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Abstract: Feedback error learning method was recently proposed by Kawato et.d.
(M. Kawato and Suzuki, 1987) as a possible architecture of brain motor control which
is supported by experimental results in neurophysiology. In this paper, we analyze it as
a two-degree-of-freedom adaptive control for general time invariant linear plant with
adaptive controller in the feedforward path. A time delay is allowed in the feedback
loop as in the neuronal pathways of motor control. We derive stability condition of the
feedback error learning method based on the strict positiveness of the closed loop system.
The control performance of the feedback error learning method as a design strategy of
adaptive control has been demonstrated by simulation results.
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1. INTRODUCTION

Feedback error learning method (FEL) was proposed
by Kawato et. a. (M. Kawato and Suzuki, 1987) as
a cerebellum model of motor control. This control
scheme is considered as an adaptive version of two-
degree-of-freedom control scheme with adaptive ca-
pability in the feedforward controller (Fig.1). The sta-
bility of FEL algorithm was discussed in (Miyamura
and Kimura, 2000)(Miyamura, 2001) for delay free
cases. In this paper, we extend the results to plants
which have large time delay in feedback loop. Ac-
tually, the existence of large time delay is a salient
feature of neurona pathways and it is exactly the
reason why the brain adopts feedforward controllers
in addition to feedback.

In this paper, we set up the problem of FEL method
with time delay in the simplest framework of linear
time-invariant systems and give a stability condition of
FEL algorithm with time delay based on the positive
realness of the closed loop system. The main purpose

is to establish control theoretical foundation of the
FEL which is now a central focus of brain motor
control. Another important point of this paper which
was hot dealt with in Kawato's work and dealt with in
this paper is the problem of non-invertibility of plant,
which isthe big nuisance for adaptive control.

2. FEL WITH TIME DELAY
2.1 Problem Formulation

Fig.1 illustrates the feedback error learning architec-
ture with time delay in the feedback loop. The objec-
tive of control isto minimizethe error e=r —y where
r isthe command signal and y isthe plant output. The
input u to the plant P is composed of the output u¢ of
feedforward controller Q(6) which contains tunable
parameters 6, and usp, of feedback controller K. If we
disregard the learning part of the architecture, thisisa
typical two-degree-of-freedom control system. If P is
known and P~ exists and stable, choosing Q = P~1
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Fig. 1. Feedback Error Learning Scheme with Time
Delay

makes the tracking perfect. Indeed, from the relations
uss = P7r, usp = Ke(r —y) andy = P(usf + Ugp), we
easily seethaty =r.
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The basic premise of FEL is that the cerebellum cor-
tex acquires a model of outer world through learning
whileit isengaged in actual motor control (M. Kawato
and Suzuki, 1987). Thisimpliesthat the motor control
is essentially a sort of adaptive control. The crucial
factor, which has been neglected in formulating motor
control as an adaptive control, is the signi£cant time
delay caused by neurotransmittance and visual percep-
tion.

In this section we discuss FEL from the viewpoint
of adaptive control. The feedforward controller K is
chosen to be identical to the inverse P~1 of P if P
is known and P~ exists. Since P is unknown, we
must employ some adaptive scheme for K so that K»
convergesto P~1. Notethat thetime-delay e 7S, which
isidentical to the time delay contained in the feedback
loop, is introduced to the reference signal to produce
the feedback error consistent with adaptation law. We
£rst make the following assumptions:

(A1) Theplant Pisstable and has stable inverse P~

(A2) The upper bound of the order of P isknown.

(A3) The high frequency gain ky = sIi_}m P(s) is as-
sumed to be positive.

(A4) Thetimedelay 1 isknown.

The assumption (A1) israther restrictive in the context
of control system design. This may be relaxed later.

If ko is negative in (A3), the subsequent results are
valid by taking —P(s) instead of P(s). Hence, (A3)
is relaxed to the assumption that the sign of the high
frequency gainisknown. For the sake of the simplicity
of exposition, however, we retain (A3) for simplicity
of exposition.

