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Abstract: A class of control systems, modeled as a finite set of differential equations
with parameters uncertainty and with sector bounded nonlinearities is considered. Each
model of this family describes the individual mode (or regime) of the system. The
transitions between these modes are described by a homogeneous Markov chain. At
the moment of discontinuous mode change the state vector can be changed by jump
with uncertain parameters. The static output feedback control law is obtained, which
guarantees exponential stability in the mean square of closed-loop system for all plant
parameters uncertainty, all jump parameters uncertainty, and for all transition probabilities
matrix uncertainty from the given domair@opyright ©2002 IFAC
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1. INTRODUCTION moment approach to the stability problem was intro-
duced by Mil'stein (1972). The linear quadratic (LQ)
control problem was solved by Sworder (1969) using
stochastic maximum principle for state feedback in
H" ite horizon case. Wonham (1970) obtained the same
sults using dynamic programming for both finite
and infinite horizon cases. He also obtained a set of
sufficient conditions for the existence of a finite solu-
tion. Kazakov and Artem’ev (1980) have developed a
general theory of random structure systems based on
Fokker-Planck-Kolmogorov type equation approach.
Now, due the large number of applications several
results for this class of systems can be found in the
current literature, regarding stability, optimal control,
stabilization, controllability and observability prob-
lems, see for instance (Ji and Chizeck, 1990; Kats,
31998; Mariton, 1990) and the references therein. For
the latest papers in this field the reader is addressed
to Proceedings of the European Control Conference
The stability and control theory for the systems with (Porto, Portugal, 4-7 September 2001).
random jumps began to develop since the pioneer-
ing works of Kats and Krasovskii (1960), Krasovskii
and Lidskii (1961) correspondingly. The stochastic

In real life we can find a lot of dynamical systems
with random jumping changes of their structure or
parameters, such as aerospace systems, manufacturi
systems, economic systems, etc., see, for example, th
books by Kats (1998), Kazakov and Artem’ev (1980),
Mariton (1990) and the references therein. Systems
with random jumps ardaybrid ones with many op-
erating modes. Every mode corresponds to an indi-
vidual deterministic or stochastic dynamics. The sys-
tem mode switching is governed by a Markov process
with a finite set of statelN = {1,2,...,v} (Markov
chain). When the modee NN is fixed, the plant state
evolves according to the corresponding individual dy-
namic. So the state space of these systems is naturall
hybrid: to the usual plant state iR" we append a
discrete variable taking values in the &€t

Robust control offers the advantage to design a con-
troller which enables us to cope with the uncertainties



which appear in the more realistic models. Few papers 2. SYSTEM DESCRIPTION

dealing with the robustness of the class of systems

with random jumps have been published. The stability, Consider a control system described by the family of
stabilization,Hs, H.., mixed H,/H,, problems and differential equations

their robustness have been investigated.

Boukas (1995) has considered the robustness of the x(t) = [A(re) + F(ro)Q(t, ) E(re)[x(2) +
class of linear piecewise deterministic systems whose B(ri)u(t) + D(r:)p(t, z¢),
uncertainties are upper bounded. A sufficient condi- y(t) = C(r)x(t), z(t) = L(r)x(t), (1)
tion for stochastic stabilizability of this class of sys-

tems has been given under a state feedback contro{NhereX
law. Boukas and Yang (1997) have dealt with the 4y s the k-dimensional control vectory(t), z(t)
uncertain nonlinear piecewise deterministic systems. ,.."__jimensional andn- dimensional output vec-
Under some special matching conditions, they havetors; r, is homogeneous discrete state Markov pro-

estart:llshed SLtl)f_fll_mentbcondltlonsf, vr\:'hICT guarfantee the oqs (Markov chain) representing a mode (or regime)
stochastic stability robustness of this class of systems. ¢ system and taking values in a finite st —

Without any intention of being exhaustive here, we ¢y ™ "1 \yith a matrix of transition probabilities
guote the papers by Shi (199(_5), Benjellowt, al. P(7) = [pi;(r)]%, from modei to mode; during the
(1998) and the references therein. time interval[t,¢ + 7] given by P(r) = exp(Q7),
De Souza and Fragoso (1993) was consideredithe ~ pi;(7) = P{r(t + 1) = j | v(t) = i} (i,j € N),
problem for both finite and infinite horizon cases. Itis Q = [¢i]7, ¢i; > 0 (i # J), ¢ = — >}, ¢ij;
shown that the finite-horizon problem can be tackled €2(t, ;) is a matrix of uncertain parameters, satisfying
via a certain set of interconnected Riccati differential for everyt andr; the following inequality

equation, while the solution for the infinite horizon T )

case is based upon a set of interconnected algebraic 1= Q7)) 2 0; 2)
Riccati equation. Aliyu and Boukas (1999) considered
mixed H, / H ., control problem and studied its robust-
ness. The linear matrix inequality (LMI) optimization
approach, see (Boyet al, 1990) is effectively used
in cited papers. pi(t,z) = pi(t, z1),

