆ dC  

 
Lemma 3 (Mahmoud, et al, 2000): Given matrices 

)(,,3 tc FEH and Q of appropriate dimensions and 

with Q positive-definite, IFF ≤)()( ttT , then for 

any 02 >ε satisfying 02 >− c
T
c EEQ ε , the 

following inequality holds: 
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For sake of simplicity, we also give the following 
definitions: 
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Theorem 2: Let 21 ,δδ  be sufficiently small 
positive constants. If there exist positive scalars 

21 ,εε and a positive-definite block-diagonal matrix 
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have symmetric positive-definite solutions 01 >P  

and 02 >P respectively, then the filter’s parameters 
 

1−= RNK T
e , εε CKAA ee −=  

 
will be such that, for all admissible parameter 
uncertainties, the system(5)is asymptotically stable 
and ∞H norm satisfying γ≤∞zwH . 

 

Proof:  It does not matter that let 
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T
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easy to know that 
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Let the right side of (18) = 
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, then we 

should prove 0<ψ . The proof is similar to 
Theorem 1, so we omit it here. 

 
 

5 NUMERICAL EXAMPLES 
 

In this section, two numerical examples are  given to 
demonstrate the applicability of the proposed 
approach. 
 
Example 1. Consider the linear uncertain 
time-delayed systemΣ with parameters given by  
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[ ]01=C , [ ]5.01=dC , [ ]01=D , 5.0=τ ,  

[ ]T15.01 =H , 1.02 =H , 1=F , [ ]11 −−=E ,

[ ]11.0=L , ]0,5.0[,5.0)( −∈= ttf , 1=γ . 
 
According to the Theorem 1, let 1.0=ε , 
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then the filter with parameters is  
 









−−

−
=

9005.98791.4
0527.19357.1

eA , 







=

0003.0
0032.0

eK  

 
It is easily to verify that the specified robust stability 
as well as ∞H disturbance rejection constraints is 
achieved. 
 
Example 2: Consider the uncertain time -delayed 
measurement system (1) with 
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[ ]01=C , [ ]5.01=dC , [ ]01=D , 5.0=τ , 

[ ]T15.01 =H , 12 =H , 1.03 =H , 1=F , 

[ ]11 −=E , [ ]11.0=L , 

]0,5.0[,5.0)( −∈= ttf  
 
Select the same 11Q and 22Q  to Example 1, and let 

1.0,10 21 == εε , 1=γ , then it is easily seen that 

02 >− c
T
c EEQ ε , then according to Theorem 2, the 

filer such as (3) is  
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It is also easily to verify that the specified robust 
stability as well as ∞H disturbance rejection 
constraints is achieved. 

 
 

6 CONCLUSIONS 
 
In terms of the solution of Riccati –like equation, the 
thesis  propose design methods of robust ∞H filter for 
uncertain systems with time-delayed measurement. 
Two types of uncertainty have been considerer here. 
One is no uncertainty in time-delayed measurement, 
and another is the uncertainty in the time -delayed 
measurement. Sufficient conditions are derived which 
guarantee the stability of the uncertain time-delay 
system. Filters such that the underlying system is 
robust stable and has a robust ∞H performance for 
all admissible unknown parameter uncertainty and 
time-delay are designed. The simulation results have 
shown the approached methods are effective and 
feasible. 
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