2.2 Parameterization of unknown systems

Now, we describe a method of adaptive construction
of adesired K, under the assumption that T is known
a priori. Throughout this paper, we use the following
parameterization of the unknown system Ko:
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ur (t) = c(t)T&(t) +d(t) & (t) +k()r (t), (3)

where F is any stable matrix and g is any vector with
{F, g} being controllable. In (1)-(3), c(t), d(t) and k(t)
are unknown parameters to be estimated. This is a
standard parameterization of adaptive controller used
in [(Narendra and Valavani, 1989)]. Assume that the
true system iswritten as

dz (t)

=Fz(t)+or(t), )
20 _ Fat) + o) ®
ug(t) =cdz(t) +df zo(t) +kor (t).  (6)

It is easy to seethat taking u(t) = ug(t) and appropri-
ate selection of parameters c(t) = ¢, d(t) = dp and
k(t) = ko can yield an arbitrary transfer function from
r(t) to uss(t). To seethis, let the matrix F and vector
g in acontrollable canonical form

o 1 0 -~ 0
o o 1 --0

o o

0O 0 0 . 1
—f1 —f2 —f3 - —fy

RO ---

From (1), (2), and (3), the transfer function from r(t)
to uy(t) isgiven by

_ kOSn‘i‘(fnkO‘i‘Cn)Snil—F_A'_(flkO_;'_Cl)
S (fa—dy)S i (i —dy)

c=[cc... cn]T,
do=[di ... cn]".
Therefore, we can construct any transfer function of

degree less than or equal to n by selecting parameters
Co, do and ko appropriately.

2.3 Adaptation Law

In the ideal situation, K5 isidentical to P~1. In that
case, et) = 0, u(t) = uss(t) = ug(t) = P~L(s)r(t).
The true values ¢y, do and kg of c(t), d(t) and k(t),
respectively, satisfy

ko+ch(sl—F)1g
1-df (s —F) g

=P Y(s). (7)

The error signal e(t) is deEned as
et—1)=rt—1)—yt—1).



The cost function is defned as
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Since the unknown parametersc(t), d(t) and k(t) must
be updated so that the error signal e(t) decreases, the
adaptation law is given as,
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0(t)=[ct)" dO)" k)T]",

do(t) dﬂ(t—r
d = 96
_ g8t
=—a 20 e(t—1). 9)

We choose K; =const. Then, it follows that

u(t) _Uff(t).

elt) = K,

Using the approximation u(t) ~ ug(t), we have

dé  a dusr(t—1)

@K 20 e(t—r1). (10)
From (3),
urr(t) = B(1)TE (),
where &(t) := [ &(1)T &M r(t)]". Then, (10) can
be written as,
do «a
oK et—T1)é(t—1). (11)

We delayed the time of adaptation in accordance with
the time-delay in the feedback loop, rather than taking
thereal time signal.

2.4 Convergence of algorithm

Now u(t) and ug are written as

u(t) = ua(t) - P (s)e(t — 1),
ug(t) :=P L(s)r(t).

Then, if we defne Au(t) = us¢(t) — ug(t), we have

co)" &1 (t) + (d(t) —do)" &(t)
Yoet—1). (12
Since F is stable, we use the asymptotic relations

Au(t) = (c(t) -
—dd (sl —F)1gP~

&(t) — (),
&(t) — (1)

The relation (12) iswritten as
Au(t) = Y(t)T&(t) -

—df (sl —=F)"1gP(s)e(t —1).

dg (sl —F)'gP }(s)e(t - 1),

where

W(t) :=6(t)— 6= (13)

Fromtherelationsu(t) = us (t) + Kie(t — 1), we have

et) = —(G(s) +Kie ™)ty () TE(L), (19)

where G(s) isgiven by
G(s) =ko+c5(sl —F) g (15)

On the other hand, from (11), we have

dy(t) _ do@m

i = g~ et-DKu(s)E(t—1). (16)

Then, combining the above relation with (14) yields

dy®)

= - DL(9EE-D)TYlt-1), A7)

where

L:(s) = K1(G(s) + K& ™)L, (18)

Theorem 1: Consider a delay-differential eguation
described as
dz(t)

= —ag (L&)

Z(t—1). (29)
Assume that the following conditions hold:

(i) The differential equation

dlt)

G = COLEEWTA)  (20)

whereL(s) := {A,b,c",d} isstable;
(i) &(t) isbounded, i.e., there exists My > 0 such that

€M) <Mo, Vt>0.

Then, if o > 0 satisEes following condition

p 1
<™ (dPR+(M5/5)SPQ>

the delay-differential equation (19) is asymptotically
stable. Here, M5, d and A are

1] < Mg~
U (t.s)]| < Me (9

Ms>0,0 >0
M>0A>0
whereU (t,s) istransition matrix of (20),and
etvear |
adé&(t)
Q=sup|¢(t )T

sttiplleT(t)ll

P=sup
t

R= SUIOHE) Ol



The proof of Theorem 1 can be given based on the
arguments in (Halanay, 1966). For the assumption (i)
in Theorem 1, we introduce Lemma 1 as follows,

Lemma 1 (B.D.O. Anderson, 1986): Let L(s) be a
strongly positive real transfer function and & (t) be an
arbitrary time-varying vector. Then, the solution z(t)
of the differential equation

dz(t

U~ soLeEnTay @
tends to a constant vector zy such that & (t)zg — 0. If
& (t) satisEes the so-called persistent excitation (PE)
condition (Narendra and Valavani, 1989), the above
Zpisequal to 0.

