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Abstract: Control of plasma density and temperature magnitudes, as well as their profiles,
are among the most fundamental problems in fusion reactors. Existing efforts use control
techniques based on linearized models. In this work, a zero-dimensional nonlinear model
involving approximate conservation equations for the energy and the densities of the species
was used to synthesize a nonlinear feedback controller for stabilizing the burn condition of a
fusion reactor. The model addresses the issue of the lag due to the finite time for the fresh fuel
to diffuse into the plasma center. Nonlinear backstepping is used to deal with this imposed lag.
In this way we make our control system independent of the fueling system and the reactor can
be fed either by pellet injection or by gas puffing. The controller exhibits excellent properties
of robustness and the boundness of the state variables is guaranteed for a large set of values
of the lag constant. In addition the nonlinear controller proposed guarantees a much larger
region of attraction than the previous linear controllers, it is capable of rejecting perturbations
in initial conditions leading to both thermal excursion and quenching, and its effectiveness
does not depend on whether the operating point is an ignition or a subignition point.

Keywords: Nuclear reactors, nonlinear control, Lyapunov stability.

1. INTRODUCTION Active burn control is often required to maintain near-
ignited or ignited conditions (Auxiliary power 0).
Economical and technological constraints sometimesThe objective of the controller is to keep the plasma at
require the fusion reactors to operate in a zone of low @ desired equilibrium or operating point; rejecting per-
temperature and high density where the thermonucleaiturbations in initial conditions and forcing the plasma
reaction is inherently thermally unstable. For low tem- back to the equilibrium.

peratures, the rate of thermonuclear reaction for a D-tha common denominator of existing works is the
T mixture increases as the plasma temperature risesapproximation of the nonlinear model of the fusion

In this thermally unstable zone, a small increase of (ootor by a linearized one and generally the use
temperature leads to an increase of power which re- ¢ only one among the actuation concepts (single-
sults inthermal excursion. On the other hand, a small j5t control). Schuster, Krstic and Tynan (Schuster
decrease Qf temperature leads to a decrease of powgg al., 2001) have proposed recently a new approach
andquenching. based on a full nonlinear model that is able to sta-
bilize the system against large perturbations in initial
conditions, can work as well for suppressing thermal
excursions as for preventing quenches and can operate

1 This work was supported by a grant from NSF.



both at subignition or ignition points. Nevertheless,
theissueof thelag introducedby the diffusion of the
freshfuel into theplasmawvasnotconsideredror burn
control purposesve canmentionmainly two typesof
fuelingsystemspelletinjectionandgaspuffing. Pellet
injectionis abetteractuatoiin thesensehatits neutral
fuel transportatiortime is shorter However, it is also
technicallymorecomple. Thistechnicalaspecbf the
burn controlproblemforcesusto modify themodelin
orderto introducethe effect of the lag dueto the dif-
fusionof thefreshfuel into the plasmaWe introduce
anaw tool suchasnonlinearbacksteppinghatallows
usto handlethe lag imposedby the actuatorwithout
ary kind of furtherapproximatiorof themodel.

Over the years,the physical and technologicalfea-
sibility of differentmethodsfor controlling the burn
conditionhave beenstudied(Mandrekasand Stacs,
1990;Haney et al., 1990;Andersonet al., 1993).As
wewantto work ataignitedpoint (Pyx = 0) orto have
the capability of rejectinga large setof perturbations
in theinitial conditionswhenworking at a subignited
point (Paux > 0), we considerthe controlledinjection
of impurities as an actuatorin additionto the aux-
iliary power and fueling rate modulations.Towards
this end, the model usedin (Schusteret al., 2001)
is modified here modeling the power lossesdue to
the line and recombinationradiationsin additionto
the bremsstrahlungadiation.In this way we are no
longer restrictedto work only with low Z impuri-
ties. In addition,in orderto achieve stability with a
lessdemandingnjectionof impurities,we combinea
singularperturbatiorapproach{Schustegt al., 2001)
with a passvity approactor the designof thecontrol
law for theinjectionof impurities.

