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�� INTRODUCTION AND NOTA TION

In this paper we present a complete perturbation
analysis of real continuous�time coupled algebraic
matrix Riccati equations �CAMRE� of the form
Fi�X�� X�� Pi� 	 
� i 	 �� �� where Fi are matrix
quadratic functions in the unknown matrices Xi�
and Pi are collections of matrix coe�cients�

Throughout the paper we use the following nota�
tion� Rm�n 
 the space of m � n real matrices�
Rm 	 Rm��� R� 	 �
���� A� 
 the transpose of
the matrix A� � 
 the component�wise order re�
lation on Rm�n� vec�A� 
 the column�wise vector
representation of the matrix A� Mat�L� � Rpq�mn


 the matrix representation of the linear matrix
operator L � Rm�n � Rp�q� In 
 the unit n � n
matrix� �n� 
 the n

��n� vec�permutation matrix
such that vec�A�� 	 �n�vec�A� for all A � Rn�n�
A � B 
 the Kronecker product of the matrices
A and B� k � k� 
 the Euclidean norm in Rm

or the spectral �or ��� norm in Rm�n� k � kF 

the F robenius �or F�� norm in Rm�n� k � k 

a replacement of either k � k� or k � kF� rad �A�

 the spectral radius of the square matrix A�
det�A� 
 the determinant of the square matrix A�
jjjP jjj 	 �kE�k� � � � � kErk�� � Rr

� is the generalized
norm of P � when P 	 �E�� � � � � Er� is a collection
of r matrices�

We also denote R 	 Rn�n and S 	 fA � R � A 	
A�g � R� S� 	 fA � S � A 	 
g� Lin�L��L�� 

the space of linear operators L� � L�� where L��
L� are linear spaces� We also use the abbreviation
Lin 	 Lin�R�R��
We identify the Cartesian product Rm�n�Rm�n�
endow ed with the structure of a linear space� with
an yof the spaces Rm��n� R�m�n and R�mn� In
particular� the ordered pair �A�B� � Rm�n �
Rm�n and the matrix �A�B� � Rm��n are
considered as iden tical objects� Finally� w e use
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the same notation P for an ordered matrix r�
tuple �E�� � � � � Er� as well as for the collection
fE�� � � � � Erg�

�� PROBLEM STATEMENT

Consider the system of real continuous�time CAMRE
arising in the robust control of linear time�
invariant systems �see e�g� ����

F��X�� X�� P�� �	 �A� �B�X��
�X� ���

� X��A� �B�X�� � C� 
X�D�X� 	 
�

F��X�� X�� P�� �	 �A� �X�B��X�

� X��A� �X�B��
� � C� 
X�D�X� 	 
�

where Xi � R are the unknown matrices� Ai� Bi �
R� Ci� Di � S� are given matrix coe�cients and
Pi �	 �Ai� Bi� Ci� Di� � R��

We set

P �	 �P�� P�� 	 �A�� B�� C�� D�� A�� B�� C�� D��

	� �E�� E�� E�� E�� E�� E�� E�� E	� � R	�

The generalized norm of the matrix ��tuple P is
the vector jjjP jjj �	 �kE�kF� � � � � kE	kF�� � R	

��

In this work we are interested only in symmetric
solutions of system ����

The solution pair �X�� X�� � S� is called stabiliz�

ing if the matrices G� �	 A� �B�X�
D�X� and
G� �	 A� �X�B� 
X�D� are stable�

Note that Fi as de�ned by ��� are functions from
R � R � R� 	 R� to R� It will be convenient
to write the system of CAMRE as one matrix
equation� For this purpose we denote

X �	 �X�� X��� F �	 �F�� F���

Then the system ��� may be written as

F �X�P � 	 
� ���

Here F is considered as a mapping R�
 � R�� or
equivalently� as a mapping Rn��n�R	 � Rn��n�

We assume that system ��� has a solution X 	
�X�� X�� � S� such that the partial Fr�echet
derivative FX �X�P ���� of F in X at the point
�X�P � is invertible�

A direct calculation gives

F��X�
�X�P���Z� 	G�� Z � ZG��

F��X�
�X�P���Z� 	X�B�Z � Z�B�� X�� ���

F��X�
�X�P���Z� 	X�B

�
� Z

� � ZB�X��

F��X�
�X�P���Z� 	G�Z � ZG�� �

Further on we set

L��� �	 FX �X�P ���� � Lin�R��R���

Li��� �	 Fi�X �X�Pi���� � Lin�R��R��
Lij��� �	 Fi�Xj

�X�Pi���� � Lin�R�R��
Thus

FX�X�P ��Y � 	 �L��Y ��L��Y ��

	 �L���Y�� � L���Y���L���Y�� � L���Y����

Applying the vec operation to FX�X�P ��Y � and
using the equality �A� B��n� 	 �n��B �A� we
�nd the matrix representation of the operator L���

L �	 Mat�L���� 	
�
L�� L��

L�� L��

�
� R�n���n� �

where

L�� �	 In �G�� �G�� � In�

L�� �	 �In� ��n���In � �X�B����

L�� �	 �In� ��n��
�
�B�X��

� � In
�
�

L�� �	 In �G� �G� � In�

Here Lij � Rn��n� is the matrix representation of
the operator Lij���� i� j 	 �� ��

Let the matrices from Pi be perturbed as Ai ��
Ai � �Ai� etc� We assume that the perturbations
�Ci and �Di are symmetric in order to ensure
that the perturbed equation also has a solution in
S�� Symmetric perturbations in Ci and Di arise
naturally in many applications�

Denote by Pi��Pi the perturbed collection Pi� in
which each matrix Z � Pi is replaced by Z � �Z
and let �P 	 ��P�� �P��� Then the perturbed
version of equation ��� is

F �X � �X� P � �P � 	 
� ���

Equation ��� has a unique isolated solution Y 	
X � �X � S� in the neighbourhood of X if the
perturbation �P is su�ciently small�

Denote by

� �	

�
��
��

�
� R	

��

where �i �	 ��Ai
� �Bi

� �Ci
� �Di

�
� � R�

�� the vector
of absolute Frobenius norm perturbations �Z �	
k�ZkF in the data matrices Z � P �

The perturbation problem for CAMRE ��� is to
�nd bounds

�Xi
� fi���� � � � � R	

�� i 	 �� �� ���

for the perturbations �Xi
�	 k�XikF� Here � is a

certain set and fi are continuous functions� non�
decreasing in each of their arguments and satisfy�
ing fi�
� 	 
� The inclusion � � � guarantees
that the perturbed CAMRE ��� has a unique
solution Y 	 X � �X in a neighbourhood of the



unperturbed solution X such that the elements of
�X�� �X� are analytic functions of the elements
of the matrices �Z� Z � P � provided � is in the
interior of ��

First order local bounds

�Xi
� esti��� �O�k�k��� � � 
� i 	 �� �� ���

are �rst derived with esti��� 	 O�k�k�� � �

� which are then incorporated in the non�local
bounds ����

�� LOCAL PERTURBATION ANALYSIS

Consider �rst the conditioning of the CAMRE ����

The perturbed equations may be written as

Fi�X � �Xi� Pi � �Pi� 	

�X
j��

Lij��Xj�

�
X
Z�Pi

Fi�Z ��Z� �Hi��X� �Pi� 	 
�

where Fi�Z ��� �	 Fi�Z�X�Pi���� � Lin� Z �
Pi� are the Fr�echet derivatives of Fi�X�Pi� in
the matrix argument Z� evaluated at the point
�X�Pi�� The matrix expressions Hi��X� �Pi� 	
O
�k��X� �Pi�k�� � �X � 
� �Pi � 
� contain

second and higher order terms in �X � �Pi� In fact�
for Y 	 �Y�� Y�� � S�� we have

H��Y� �P�� 	 ��B�Y� 
 �D�Y��
�X� ���

� X���B�Y� 
 �D�Y��

� Y��B�X� �X��B
�
� Y�


 Y��D� � �D��Y� � Y��A� � �A�� Y�

� Y��B� � �B��Y� � Y��B� � �B��
�Y�

and

H��Y� �P�� 	X� �Y��B� 
 Y��D��
� ���

� �Y��B� 
 Y��D��X�

� X��B�Y� � Y��B
�
� X�


 Y��D� � �D��Y� � �A�Y� � Y��A
�
�

� Y��B� � �B��
�Y� � Y��B� � �B��Y��

We also have� for �X�� X�� � S��

F��A�
�Z� 	X�Z � Z�X��

F��B�
�Z� 	X�ZX� �X�Z

�X��

F��C��Z� 	Z� F��D�
�Z� 	 
X�ZX��

F��A�
�Z� 	ZX� �X�Z

��

F��B�
�Z� 	X�ZX� �X�Z

�X��

F��C��Z� 	Z� F��D�
�Z� 	 
X�ZX��

The inverse operator

M��� �	 L����� � Lin�R��R��

of the operator L 	 FX �X�P ���� may be rep�
resented as L����� 	 �M�����M������ where� for
Z �	 �Z�� Z�� � R��

Mi�Z� 	Mi��Z�� �Mi��Z��� Mij��� � Lin�
Hence

�X 	 
M�W���X� �P���W���X� �P���� ���

whereWi�Y� �Pi� �	
P

Z�Pi
Fi�Z��Z��Hi�Y� �Pi��

In this way

�Xi 	 

�X

j��

Mij�Wj��X� �Pj���

which gives

�Xi 	

�X

j��

X
Z�Pj

Mij 
 Fj�Z��Z� ��
�



�X

j��

Mij�Hj��X� �Pj���

Therefore

�Xi
�

�X
j��

X
Z�Pj

Kij�Z�Z �O�k�k��� � � 
�

where the quantity Kij�Z �	 kMij 
 Fj�ZkLin� is
the absolute condition number of the solution com�
ponent Xi with respect to the matrix coe�cient
Z � Pj � Here k�kLin is the induced norm in the
space Lin of linear operators R � R�
If Xi �	 
� estimates in terms of relative perturba�
tions are

�Xi
�

�X
j��

X
Z�Pi

kij�Z�Z �O�k�k��� � � 
�

where the quantity kij�Z �	 Kij�Z
kZkF
kXikF

� is the

relative condition number of the solution com�
ponent Xi with respect to the matrix coe�cient

 �	 Z � Pj �

The calculation of the condition numbers Kij�Z

is staightforward for the Frobenius� Denote by
Li�Z � Rn��n� the matrix of the operator Fi�Z �
Lin� We have

L��A�
	 ��n� � In���In �X���

L��A�
	 ��n� � In���X� � In��

Li�Bi
	 ��n� � In���X� �X���

L��C� 	 In� � L��C� 	 In� �

L��D�
	
X� �X�� L��D�

	 
X� �X��

Let the matrix representation of the operator

M��� 	 F��X �X�P ���� � Lin�R��R��



be denoted as

M �	 Mat�M� 	 L�� �	

�
M�� M��

M�� M��

�
�

Mij � Rn��n� �

Having in mind the expressions for Li�Z the abso�
lute condition numbers are calculated from

Kij�Z 	 kMijLj�Zk�� Z � Pj � i� j 	 �� ��

Rewrite equations ��
� in vectorized form as

vec��Xi� 	

�X
j��

X
Z�Pj

Ni�Zvec��Z� ����



�X

j��

Mijvec�Hj��X� �Pj���

where

Ni�Z �	 
MijLj�Z � Rn��n� � Z � Pj �

The condition number based perturbation bounds
may be derived as an immediate consequence of
�����

�Xi
	 k�XikF 	 kvec��Xi�k� � est

��

i ��� �O�k�k���

est
��

i ��� �	

�X
j��

X
Z�Pj

kNi�Zk��Z �

Relations ���� also give a second perturbation
bound

�Xi
� est

��

i ��� �O�k�k��� est��
i ��� �	 kNik�k�k�

where

Ni �	 �Ni��� Ni��� � Rn��	n� �

Ni�j �	 �Ni�Aj
� Ni�Bj

� Ni�Cj
� Ni�Dj

� � Rn���n� �

The bounds est
��

i ��� and est

��

i ��� are alternative�

i�e�� which one is smaller depends on the particular
value of ��

There is a third bound� which is always less or

equal to est
��

� ���� Indeed� we have

�Xi
� est

��

i ��� �O�k�k��� est��
i ��� �	

q
�� bNi��

where bNi 	 �ni�pq � � R	�	
� is a matrtix with

elements ni�pq �	
��� bN�

i�p
bNi�q

���
�
� p� q 	 �� � � � � �

where bNi�k� k 	 �� � � � � � denote the n� � n�

blocks of Ni�i�e�� Ni 	
h bNi��� bNi��� � � � � bNi�	

i
�bNi�k � Rn��n� � and bNi�� �	 Ni�A�

� bNi�� �	

Ni�B�
� � � � � bNi�	 �	 Ni�D�

�

Since
��� bN�

i�p
bNi�q

���
�
�
��� bNi�p

���
�

��� bNi�q

���
�
then est

��

i ��� �

est
��

i ��� and we have the overall estimates

�Xi
	 esti��� �O�k�k��� ����

where

esti��� �	 min
n
est

��

i ���� est

��

i ���

o
� ����

The local bounds are continuous� �rst order ho�
mogeneous� non�linear functions in ��

The bounds est
�k

i are majorants for the solution

of a complicated optimization problem� de�ning
the conditioning of the problem as follows� Set
�i �	 vec��Xi�� i 	 �� � and � �	 ���� � � � � �	�

� �	
��A�

� � � � � �D�
�� � R	

�� Then we have

�i 	

	X
k��

bNi�k�k �O�k�k��� � � 


and �Xi
	 k�ik� � Ki��� �O�k�k��� � � 
� Here

Ki��� �	 max

������
	X

k��

bNi�k�k

�����
�

� k�kk � �k�

k 	 �� � � � � �g
is the exact upper bound for the �rst order term
in the perturbation bound for the solution com�
ponent Xi �note that Ki��� is well de�ned� since
the minimization in � is carried out over a com�
pact set�� The calculation of Ki��� is a di�cult
task� Instead� one can use a bound above such as
esti��� 	 Ki����

Let � � R	
� be a given vector and let Xi �	 
�

Then the relative condition number of Xi with
respect to � is �i��� �	 Ki���	kXikF� If jjjP jjj is
the generalized norm of P � then �i�jjjP jjj� is the
relative norm�wise condition number of Xi�

�� NON�LOCAL PERTURBATION ANALYSIS

Local bounds of the type considered in Section �
are valid only asymptoticaly� for � � 
� But in
practice they are usually used simply neglecting
terms of order O�k�k���
The disadvantages of the local estimates may
be overcome using the techniques of non�linear
perturbation analysis� As a result� we �nd bounds
���� The estimate ��� is rigorous� The perturbed
equation F �X��X� P��P � 	 
 may be rewritten
as an operator equation for the perturbation �X

�X 	 ���X� �P �� � 	 �������� ����

where ��Y� �P � �	 
M�FP �X�P ���P ��H�Y� �P ���

Here H�Y� �P � �	 �H��Y� �P��� H��Y� �P��� con�
tains second and third order terms in Y and �P �
see ���� ����

Equation ���� comprizes two equations� namely

�Xi 	 �i��X� �Pi�� i 	 �� �� ����

where the right�hand side of ���� is de�ned by
relations ��
�� Setting



�i �	 vec��Xi� � Rn� � � �	

�
��
��

�
� R�n� �

we obtain the vector operator equation

� 	 
��� ��� ����

in R�n� � which is reduced to two coupled vector
equations

�i 	 
i��� ��� i 	 �� ��

in Rn� � respectively�

The vectorizations of the matrices Hi�Y� �Pi� are

vec�H��Y� �P��� 	 �In �X�� �In� ��n�� ����

� vec��B�Y� 
 �D�Y��

� �X� � In� �In� ��n�� vec�Y��B��


 vec�Y��D� � �D��Y�� � vec
�
Y��A� � �A�� Y�

�
� vec

�
Y��B� � �B��Y� � Y��B� � �B��

�Y�
�

and

vec�H��Y� �P��� 	 �X� � In� �In� ��n�� ����

� vec �Y��B� 
 Y��D��

� �In �X�� �In� ��n�� vec��B�Y��


 vec�Y��D� � �D��Y�� � vec
�
�A�Y� � Y��A

�
�

�
� vec

�
Y��B� � �B��

�Y� � Y��B� � �B��Y�
�
�

Let kYikF � �i� i 	 �� �� where �i are non�
negative constants� Then it follows from ����� ����
that