From Lemma 1, we can use Theorem 1 to establish the
stability of delay-differential systems (17), provided
that L;(s) iss.p.r.

3. THE NON-INVERTIBLE CASE WITH
TIME-DELAY

3.1 Parameterization of Kx(s)

In the previous section, we assumed that P~(s) exists
and is stable. This implies that the relative degree
of P(s) is zero and the zeros of P(s) are al stable.
Now, we relax the £rst condition and introduce an
approximated inverse P~1 as P~1(s) = P-1(s)W(s),
where W(s) is a £lter with relative degree identical
to that of P(s). Using this approximation, the relative
degree of P(s) which is the cause of non-invertibility,
is compensated by the relative degree of W(s).

In this section we make, instead of (A1), the assump-
tion (A1') and an additional assumption (A4):

(A1) All the £nite zeros of P(s) are stable.
(A5) The upper bound of the relative degree of P is
known.

We parameterize the feedforward controller Ky(8)
in the same way as the previous section ((1)-(3)).
Assume that the plant P(s) has relative degreek (k <
n), so we can write P(s) generally as

_ kan_k+ bk+1§1_k_1 + e + bn

P(s
(s) St +ay

(22)

We select a preflter W(s) with relative degree k as

_ Wit1
Krwy s 4w
(W, i=1,2.. .k+1)

W(s)

Assume that P~1(s)W(s) is represented as

déa(t)
dt

=Fé&(t) +or(t), (23)

) _Egt) + guolt) (24)

Uo(t) = ciéa(t) + df &a(t) +kar (1), (25)

where F is given as before. Then, P~1(s)W(s) is
written as,

knS" + (fokw + Cun)S™ ... + (fikw + Cw1)

. (26
Sn+(fn—dw‘n)§171++(fl—dwl) ( )
where
;
Cw=[CwiCw2 ... Cun] .
d=[0w1 cw2 .. Gun]'

Hence, ¢y, dw and ky must satisfy the identity

kwS" + (anN+QN,n)§7l+---+ (flkWJrC\N_rl)
'+ (fa—Own)s" 1+ ...+ (f1 — dw1)
_ S+as" T+ +an
T L e RN SN
) Wi+1
Krwi s fwg

Let f:=[f fo ... fa] . The above identity yields
therelation
I wg 0 ... O i
W1 Wk ... O
P 0 bn—k+1/b1
fdy= wi Wy ... O bnflf/bl
1 wp ... wg :
0O 1 ...wg1 by/by
0 00 1 |
—s—[O...OWk...Wle}T (27)

Let h;,i =0,...,n— 1 be asequence of solutions of a
difference equation

hi +h_1wy +hi_owo + ...+ h_w, =0. (28)

Using (28), we have

[ho hy hy ... hy 1] [f —df
=Wihn_1+wWohn_2+ ... +wihn_k.

The difference equation (28) has k independent solu-

tionshi(”, j=1...,k; i=0,...,n—kas
h = —wih®) —woh™, — . —weh i > k
[0, i#j-1 i<k-1,
T, i=j-1

Hence, we obtain



[f—d
0...0 1hY. . ¥
1 1
M e by ] [ W
h<2) h( ) Wg_1
= n—k+1 *** "n—-1 . . (29)
PR :
hn7k+1 hn—l 1
Using this relation, we can represent di, dp, ---, dy
as affne functions of the rest n — k parameters
dii1, -+, dn. More precisely, we have af£ne relations

where M is aknown matrix, mis a known vector and

thw = [ A1 duz - dwk]T
Ay =[Gt Guksz -~ Gun ||

The parameters dy1, dy2, -+, dyx are determined
oncedyk+1, -, Own aregiven. Hence, it is sufEcient
to estimate n — k unknowns d,y for estimating d,y.

3.2 Adaptation Law

Using the result of the previous section, we construct
an adaptation law. From Fig.2, the error signal e(t) is
defned as

et—1)=W(S)r(t—r1)

—y(t—1).