The paperis organizedas follows. In Section2 the
modelof our plantis stated.In Section3 the control
objectivesare presentedandthe control laws for the
differentactuatorsaresynthesizeih Sectiond for the
stabilizationof the deviation statevariables Section5
makesa presentationf thesimulationresults Finally,
the conclusionsand some suggestionsabout future
work arepresentedn Section6.

2. MODEL

In thiswork we useazero-dimensionahodelfor afu-
sion reactorwhich employs approximateparticleand
enepgy balanceequationsThe alpha-particlédbalance
is givenby
%:—:—:+(n%)2<cv> 1)
whereny andnpt arethealphaanddeuterium-tritium
(DT) densitiegespectiely, and1y is the confinement
time for the alphaparticles.This approximatemodel
impliesthatthe 3.52MeV alphaparticlesslov down
instantaneouslydepositingtheir enegy in the flux
surfacewherethey are born, which is a reasonable
approximatiorfor reactorsizetokamaksA first order
lag is introducedto take into accountthe diffusion

time for neutralfuel atomsto transportinto the toka-
mak core. This lag runs from the start of the fuel
injectionto the changen deuterium-tritium(DT) ion
particle density The setof equationsgoverningthe
neutralatombalanceandthe deuterium-tritium(DT)
fuel particlebalances givenby

dnpt Npt Npt \ 2 Nn
— ot _,(hor I 2
dt T ( 2 ) <ov> +'l'c| )
dnp Nn
@ _ _Th,g 3
dt T4 + ®)

whereny is the neutraldensity S (input) is the refuel-
ing rate(50:50D-T), 1pt is the confinementime for
thefuel particlesandty is thedelaytime. Theimpurity
presencés determinecdy the balancesquation

dl"l| _ n

& —H +S (4)
wheren is theimpurity density T, is theconfinement
time for the impurity particlesand § (input) is the
impurity injection rate. The enegy balanceis given
by

dE E n
= — 4+ (2 2<ov> Q- Pag+Pux (5
dt TE 2

whereE is the plasmaenegy, g is the enegy con-
finementtime, Qy = 3.52 MeV is the enegy of the
alphaparticles Py (input) is theauxiliary powerand
theradiationlossP;4q is givenby

Prad = [Ap (Mot +4Nng +Z,2n|) T2
+A (160 +2fy) T2
+Ar (640 +2°n ) T2 ne )

whereA, = 4.810~3'"Wm3//KeV, A = 1.810738
wm?/v/KeV andA; = 4.11074°Wm?/+/KeV arethe
bremsstrahlundine andrecombinatiorradiationco-
efficientsrespectiely. The DT reactvity < ov > isa
highly nonlinear positive andboundedunctionof the
plasmaemperaturd givenby

<ov>= exp(% +ap+aT +ayT2+asT +aT*)
andits constantparameters; andr aretaken from
(Hively, 1977).No explicit evolution equationis pro-
videdfor theelectrondensityne sincewe canobtainit
from the neutralitycondition

Ne =NpT +2Ng + 21Ny

whereaghetotal densityandtheenegy arewritten as

N'=nNg +NpT +Ne+ N = 2NpT + 3Ng +(Z) + 1)y

3 2 E
E=-nT=T=_
2 3 2npt +3na +(Z1 + 1)y

The enegy confinementcalingusedin this work is
ITER9OH-P(Uckan,1994). Although newer scalings
are available, this one, togetherwith the ITER con-
figurationused,allows the comparisorwith previous
linearcontrollersbasednit. However, it will beclear
from the synthesisprocedurethat the resultscan be



extendedto the newer scalings.t scaleswith plasma
parameterss

T = fOOSZIOZRl GBO 15A|05 —0. 19P—0 47 _ kp—047 (7)

wheretheisotopicnumberA; is 2.5for the 50:50DT
mixture, the ITER machineparameterd, R, B and
Ky canbe obtainedfrom (Schusteret al., 2001) and
thefactorscalef dependsn the confinemenmode.
The isotopicnumber factorscaleandITER machine
parameterganbe rewritten asa constantk. The net
plasmaheatingpower P is definedas
P:(%)2<W>Qafprad+|3aux (8)
The confinementtimes for the different speciesare
scaledwith theenepgy confinementime tg as