Usually it is supposed for considered class of systems wut,0)=0 (I=1,..,m) ®)
that only the plant has parameters uncertainty. In this and satisfy restrictions

paper we study the robust static output feedback con-
trol problem in the case, when the plant contains sector
bounded (Lur’e type) nonlinearities and both the plant
and the regime change process (matrix of transition (I=1,...,m, i€ N); (4)
probabilities) have uncertainty in their parameters. A(i),B(i),L(i),C(i), D(i), E(i), F(i) (i € IN) are
Moreover we suppose that at the moment of mode \own matrices of appropriate dimensions. For sim-

(regime) change the plant state vector can be cha”ge%licity, but without the loss of generality we assume
by jump with uncertain parameters. We develop here thatk;(i) =1 (I = 1,...,m, i € IN). Then we can

some ideas by Pakshin (1997), Pakshin and Retinskiiyite

(2001), and use the game theoretic approach (Basar

and Bernhard, 1995; Kogan, 1999) for solution of the o(t,z)T[p(t,z) —2] <0, 5)
robust control problems under study.

(t) is the n-dimensional plant state vector;

©(t, z) is a nonlinearm-dimensional vector function,
whose components have form

0< @it z)z < wi(i)zf, if ry =i

The paper is organized as follows. In Section 2 we wherel’ = diag[]{* (v >0, 1=1,...,m).

give the mathematical description of the considered Let = > ¢, be the moment of discontinuous mode
nonlinear system. In section 3 we formulate and solve change, i.e. the moment of transition freir —0) = 4
robust control problem against both plant parametersto (1) = j # . It is supposed that at the moment
uncertainty and jump parameters uncertainty, formal- the plant state vectat can changed discontinuously
ized in the form of quadratic inequalities. We obtain too and its value after jump linearly dependent on the
this control in the explicit form of linear switching same value before the jump:

regime dependent) plant state feedback, which guar-

;nt?aes expgnential)sl?ability in the mean square (?fthe x(7) = [ + Fij €2y (7 — 0)Ey]x(r — 0), (6)
considered system. In section 4 we obtain the per- o ) )

fect robust control i.e. the robust control against plant Where®i;, Fi;, Eij; (i,j € IN), @ # j aren xn
parameters uncertainty, jump parameters uncertaintycOnstant matricest;; (t), (i,j € IN) are matrices
and regime change parameters uncertainty. Some sho@‘c ungertgm parg_meters, satisfying for everyhe
concluding remarks ends the paper. ollowing inequalities

I-Qf(6)Q;(t) >0 (i,j € IN). (7)



Note that as a rule the case of continuous change of
the plant state vector is considerédl;; = I), but 5{/w (t)dt} < o0,
in many real systems the situation, when some plant

state variables are changed by jump is more typical.
This situation is natural for mechanical systems with
sudden change of mass or moment of inertia; in this Consider the cost functional of the form
case the linear or angular velocity will be changed by
jump, see (Kats, 1998) for more details.

where€ is the expectation operator.

J(ua,w) 5{/ )x(t) +

3. ROBUST CONTROL AGAINST THE PLANT

PARAMETERS UNCERTAINTY u (R (re)u(t) - e TOT(va(t) ~=(t))

wh(t)v Z'VTJ v, (t)vrj(t)gr;]dt} (15)

Suppose that both output vecig(t) and mode change s

process-(t) are available for controller. Let the con-

trol law has the form of static linear output feedback ~along the trajectories of the system (9), whéteis
the expectation operator a = x; v, ;4,7 €

u(t) = -K(@)y(t), if r(t) =1, (8)  IN) are positive numberd) = dlag[’}/l] is positive
definite matrix, M(i) = S(i) + M+( ), S(i) =
such that for every fixed € IN it is stabilizing control ~ M(i) + vET (i)E(i) + Z#z Yi; BLBiqi; M(i) =

for deterministic system MT (i) (i € IN) is positive semldefinite matrix.
M. (i) = MZI(i) (i € IN) is positive definite

x(t) = A(i)x(t) + B(i)u(t), matrix. The disturbances will attempt to maximize

this functional, while the control will to keep it to a

y(t) = C(i)x(t),

or in other words such that the matrices

minimum.

