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Abstract: A novel robust predictive control algorithm for input-saturated uncertain linear
discrete-time systems with structured norm-bounded uncertainties is presented. The solution
is based on the minimization, at each time instant, of a LMI convex optimization problem
obtained by arecursive use of the S-procedure. The general case of N free movesis presented.
Stability and feasibility are proved and comparisons with robust multi-model (polytopic)
MPC agorithms are also presented via an example.
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1. INTRODUCTION

Model predictive control (MPC) has become an at-
tractive feedback strategy, especialy for linear plants
subject to input and state/output inequality constraints
(Rawlings and Muske, 1993). More recently, attempts
at extending the basic strategy to uncertain linear
systems have also been accomplished in (Kothare et
al., 1996). The key idea used there was to explicitly
take into account the plant uncertainty by resorting
to a min-max cost index (minimizing the worst-case
value of the objective function, where the worst case
is taken over the set of al admissible plant uncer-
tainty). While most of the robust MPC literature deals
with polytopic or multi-model uncertain linear sys-
tems (see also (Casavola et al., 2000), (Scuurmans
and Rossiter, 2000) and references therein), in this
paper, instead, we propose a robust MPC strategy for
uncertain norm-bounded linear systems. The main de-
fect of polytopic MPC schemesisin their large numer-
ical burdens. It is well known, in fact, that the num-
ber of constraints grow exponentially with the control
horizon N. On the contrary, it will be shown that
such a growth in only linear in the proposed Norm-
Bounded (NB) MPC scheme while the control perfor-
mance remains essentially the same. On this subject,
Kothare et al. (Kothare et al., 1996) gave the first con-
structive solution for the case N = 0. More recently,

Primbs and Nevistic (Primbs and Nevisti€., 2000) de-
veloped robustness analysis tools for optimization-
based control strategies, postulating the existence of
robust MPC schemes for NB uncertainty. However,
no algorithms were there presented. Therefore, at the
best of authors knowledge, this is the first algo-
rithm that solve the problem for arbitrary control hori-
zons N. The method is based on the minimization,
at each time step, of an upper bound of the worst-
case infinite horizon quadratic cost under LMI con-
straints derived by a recursive use of the S-procedure
(Yakubovich, 1992). It is found that the number of
LMI to be considered grows linearly with the control
horizon N. Finally, closed-loop stability and feasibility
properties are proved and comparisons with polytopic
MPC schemes are provided via an example.

2. PROBLEM FORMULATION

Consider the following discrete-time uncertain system
with uncertainties or perturbations appearing in the
feedback loop

X(t+1) = DX(t)+ Gu(t) + Bpp(t)
5 y(t) = CX(t) (1)
(1) = CgX(t) + Dquu(t)
(



with x € R™ denoting the state, u € R™ the control
input, y € R™ the output, p,q € R" additional vari-
ables accounting for the uncertainty. The uncertain
operator A is block-diagonal A = diag(A1,4y, ..., 4),
with A i R" — R ,i=1,...,r. Notethat A can rep-
resent either a memoryless time-varying matrix with
lA(t)]], < 1, Vt, or aconvolution operator with the
operator norm induced by the truncated £,-norm less
than 1, viz.

Z)pl %q. )M>0. (2

i=1,...,r.Itisassumed that the plant input is subject
tothe foI I owing saturation-type constraints

}ul(k)‘guLmax,kZO,J:l,z,,nu (3)

The objective is to determine a state-feedback control
law

u(t) = g(x(t)), (4)
such that the system (1) under the input constraint (3)
isasymptotically stable. We recall that the system 2 is
robustly stabilizable by a constant state-feedback gain
K if all the closed loop trajectories of (1) convergeto
zero ast — oo, From the literature (Boyd et al., 1994),
it is well known that, when a linear state-feedback
control law is chosen, viz. u = Kx, the system (1) is
quadratically stabilizable if there exist a matrix P =
PT > 0and aset of scalarsA1, Az, ..., Ar > O such that
the following matrix inequality is satisfied

(an Y POy —

Pk PB
qTK/\CCIK ) p
By P By PBp— A

<0 ©)

where ®x £ ® 4+ GK, Cqk = Cq+DgK and A £
diag(A1lng, A2ln,, ..., Arln ). In order to solve the
design problem (4) ina recedmg horizon fashion,
we will denote as v(-[t) £ {v(t+k|t};_, the k-steps
ahead prediction of a genenc system varlable v when
the actua state is X(t[t) = x(t ) and the plant input
isG(-|t). Moreover, let C(P,p) £ {x € R" |[x"Px< p}
denoteellipsoidal setswhichwill be used in the sequel
to define robust positively invariant regions for the
predicted states of the uncertain system. Thefollowing
input strategy will be adopted