To = kKaTE, ToT =KpTTE, T =KkTEg,

whereky = 7 andkpt = 3. Sincety is relatedto the
finite time for the freshfuel to diffuseinto the plasma
center we also scaleit with the enegy confinement
timetg asty = KyqTE.

3. CONTROL OBJECTIVE

The possibleoperatingpointsof the reactoraregiven
by theequilibriaof thedynamicequationsThevalues
of thevariablesattheequilibriumaredenotedy abar
An ignition pointis characterizethy Pax = 0 while at
a subignitionpoint we have Pyyx > 0. In this casewe
look for thoseoperatingpointswhereS§ = 0 because
we are interestedin an operatingcondition free of
impurities. The densitystatevariablesng, NpT, Ny, N,
enegy statevariableE andinputsP,x, Sattheequi-
librium, are calculatedas solutionsof the nonlinear
algebraicequationsobtainedby settingthe left hand
sidesin equationg(1) - (5) to zerowhenone of the
plasmaparametersuchasf3, for example,is chosen
arbitrarily.

Takinginto accounthatS§ = 0 andn, = 0, we define
the deviations from the desiredequilibrium values
as fiy = Ng — Ng, fipT = NpT — nDT, fin = Nn — Nn,
nI =n—n =n >0, E= E-E, F>aux—F)aux Paux»
§=S-Sand§ =S-S5 =5 >0, we write the
dynamicequationdor thedeviationsas
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where
n n
Ug=—— + (252 <ov> (14)
Tq 2
NpT NpT Mn
=-2T > -n 1
UpT I (=~ > )2 <0V>+Td (15)
fin =~ M = n
S=-"48 "4s=-"T14s (16)
Td Td Td
U= Payx —Prad 17)

The control objective is to drive the initial pertur
bationsin fiy, fipT, fin, fil, E to zero using actuation
throughPau, SandS = § > 0. It isimportantto note
thatin theignition case(Paux = 0) we have Py > 0 as
aconstraintwe donothavethepossibilityof modulat-
ing Paux in boththe positive andnegative senseaswe
have in the subignitioncase(P,ux > 0). However, the
additionalactuator§ = § > 0, althoughconstrained
in signby itself, helpsusto overcometheconstrainin

Paux.

All thestatesaareassumedo beavailabefor feedback,
eitherby measuremerdr by estimation.

4. CONTROLLER DESIGN

We startby looking for a control which stabilizesE.
We chooseu suchthat

E Npt
Te ( 2 )

<ov>Qa+u]—0 (18)
This means after replacingu by its expressionthat
we chooseP,yx andPr g () suchthat

E_ _ (nDT 2

_) <0V> Qq—Pad+Pax =P (19)
TE 2

From the equilibrium equationfor theenegy E, 0 =
—-= + P, andthe correlationbetweerthe enegy con-
flnementscalmgrE andthepower P givenby (7), we
realize that the solution for equation(19) is P = P.
Therefore the control stratgy will be to adjustPayx
andn; to make P constantand equalto P satisfying
equation(19) andreducingequation(12)to

dE E

da e
Sincete > 0, the subsystent is exponentialstable.
The controller that implements(19) is synthesized
now in two steps:

First Step: We compute

_ n 2
Paux = P — [(%) <0V>Qq—Pad (20)

If Paux > 0 thenwe keepthis value for Py« andlet
S =0.