Define the worst-case disturbance as
A(i) = A>i) - BGK@G)C() (i € N) W' = argmax.J(u, w)

This disturbance satisfy the Hamilton-Jacobi equation

are Hurwitz. The matriXK(¢) can be obtained by (Basar and Bemnhard, 1995)

known methods of solving of the deterministic static
output feedback control problem, see (Syrmogt al, max{LV (x,i) + O;(x,u,w} =0, (16)
1998). In this section we obtain an additional condi- w
tions for this matrix which guarantees that the control
law (8) stabilizes the original system (1) in the sense
of exponential stability in the mean square for all plant
parameters uncertainty, satisfying inequality (2), all
nonlinearities, satisfying (3), (4) and for all jump pa-
rameters uncertainty, satisfying (7). We say that such
a control is robust stabilizing control. For this purpose
we introduce an auxiliary system

where £ is the differential generator of the Markov
process(x;, 7 }i>o along the trajectories of the sys-
tem (9) with jump conditions (11), arfd; (x, u, w) =
xTM(i)x + uTR(i)u — vIT(vy — 2z) — yvlv —

> i igvivii(t)gij(i € IN). Taking into account

AV (x,1i

EV(x,i):{ = )r[A(z‘)x+B(i)u+

x(t) = A(r)x(t) + B(ry)u(t) + )
F(re)v(t) + D(re)vi(t), 9) F(i)v +D(i)vi] + Z[V(‘I’ijx +Fijvij,j) —
y(t) = C(r)x(t), =(t) =L(ry)x(t), (10) i _
x(r) = ®yx(r — 0) + Fyyviy (1 —0),  (11) V(x,9)l4ij.
see (Kats, 1998) and choosing the Bellman function
in the quadratic formV/(x,i) = xTH(i)x we can
rewrite (16) as

wherev(t), vi(t), vi;(t)(¢,j € IN) are random
disturbance vectors. If

v(t) = Q(t,r)E(ry)x(t), (12) . | |
vi(t) = o(t, 2¢), (13) mﬂ%{Qx H(l) [A(i)x JTr ]_?)(z)u +
vis(t) = g (O Biyx(t), (14) F(i)v + D(i)v] + x"M(i)x

u'R(i)u — yvlv —vIT(v; — Lx) +
Let us define the vector of all disturbancesvas= > X @LH()®; — H(i))x —
[v,v1,vi;]T (i,j € IN). We say that the disturbances I

are admissible if Vijvesvij + 2x" @ H(j)Fijvi; +

then the system (9) coincides with original system (1).



T T
Z]F’L]H

(J)Fijvijlai;} =0. (17)

By standard calculations from (17) we obtain that the
worst case disturbances for the system (9) with jump
conditions (11) and with(¢) = 7 are given by

v =G(i)x, vi = Gi(i)x, if r(t) =4, (18)
Vij = Gijxa lv] € IN? (19)

where
G(i) =~ 'FT(i)H(7), (20)

G.(i) =T DT ()H() + %I‘L(i)}, (21)

Gij = [vi;1 — FH(j)F;;] 7 FLH(j) 45, (22)

and the matrixH(¢) satisfies the system of coupled
matrix quadratic equations:

H(i)A (i) + AL (3)
H(i)B(i/)R™'(i)B

‘1H() (i)FT (i) H(i)

(H(@)D(i) + LT(Z) T-'(H

Yl

J#i
H(i) + @] H(j)Fyj(vi,1 -
FiTjH(j)Fz‘j)_1F¢TjH(j)‘I’ij]Qij =0. (23)

(1) H
(z)H
_|_

()D

(i) —
(4)
M(2)
(4)

+ o+ +

2

,LT

If there exists a positive definite solutidf(i) : € IN
of the equation (23) then for all admissible distur-
bances we have

0> 2x"H(i)[A(i)x + B(i)u + F(i)v* +

D(i)vi] +x7S(i)x + u'R(i)u —
* T _ % «T

W vt —viTT(vi — L(i)x) +
> T (@TH(j)®; — H(i)x -
i

WijV;jTV;j + 2XT<I>3}H( )Fw
ijTFz;H(j)Fijvij]qij
oxTH(i)[A(i)x + B(i)u + F(i)v +

D(i)vi] + x"M(i)x + u"R(i)u
T

.+

Vv —x"ET(i)E(i)x] - v T[vi —
x] + Z (®LH(j)®,; — H(i)x —
JFi
'Yij [V;—I;-Vij — XTE;-Z;-EI']'X] +

TwT
—|—V”F”

2x” OLH(j)Fi;vi; H(j)Fivijlai;.