(-\t)f{ A(t + k|t) £ KRt +K[t) + 6t +Kt), k=0,1,... ,N—1,

At + kJt) £ KR(t +kt), k>N,
(6)

where €(-|t) denotes N free terms and
k—1 )
K(-|t) £ ok () + Zoq:'fglf' (GE(t+ilt) + By pt +ilt))  (7)
i=

the set-valued state predictions, computed under the
condition ﬁ(t +i |t) S Sf)(t+i|t) i=0,1,....N—1, Sf)(t+i|t)
being the set of all admissible perturbations along
the system trajectories corresponding to command se-
guences (6). It results that

2 {p(t+Kt) | [pt+K)ll, <
|[Cak(t+Klt) + DgElt +kit)||,} (8

Spit+ift)

Our control strategy will consist in determining, at
eachinstantt € Z ., aninstance of (6) that satisfies the

saturation constraint (3) and minimizes the following
minmax quadratic index

N-1

; max

= ﬁ(t+k\t)e$m+k‘l)
IR+ N[ 3, ©

V(x(),PE(1) £ IR(t-+Kit) B + lIEt -+,

max
P(HN\‘)ESb(HN\t)

where||x||3 = X Qxand P is computed at each timet =
Oonthe bassof theinitial state x(0) and satisfies next
LMI conditions (11)-(14). When N = 0, the problem
has been solved in (Kothare et al., 1996): at each time
stept solve

oo, P (10)
subject to
1 xt)’
[X(t Q} 0, (11)
Q x ok X *
RY2Y plp, 0 0 0
R’?Q 0 ply O 0 >0
CqQ+DguY 0 0 A 0
®Q+GY 0 0 0Q-BpABj
12)

(asterisk denotes the corresponding transposed ele-
ment), where

/\:diag()\llnl,)\zlnz,...,)\rlnr)>o, (13)

XY . .
[YT Q] >0, with Xjj < u? s, j =1,2,...,0y,
(14
P2£pQLK=YQL

In the sequel, for simplicity, we will consider the case
of a single uncertain block, viz. r =1 or A = Aj.
The extension to the general case is direct and will
be presented elsewhere.

3. UPPER BOUND DERIVATION

In order to determine a suitable upper-bound to the
cost rewrite temporarily the right-hand term of (9) as

3x0)Pet0)) = X(O)T Rex(0) + st {£7 -+ 10 Rex(i+1/0)+60) T Ruc(i) |
+ &7 (NJO) PR(N|0) + &N —1)T Ry&N — 1), (15)
where (i) £ &(i|0), R =CTR,C,Ry =R} > 0, R, =
R > 0. Then, the following upper bound for (9) will
be derived

_ N—1
J 2 X" (0)Rex(0) + Z)Ji, (16)
i=
such that
max K (i+10)ReX(i+10)+ ¢ (HR,E() < F,  (17)
Bi)€Sp(i)

max KT (NJO)PX(N|0)+ €T (N—1)R,&(N—1) < Jn_1, (18)
B(N)€S(n)
so that the optimal synthesis problem stated in the
previous section can be rephrased as the following
guaranteed cost problem



Problem 1. Find a sequence of inputs u(-|0) such that
the upper bound J is minimized.

In order to shorten the notational burdenwewill define
thefollowing matrices, 0§ 2 [ dk1G o %G ... G],
Of, = [Pk By P ?Bp ... Bp],k=1,..,N,

R R N R R . T
X2 [xO)T €0)" &)’ &K’ BO)T BT - BT, (19)
ve2 [ of o ogp], (20)
HE L & |Gkt CeOE™ Dg CoOk,! anxnp}
HE, 2 [ Ce®? Cu@2 Dy Onguny CoBl,? onqxznp]
H§ 2 [Cq Dy Ong((k-nnysknp) |
Ef £ diag (O (k-1 x(met k-1 nu)s Rus Oknpcknp) (21)
EX, , 2 diag(0 0 |
pk—1 (nx+knu) x (nx+kny) » Y(k=1)npx (k=1)np> 'np
Epko £ diag O(nx+knu)><(nx+knu)7O(k—Z)npx(k—Z)npvInpyonpxnp)
E;‘o £ diag (O(nx+knu)><(nx+knu)7 Inps O(k—l)npx(k—l)np)