k
i��� ��k� � esti��� �

������
�X

j��

Mijvec�Hj�Y� �Pj��

������
�

� esti��� �
�X

j��

kMijvec�Hj�Y� �Pj��k�

� hi��� ���

where

� 	

�
��
��

�
� R�

�

and

hi���� ��� �� �	 esti��� � ai������ � ai������

� �bi������� � ci�����
�
� � ci�����

�
��

Here

ai���� �	 �kMi�k��A�
� �i���B�

� �D�
� � �i��B�

�

ai���� �	 �kMi�k��A�
� �i���B�

� �D�
� � �i��B�

�

bi��� �	 kMi�k��kB�k� � �B�
�

� kMi�k��kB�k� � �B�
��

ci���� �	 kMi�k��kD�k� � �D�
��

ci���� �	 kMi�k��kD�k� � �D�
��

and

�i� �	 kMi��In �X�� �In� ��n��k� �
�i� �	 kMi��X� � In� �In� ��n��k� �

The function h � R�
� � R	

� � R�
�� constructed

above� is a vector Lyapunov majorant for the
operator equation ����� see ����

Consider the majorant system of two scalar
quadratic equations

�i 	 hi���� ��� ��� i 	 �� �� ����

which may also be written in vector form as
� 	 h��� ��� where

h��� �� �	

�
h���� ��
h���� ��

�
�

We have

h�
� �� 	

�
est����
est����

�
�

Hence h�
� 
� 	 
� h��
� 
� 	 
� Therefore� for �
su�ciently small� the system ���� has a solution

� 	 f��� 	

�
f����
f�����

�
�

which is continuous� real analytic in � �	 
 and
satis�es ��
� 	 
� The function f��� is de�ned
in a domain � � R	

� whose boundary 
� may
be obtained by excluding � from the system of
equations

� 	 h��� ��� det�I� 
 h���� ��� 	 
� ��
�

The second equation in ��
� is equivalent to

���� �� �	 �
 ���� � ������� � �������

� ��������� � ������
�
� � ������

�
� 	 
�

where

���� �	 a����� � a�����
 a�����a�����

� a�����a������

����� �	
��c�������
 a������ � b������
 a������

� a�����c����� � b����a�������

����� �	
��c�������
 a������ � b������
 a������

� a�����c����� � b����a�������

���� �	 ��c�����c�����
 c�����c�������

����� �	 ��b����c�����
 b����c�������

����� �	 ��b����c�����
 b����c�������

As a result� we have the non�local non�linear
perturbation bounds

�Xi
� fi���� � � �� ����

We can �nd a new Lyapunov majorant g� such
that h��� �� � g��� �� and for which the equation

� 	 g��� �� ����



has an explicit form solution� This can be done in
many ways� Three of them are described below�

Let

est��� �	maxfest����� est����g�
ai��� �	maxfa�i���� a�i���g�
b��� �	maxfb����� b����g�
ci��� �	maxfc�i���� c�i���g�

Hereinafter� in order to simplify the notation� we
set aij �	 aij���� ai �	 ai���� b 	 b���� ci �	 ci����
ei �	 esti���� e �	 est����

Consider the function g with components

g���� �� 	 g���� ��

	 e� a��� � a��� � �b���� � c��
�
� � c��

�
��

Now the majorant equation ���� has solutions
with �� 	 ��� where

e
 ��
 a� 
 a���� � ��b� c� � c���
�
� 	 
�

Hence� if

� � � �	
�
� � R	

� � a� � a�

� �
p
e��b� c� � c�� � �

o
then

�X�
� �X�

� ��e�	��
 a� 
 a� ����

�
p
��
 a� 
 a��� 
 �e��b� c� � c�� ��

However� in this approach one of the bounds
���� is not asymptotically sharp unless e� 	 e��
We next derive another explicit bound that is
asymptotically sharp in the sense that its �rst
order term is equal to esti����

Consider the function k with components

ki��� �� �	 ei�a����a�����b����� c��
�
�� c��

�
��

It is easy to see that k is again a Lyapunov
majorant� Since h��� �� � k��� �� � g��� �� the
solution of the majorant system � 	 k��� ��
will majorize the solution of the system � 	
h��� �� thus producing less sharp bounds� but
will give tighter bounds than these based on
the majorant g� However� this solution is easily
computable� Indeed� here we have �� 	 �� �
e� 
 e�� Substituting this expression in any of
the equations �i 	 ki��� �� we obtain quadratic
equations for �i� Choosing the smaller solutions�
we �nd the bounds
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where

d	 d��� �	 ��
 a� 
 a� � ��b� cj��ei 
 ej��
�


 ���b� c� � c�� �ajej � ��
 aj�ei

� cj�e� 
 e��
�
�
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 ��a��b� c��

� ��
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 ��a��b� c�� � ��
 a���b� c���e�

� ��b� 
 c�c���e� 
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and j �	 i� These bounds hold provided d��� 	 
�

�� CONCLUSIONS

In this paper we have presented a complete local
and non�local perturbation analysis of coupled
continuous�time matrix Riccati equations� arising
in the theory of H� control� The results obtained
may be extended to other more general systems
of matrix quadratic equations�
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