If Poux < 0thenwetake Py = 0 andgoto theSecond
Step,

Second Sep: Rememberinghat P, 4q is a function of
ni, welook for theleastn; = n > 0 suchthat

E—[(n%)2<0V>Qa_Prad =0 (21)
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We canrewrite equationg12)—(13)as

dﬁ| n|

— = 22
m I +5 (22)
dE E Lo o

E :_E+f(n|7E7nGanDT)- (23)

A21F2
We take V = ;E asthe Lyapuna function candi-
date,write f = fi@, whereg is a continuosfunction
becausd (0, E, fig, fipt) = 0, andcompute

. 2 E2 . .

vz—#——+nl [S' +E@(f, E, fia, fioT)] (24)
where( )= 4( ). Wetake

§ = —E@f,E,fq,fioT) —Kifl, K >0

S = i—écp(ﬁ.,é,ﬁ,,,ﬁDT)—K.ﬁ., (25)

T
whichgivesV = — (% + K.) AZ — % <0.

If the potentialperturbationsn initial conditionsare
suchthatthey canberejectedonly by the modulation
of the auxiliary power Py« accordingto the control
law (20), we arein the casewhereimpuritiesarenot
neededand§ = 0. In this case P is alwaysequalto
P, equatlon(19) is alwayssatlsfledand consequently
T = Tg, Tq = Tq, IdT = 1pT, 7| =T andty = 1g.

We notefrom eq.(12) thatf is input-statestable(ISS)
(See(Khalil, 1996), section5.3) with respectto S.
This ensureghat iy will be boundedaslong as§ is
boundedandit will be exponentiallystableonce§
becomegero.

After stabilizing E using Pyyx and § as controllers,
we mustfocus on equationg(9) and (10) to achieve

stability for fipt and fix. We apply a backstepping
procedureto achieve stability of fipr. Toward this

goal,we starttakingfi, asthevirtual controlv,

df O
DT 2<O'V>—n|3'|'r'lDT<0'V>

since[% +Npt < ov>] is positive,we exponentially
stabilizefipt taking

v = a(Ng, Mo, E) (26)

fi
=Tg {2( 3 ) < ov> uDT}

fi ne ne Nn
=14 {2( ZT)2<GV>+%+2( ZT) <0v>—a}

reducingin thisway equation(10) to:

dfior _ ! + bt < OV>| i
T DT

o < fi, = z+a, wecanwrite
z=f—a=S5—a 27)

Definingz = fi, —

52

TakingV = nDTT + é asthe Lyapunw function can-
didate,from equationg10) and (27) andtaking into
accounbur definition (26) for a we cancompute

V = fiprfipt + 22

= fipT |:— <i +npt < 0V>) fipT
ToT

+2[S —q

2
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Taking
S = Keza— 0T = K(fla—a)a— T
Tq Td
~ . n
S= —Kg(fin— o)+ & — =L + 1 (28)
Td Td

with  Ks> 0, we have

Ve—| X fipr<ovs 2y —KsZ <0
TpT
andwe achiere exponentiaktability for thesubsystem
ﬁDT'ﬁn.
To have a closedexpressionfor the control law (28)
for S, we computed as

L fi ne ne
a=1q [2( PTV2 cov> +ﬂ+2(ﬂ)2<crv>}
2 ToT

+14g [<crv>nDTnDT+2( > Y2< 6v>

n
,grm +2( 2 ) <crv>] (29)
wherethetime derivativesarepropagateandwritten
in termsof ng, Npt, N andE which canbe obtained
from (9), (10), (12) and(13).