3.1 Conditionsfor Jg

Given x(0), the following inequality

max  X(1/0)T R¢X(1]0) + &(0) T Ry€(0) < Jo (22)
P(0)€Sy(0)

must be satisfied, where X(1|0) denotes the one-step
prediction. The inequality (22) is convex and its ex-
tremum is reached on the boundary of Sy, say it
a%w), where

1B(0)][ = [|Cqx(0) + Dq€(0)],
Note that the previous equality can be rewritten as
Xo (Hg’T HE — Eg,o) Xo £ X0 Dg(o>X0 =0. (23

By observing that X(1|0) = ®k x(0) +GE(0) + B p(0),
the argument of (22) becomes

Xo (YOT RYO—EQ) X0 £ Xg DY, Xo-
and the related inequality to be satisfied is
Xo D3, X0 < Jo. (24)
As aconseguence, the conditioned inequality (22) can
be equivalently stated as
Jo—xgD%xo = 0

VX0 € R uthe gt (25)
X6 D(0)Xo = 0.

By applyingthe S-procedure (see (Yakubovich, 1992)),

(25) is satisfied if there exists a no-zero scalar Tg(o) €

R such that

Jo-x§ (D3, +130 D5 ) X020, (26)

VXo € R™ ™t The scalar is chosen by solving off-
line the following GEV P problem

min A(DY +1° DO

Jo " "p(0) ' p(0)
070 ( )
subject to

0 0 0
(D% + 90, D50)) > 0.

Once such a coefficient is determined, the following
equivalent LMI condition

[JO X0 1] >0, (29
0 0 0 - = Y-
Xo (DJO +Tp() Dp(O))

results for (26) from the use of the Schur’s comple-
ments.

(27)

3.2 Conditionsfor J;

LMI (28) allows oneto definethe set Z3, an ellipsoidal
set that provides an outer approximation of the set of
all admissible one-step ahead state predictions X(1|0),
asfollows

Z1 2 {%(1/0) |X(1/0)T ReX(1/0) + &(0) T Ry&(0) < Jo } .

(29)
The above set can be equivalently formulated in terms
of Xo as

Zi‘ £ {XO ‘ Xg (Dgo + T?J(O) Dg(o)) Xo<Jo } (30)
Then, the condition which must be imposed on J; is

%(2|0)T Re%(2]0) 4+ (1) Ryé(1)} < 31, 31
p(l;\gggpm{X( 10)" ReR(2/0) +€(1)" Ru€(1)} < Ju, (31
B(0)€0Sy(g)
X(1/0)edz}
where X(2/0) = [ ®F PG G ®x Bp By X1 repre-
sents two-steps ahead state predictions. The argument
of (31) can be rewritten as

X1 (YZ’T RYZ+ Etil) X1=X1 Dina
and the conditions P(1) € 0Sy(1), and P(0) € 0Sy()
become

2T
XI (HETHEZ — E21) xa 2 XIDjy X,

XI (3" H§ ~EBo) X1 2 X Djoxe
The condition on R(1/0) € 8Z} can be expressed as
X0 (Dg0 +rg(0) Dg(o)) Xo = Jo. This equation can be
rewrittenin termsof x1 by suitably adding zero blocks
inside (Dg0 +Tg(0) Dg(o)) becoming X1 D}(O)xl =Jo.
Then, condition (31) istrue if

XI Dfljl)(]_ < Jp VX1 st

X1D3X1=Jo
X1 D%(l)Xl =0
X1DpoX1 =0
This conditioned inequality can be reduced to an un-

conditioned one via the S-procedure by finding no-
zero scalars Ty, rt(l) , T;l:(o) € R such that



h-xi (DJl“p(l)me“p(m b0 )XH T (JO XlDJoX1)>0 (2

The scaars TJO,Tp(l),Tp(O) can be chosen by solving
off-line the following convex optimization problem

. 3 (Pl 1 1
™ )‘(Dh‘”pu) Doy +
Jo’ p(1)" " p(0)

subject to
(D3, + T4y Dy +Tho) Do) + Ty Dy ) > 0.