The unknown parameters c(t),d(t),k(t) must be up-
dated so that the error signal e(t) decreases. Let

d(t)=[di dp ... d]" =Md(t) +m,

d(t) = [desa deyz o dn]',

E(t)=[&1 &2 ... &', &o(t) = [&21 &2 ... Ex]"
&) = [ &oern) Eokio) - fzn] ;

B(t)=[ct)T d®)T kt)]", Bu(t) = [, df ku]"-

Note that the dimension of the unknown vector 8(t) is
now 2n — Kk instead of 2n in the previous section. The
output of K»(8) iswritten as

d(t)T&(t) +d(t)TEx(t) +
dt)T(MT&(t) + &2(1))
k(®)r(t).

ur(t) = c(t) T &a(t) +
=c(t) &)+
+ml & (t) +

Asin the invertible case, we use the same adaptation
law (10), which can be written as

~ El(tf'l')
dot)
“a ¢

rt—1)

k)r(t)

MTsz<t—r>+fz<t—r>] Ka(s)e(t - 1)(31)

3.3 Sability Proof
Asin the previous case, let

@(t) = 6(t) — b (32)

be a vector of parameter errors. Differentiation with
respect tot resultsin

% _ %Et) — —ak(t-DKi(s)elt—1), (33)
where
. B &(t— T)
Et—1):= | MT&t-1)+&1t-1) |
rt—1)

The equation (14) iswritten in this case as

(Gu(s) +Ku(s)e ™)et) = (1) (1), (34)
where Gy(s) = (1—¢l(sl — F)"lgy)P~(s). Due to
(26), we have

Gy(s) = (kw+Gy(sl —F) 'gW(s) . (35)

Combining (35) with (31) yields

dg )

G = aEt-Dlu(9Et-DTh(t-1), (30)

where

L1z (8) = Ke()W(S) (kw+ (sl —F)'g
+Ki(sW(s)e ™) (37)

The equation (36) is of the same form as (16), and we
can use the same reasoning as in the previous section.

0
Theorem 2: Under the assumptions (A1), (A2)-(A5),

the FEL scheme (30) and (31) is stable and e(t) tends
to O, if K1(s) is chosen such that L (s) given by (37)
isstrictly positive real.

Remark: In order that L1(s) in (37) is strictly positive
real, K1(s) must contain higher derivatives so that the
relative degree of Ki(S)W(s) is not greater than two.
This seems to be a drawback of Theorem 2 which
depends on the notion of the strong positive realness.
However, since the error signa e(s) in Figure 2 is
given by e(s) = W(s)r(s) — P(s)u(s), and W(s) ~1P(s)
is proper, W(s) te(s) = r(s) —W(s)"IP(s)u(s) is a
proper function. This implies that W(s)~1e(s) can
be generated if the state of the plant is available
for feedback. Thus, for any proper U(s), u(s) =
U (s)W(s)te(s) can be constructed. Then, Kq(s) =
U (s)W(s) ! satisEes the requirement. Hence, it is not
dif£cult to implement K4 (s) such that the relative de-
gree of Ki(s)W(s) = U(s) is not greater than two.
Moreover, the invertible and delayed-free cases have
aready done in which case Li¢(s) can be written in
more simple form.



4. SIMULATION RESULT

We show a simulation result for a plant, P(s) = (s+
1)/($*+7s+12). Thisplant hasno stableinverse. The
McMillan degree of this system is 1. By parameteriz-
ing this system aswritten in Section 4, the feedforward
controller K, iswritten as,

Ko — ks? + (5K+ C2)s+ (2k+ C1)
27 TP+ (5—dy)s+ (5—dy)

(39)

On the other hand we write the unknown plant P(s) as,

P(s) bis+ by

T aftaista (39)

Hence whenW(s) = 10/(s+ 10), the desired object of
adaptation iswritten as,

_ 10aps”+ 10a;s+ 10a,
- b1s? + (10b1 + bz)S-l- 10by°

P~(s)W(s) (40)

From (38) and (40) we obtain the following constraint
on parameter d;.

di(t) = 55+ 10d;(t) (41)

So di(t) istuned by (41). Figure 2 shows the result of
simulation with time delay 50 steps. Adaptation starts
from 700 steps and after that the error signal converges
to zero and the tracking performance is obviously
better than before adaptation.

error signal e(t)
T T

1

L L L L L L L L L
0 200 400 600 800 1000 1200 1400 1600 1800 2000
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Fig. 2. A simulation result

5. CONCLUSION

In this paper FEL proposed as an architecture of brain
motor control has been investigated from the view-
point of two-degree-of-freedom adaptive control. One
of the advantages of FEL is its ability to surmount
the difEculty of time delay. We have investigated its
capability of compensating time delay through feed-
forward control. It isour intuition that adaptive control
can overcome time delay by slowing down the speed
of adaptation and it has been shown that the conver-
gence of FEL for the plant with time delay by making

the updating rate small. It may beinteresting to exploit
physiological ground of these equations, as well asto
investigate mathematical properties of these equations
in depth to obtain less conservative stability conditions
of these equations.
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