It follows from this inequality that if the system of

matrix equations (23) has positive definite solution
H(i) i« € IN then along the trajectories of the the
system (9) withu given by (8) we have

LV (x,i) +x"M(i)x + u"R(i)u —

vy - TET() ()
viTvi = L()

Z"}/Z'j [V;'ijij — XTEz;Ein]qij < 0.
J#i

x] —
x] —

(24)

Substituting in (24) the disturbance given by (12),
(13), (14) we obtain according to Kats (1998) and
taking into account th&-procedure, see (Boyet al.,
1994), that the system (1) is robustly stable. The robust
stabilizing control law is given by (8). It is easy to
see that in this case the disturbances (13)-(14) are
admissible. So we have proved the following theorem.
Theorem 1.Let for some positive scalars,~;(I =
1,...,m),v; (i, € IN) and matricesM (i) >

0, R(¢) > 0 there exists a positive definite solution
H(i) ( € IN), of the system of coupled matrix
guadratic inequalities

H(i)A.(i) + AT (i
H(i)B()R™'()B” (i

7 THOFOFT (1) H() +
(H(i)D(i) + %LT(Z‘)I‘)I‘*l(H(i

— —

~—

H(i) + ‘I’g;'H(j)Fz‘j (vi; I —

FLH(j)Fy;) 'FLH(j)®ijlq; < 0. (25)
Then the output feedback control (8) is the ro-
bust stabilizing control. The functior//(x, )

xTH(i)x (i € IN) is stochastic Lyapunov function
which guarantees robust stability of the system (1).

4. PERFECT ROBUST STABILIZING CONTROL

As a rule the jumping variable(¢) has uncertainty
in its parameters too. We suppose that the magix
of transition intensities of Markov chain(t) is not
exactly known and we have only some bounds for its
elements (maximal "switching frequency"):

4 = —Gii < G- (26)
In this section we obtain a state feedback control in
the same form as in previous section such that the
closed loop system (1) is exponentially stable in the
mean square for all transition probabilities, satisfying
(26), for all plant parameters uncertainty, satisfying
inequality (2), for all nonlinearities, satisfying (3) (4)
and for all jump parameters uncertainty, satisfying (7)
We say that such a system is perfectly robustly stable
and appropriate control is perfect robust stabilizing
control. To solve the stated robust control problem



consider the set of the following auxiliary determin-
istic systems

x(t) = A(ps,i)x(t) + B(i)u(t)dt +
F(i)v(t) + D(i)va(t),

with the corresponding cost functionals

o
llVV1 /T
0

u’ (tR(D)u(t) — vi () (va(t) -

L(i)x) — yv" ()v(1))dt,
whereA (p;, i) = A(i) + $p;1, p; is a positive scalar,
(i) = M(i) + M. (i) +7ET()E(i) (i € N); u(t)
is the control vector ane (t) € L3[0,00), vi(t) €
L, [0, 00) play the role of disturbances.

(27)

x(t) +

(28)

Theorem 2.Let for some positive scalarg v, (I =
1,...,m), a;, pi, vj (1,7 € IN) and matrices
M(3) > 0, R(7) > 0 the system of inequalities

H(i)Ac(pis i) + Al (pi, i) H(i) —

H(i)B()R ™ ()BT (i)H(i) + M(i) +

VET(Z)E()JFW "H(i)F (i) FT ()H(i) +

(H(i)D(i)+§LT(i)F)1“ (H(:)D(i) +
§LT(i)r)T <0, (29)

Z(I)TH 0y — OLHF[FLH())Fy; —

JFi

v ] ' FLH(G) @y + i, ELEy < a;H;, (30)
B> g, (3

O H;®;; — O H;F[FH(j)F; —

v, 1] ' FLH(j)®i; + i, ELEi; >0, (32)
where
Ac(pi,i) = A(pi,i) — B(i)K(4)C(i) (i € IN),

has positive definite solutioH (i) (¢ € IN). Then the
control (8) is perfect robust stabilizing control for the
system (1).