1 pl 1 pl
To(0) Dp(O) 15 DJo)

(33)

Once such scalars have been determined, the inequal -
ity (32) can be rewritten as an LMI constraint using
the Schur’'s complements as follows

Ji+1,d X1

-1 >0. (34
1 1 1 1 1 1 1
X1 (DJl +Tpw Ppa) + Tpo) Prio) + 1% DJO)

3.3 Conditions for J

For the k-th term we have to satisfy

max  {R(K|0)T RX(K|0) +E(k—1)T Ryé(k—1)} < Xk, (35)
B(i)€0Syi)
i(j\meazﬁgl
i=0,...,k=1,j=1,...
prediction is given by
R(K0) = [k O 1G ... GO IB, ... Bp] X«-

The congtraint p(k— 1) € 0Sy 1) can be expressed as

,k. The k-steps ahead state

Xk Dl Xk =0,
where DY, ;) £ 2 HOT HE , — EX, 4. By following
the previous reasoning scheme, the condition p(k —
2) € 0Sp(k—2) becomes

XI Di,()(k_z) Xk =0,
where DX, , £ HeTHE , — Ef_» and so on until

0) € 9Sp(0), Whichis equivalently stated as
XI DE(o)Xk =0,

with DE<O> obtained as before. In order to better un-
derstand the constraintsrelated to the state predictions
a the steps k— 2,k—3,...,1, we will start with the
constraint X(1|0) € 9ZX. This constraint, by consider-
ing the expression for 62% from (29), trandates into
the following equality constraint

X0 (Dgo + Tg(o) D (o>) Xo= 0.
By adding a proper number of zero blocksto
D3+ Tpi0) Ppio):
we obtain that the condition X(1|0) € 4Z¥ can be
expressed as
Xi D Xk = Jo 2 .

Further, we have to satisfy %(2|0) € aZX that, by con-
sidering (32), can be expressed in terms of X 2 as

1 1 1 pt _ 13 4 5k
)(2 (Dlerrp(l)Dp yt 0)Dp(o)+tJODJO)X27J1+tJOJO_J1.

By adding a proper number of zero blocks to the left
hand matrix, the previous equality can be written in
terms of xx as

X D5 Xk = J5.
Iteratively, we can obtain the condition for X(2|0)
62}2_ , by considering that, in terms of xx_; we have

k—2 k—2
k k— k— k— k—
Xk-1 <DJk 11+ ,%Tp(i)le(i)l—i_ _Z’TJi 1DJi 1) Xk-1
1= 1=
R k
= Jk71+ Z) I_LTJk . J Jk,zfi £ Ji B
i=0 \]J

which, finally, can be expressed in terms of X,
XI ng 1Xk = ‘Jik7

, canbeobtained from DY + 5141 7 DS} +

WhereDJ o)

yigTst D'J‘i 1 by adding proper zero blocks. Fi naIIy,
the argument of (35) isequal to

X-II(— D.Iik Xk s
where
D§ £YRTRY*+EN,
By grouping the inequality which represents (35) to-
gether with the constraints written so far, we have to
satisfy

XI DSka < Jk VXk St.
Xk DJOXK = Jo
X D5, Xk = 5

XI ng,lxk - ‘Jll((—l

XKD Xk = 0

Xk Disio Xk =0

By applying the S-procedure to this conditioned in-

equality we arrive, by determining no-zero scalars
k k k k ;

Tp(o),....,kail), LR S (¢ the following LMI

constraint

Jk+20<|i_|urjk1]>~]k1| XI

k-1 k-1
X DX + 3 K. DK+ 3 1% DK
k <Jk 2. %) Do) * 2 TP
(36)

The procedure so explained is valid until k=N — 2;
in the next subsection we will express the conditions
for Jy—1 and for the belonging of the state tragjectory
at step N into the invariant terminal ellipsoid.

>0.

-1

3.4 Terminal state conditions

Theterminal condition on the state prediction is given
by

max  {X(N|O)T
ﬁ(i)éasp(i){ (N[O
i(j\O)EdZJN

PR(N[0)+&(N—1)T R, EN-1)} < In-1,

@0



i=0,...,.N—1, j=1...,N—1 It is straightfor-
ward to observe the similarity with condition (35),
the difference being only on the weighting terminal
state matrix that is P instead of Ry. By direct substi-
tution, we have that the condition (37) is trandated
into the following terminal state LMI (Jy £ In_1+

- i N—-1—j
SN (|_|Ij=0TJN,1,,-J) IN-1-i)

AN XN

N-1 N-1 -1
XN (DS‘N + ZO oo Dhay + ZO o DE‘)
It remains to impose that
(N|0) € C(P,p), VX(N|0) € 0Z),  (39)

which tranglates into the following invariant ellipsoid
LMI condition
;

p+Trdn XN

>0. (39

>0, (40)

- _ -1
XN (5@ - <DJNN RTINS DJNi>>
where T # 0 results from the use of the S-procedure
and can be obtained by solving off-line the following
GEVP problem

mi#réX(f)Q‘l +1¢ D) subjectto (DF !+ 6 Dg) >0
T

(41)
where

NN N TN BN L SN AN
D,*: = DF +TF DJN + % Tp(i) Dp(i) + % TJi DJi .
1= 1=

3.5 Algorithm NB-MPC

An implementable M PC a gorithm which summarizes
all the previous conditionsis as follows:

1. Attimet =0, given x(0), find
a :
[v.Ql =ag min p (42)

subject to (11), (12), (13) and (14). Compute T
asin (41) be used in (40) in step 2);

2. Atesch timet > 0 find €*(t|t), €*(t + 1]t), ...,
€ (t +N —1|t), the minimizer of

min (43)
J.6(t+ilt), p(i), i=0...N—1
subject to (36) for k=0,1,...,N — 2, (38), (40)
and theinput constraint |Gt +i[t); | < Uj max, | =
0,....N—-1,j=12....ny;
3. feed the plant by G*(t|t) = Kx(t|t) + &*(t|t);
4.t —t+1landgotostep 2.

Proposition 1. Let the NB-MPC scheme have solu-
tion at timet = 0. Then, it has solution at each future
timeinstant t, satisfies theinput constraints and yields
an asymptotically (quadratically) stable closed-loop
system.

Proof: The demonstration is omitted for space limita-
tions. It is standard and can be obtained by following
the same arguments used in (Casavolaet al., 2000).

4. A NUMERICAL EXPERIMENT

Consider the sametwo-carts/spring system of (Kothare
et al., 1996).

1 0 01 0
Xl(T+l) 0 1 0 01 Xl(T)
X(t+1) | K K X2(T)
xa+D) | | O O T 0
*a(T+1) 01l 01K o 1 | ba@

m m

0

0

+] 01 | u,

m

0
y(1) = %(T).

(44)
Here, x; and X2 are the positions of body 1 and 2,
and x3 and x4 their respective velocities. m; and mp
are the masses of the two bodies and K is the spring
constant. For the actual system used in the simulation
we consider my = mp = 1, K = 1 with appropriate
units. The spring constant is assumed to be uncertain
in the range Kmin := 0.25 < K < 1 =: Kpax. The
uncertainty on K is modelled as a horm bounded
uncertainty on & = (K — Knom)/Kgev, 8 < 1, and we
have

1 0 010
©_ 0 1 0 01
| —0.1Knom 01Kmom 1 O |’

0.1Knom —0.1Kpom O 1

0

0

Bo=1 01|
0.1

whereKpom = % (Kmax + Kmin) and Kgey = % (Kmax — Kmin)-

We shall assume that the state is available and the
problem consists in unit-step output tracking of y. In
al simulations we have used Ry = 1, Ry = H'RyH,
with Ry = 1 and saturation constraints |u| < 0.1. Fig.

Table 1. Comparison of numerical complexity

per step
Flops per step N=1 N=2 N=3 N=4
Algorithm NB-MPC | 2167 | 4578 7828 11996
Algorithm A1 3557 | 10930 | 29842 | 76741

1 shows the output and input for the proposed NB-
MPC agorithm for N = {1,2,3,4} whereas Figs. 2-
3 report comparisons between the NB-MPC and the
polytopic MPC scheme A1 of (Casavola et al., 2000)
for N = {2,4} respectively. As there clearly results,
a similar control performance has been obtained by
using the two different descriptions for the uncer-
tain system (structured uncertainty and polytopic one).
Moreover, as expected, the use of increasingly larger
control horizons improves the control performance
at the expenses of increasingly larger computational



burdens for both types of uncertainty. However, as
reported in Table 1 the NB-MPC algorithm shows a
remarkabl e reduction of the computational complexity
for al control horizons.

5. CONCLUSIONS

We have presented a new predictive controller which
robustly asymptotically stabilizes aninput constrained
uncertain linear system with norm-bounded uncertain-
ties. The receding horizon control strategy is based on
the minimization, at each time instant, of a convex
optimization problem costing an upper bound of a
minmax quadratic index, under the constraint that all
future states are robustly steered within N-steps into
a feasible positively invariant set. The S-procedure
plays a crucia role in determining the convex con-
straints of such an optimization problem. A signif-
icant reduction of the computational burden and no
control performanceloss with respect to the polytopic
paradigm has been observed from the numerical ex-
periments. This results especially true for large values
of the control horizon N and when the number of
vertices of the polytopic family is high.
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