PROOF. Define the worst-case disturbances as

[v* vi]T = argmax J,(u, v, v;)

v,V1

and suppose that the control law is given by (8). It
follows from Theorem 1, see also (Kogan, 1999), that
these disturbances are given by (18), where matrices

G(i), G1(z) are defined by the formulae (20), (21)
and matrixH(i) (¢ € IN) is positive definite solution
of the following matrix equation.

H()B@)R ()BT (i)H(i) +

A TYHG)FGFT (0)HG) + M) +
(H(i)D(i) + %LT(i)I‘)I‘_l(H(i)D(i) +
%LT(Z’)I‘)T =0. (33)

This solution exists for some positive definite matrix
M, in virtue of the inequality (29). From (29), taking
into account thav™*, vi maximize the left hand side
of (33) and (31) we have for alt € R™

0 > 2xTH(i)[A(i)x + B(i)u +

F(i)v* + D(i)vi]x + xT (M(i) +

YET()E(@i)x + u"R(i)u — v v —

viIIT(vi = L(i)x) +

pixTH(i)x > 2xTH(i)[A(i)x +

B(i)u+ F(i)v+D(i)vi]x +

x"M(i)x + u"R(i)u —

y[viv — xTET () E(i)x] — vIT[v; —
L(i)x] + x" oy H(i)x. (34)

For the last term in (34) taking into account the prop-
erty of the matrixQ and (30), (32) we obtain

xT ;g H(i)x > xT Z 0ij [@Z;H(z)@j -
J#i
H(i) - @ﬁHjFij [FgH(])FU -
Y5, 0] TFLH(G) @5 + i, B Eijlx =
> ax"[[@
J#i
T T .
’Yiquijij]X —+ 2X q)le(]) 7JV +
v (ELHG)F, i1, (35)

H(i)®;; — H(i) +

—vi; D)vi

wherev;; is given by (19), (22). It is easily to see

that such a;; maximizes the right hand side of (35).
Then for all admissible disturbances the following
inequality is true

> qix"[[@]H(i)®;; — H(i) +
j#i
fyle E”]x+2x O, H(j )Fw

*T'(F'T‘H( )Fij — ’YijI)Vij 2

Z qix

J#i
'yUE E,J]x+2x O, ;H(j)Fjvi; +
zg(FZ;H( )Fij

(1)®ij — H(2) +

It follows from (34), (36) that along the trajectories of

the the system (9) witlu given by (8) the inequality

(24) holds. Substituting in (24) the disturbance given



by (12), (13), (14) we obtain according to (Kats, Kats, l.Ya. and N.N. Krasovskii (1960). On the sta-
1998) and taking into account the-procedure, see bility of systems with random parametePRikl.
(Boyd et al., 1994), that the system (1) is perfectly Mat. Mekh, 27, 809-823 (In Russian).

robustly stable and the robust stabilizing control law Kazakov, I.Ye. and V.M. Artem’ev (1980Dptimiza-

is given by (8). It is easy to see that in this case the tion of dynamical systems with random structure.

disturbances (13)-(14) are admissible. The function Nauka, Moscow (In Russian).
xTH(i)x is stochastic function of Lyapunov which Khas'minskii, R.Z. (1980)Stochastic stability of dif-
guarantees perfect robust stability of system (1). ferential equationsSijthoff & Nordhoff.

Kogan, M.M. (1999) A minimax approach to syn-
thesis of absolute stable controller for nonlinear
5. CONCLUSION Lur'e type systemsAvtomatika i Telemekh5,
78-91 (In Russian).

To compute the robust output feedback control law in Krasovskii, N.N. and E.A. Lidskii (1961). Analytic
the form of (8) it is necessary to solvie standard de- design of controller in systems with random at-
terministic output feedback control problem together tributes. I, II, Ill. Aut. Remote ControP2, 1021-
with the additional system of standard linear matrix 1025, 1141-1146, 1289-1294. _ _
inequalities and nonstandard quadratic matrix Riccati Mariton, M. (1990).Jump linear systems in automatic
like inequalities. One possible approach is to formy- _ control. Marcel Dekker, New York. ~

late this problem as a consequent iterative procedurgMil'stéin, G.N. (1972). Mean square stability of linear
of solution of linear matrix inequalities (LMI) (Boyd systems driven by Markov chairPrikl. Mat.

et al., 1994), leading to numerical MATLAB based Mekh, 36, 537-545 (In Russian). 3
algorithms. Pakshin, P.V.(1997). Robust stability and stabiliza-

tion of the family of jumping stochastic systems.
Nonlinear analysis, theory, methods and applica-
tions, 30, 2855-2866.
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