In orderto finish our stability analysiswe notefrom
equation(9) that fiy is ISS with respectto fipt and
Uq. Therefore,since fipt is bounded(becausdt is
exponentially stable),and uy is bounded(because
< ov > is aboundedunctionandE is exponentially
stable),fiy will be boundedfor all time. In addition,
onceE convergesto E (E — 0), np convergesto Npt
(fipt — 0) andn corvergesto n; = O this equation
reduceso
; Ng ot \ 2

& - ua:—i+(7) <ov> (30)

Thefunction< ov > is afunctionof T = § =5,
DT o

oncen, = fij corvergesto zero, and hasa positive
derivative in the region of interest.Consequenthyy
has the samesign as — ”" and vanlsheswhen fig

vanishes(< ov >=< ov >) because0 = —3¢ +

(812 < 6v > istheequilibriumequatiorfor ng. Th|s
impliesexponentialstability for Ag.

5. SIMULATION RESULTS

In this sectionthe performancef the controllerstabi-
lizing theequilibrium(ignition) pointcharacterizetly



thosevaluesgivenin table 1 is studiedthroughcom-

puter simulations.For all the simulationspresented
here,a scalefactor f = 0.85 for the enegy confine-

ment time (7) have beenused.It should be noted

that our controller can be independenof k; with a

sufficiently largeK|, consequentiyt toleratesary size

of uncertaintyin this parameterThereforethe choice

of ki, = 10canbeconsideredcompletelyarbitraryand

with theonly purposeof the simulation.

T Temperature 8.04Kev

Me ElectronDensity 9.93109 m3

fa AlphaFraction 6.09 %

B Beta 2.65%

Mo AlphaDensity 6.0510'8 m3

NoT DT Density 8.7210" m3

E Enegy 3.7210° Jm3

Paux Auxiliary Powver ow.m-3

S FuelRate 4.0510"8 m3.sec?

Tablel. ITER Equilibrium point

The controllerdesignedshaws capability of rejecting
differenttypesof large perturbationsn initial condi-
tions.A studywascarriedoutgeneratingnitial pertur
bationsaroundthe equilibriumfor T andne andkeep-
ing the alpha-particlefraction fq := ng/ne equalto
that of the equilibrium. Figure1 comparests perfor
mancewith othertwo controllerssynthesizetby linear
pole placemeni{Hui andMiley, 1992)andlinear ro-
bust (Bamiehet al., 1994)techniquesfor alineariza-
tion point very closeto our equilibrium point, which
usemainly the samedynamicalmodelpresentedhere
but consideringnly thefuelingrateasactuatorWhile
theboundarieshawn for thelinearcontrollersareab-
solute,for the nonlinearcontrollerthey only indicate
thelimits within whichwe performedourtests.
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Fig. 1. Stability DomainComparison.

The good robustnessproperties of the controller
againstuncertaintiesin the parametersf the con-
finementtimes of the different specieswere already
presentedh (Schustegt al., 2001).However, we now

needto studythe robustnessagainstuncertaintiesn

the parameteky. Figure 2 shavs the regionsof sta-
bility againstuncertaintyin the parameteky, whose

nominalvalueis equalto 1, whenthe systemsuffers
perturbationsn theinitial temperatureAgain,there-
gion shavn for the nonlinearcontrolleris not a limit.
With the sole objective to show its performancewne
testedit againstuncertaintiesup to 400% and per
turbationsfor initial T between—90% and 100%.
The plot comparesthe robustnessof the nonlinear
controllerwith othercontrollersynthesizedy linear
robusttechniquegHui et al., 1994)for alinearization
point very closeto the equilibrium point considered
here.However, we have to mentiona differencebe-
tweenboth controllers;while the nonlinearcontroller
wassynthesizedherefor anominalvalueof 1, thero-
bustlinear controllerwassynthesizedor thenominal
no-lagcase.
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Fig. 2. Rolustnesscomparisomagainstky uncertain-
ties.

Figures3 and 4 showv the responseof the system
againsta 50% perturbationin the temperaturenitial
condition.Theintroductionof the controlledimpurity
injectionasactuatorallows usto dealsuccesfullywith
sucha large positive perturbationin T. We notethat
the control effort in § can be reduceddecreasing
Ki. However, the enegy and consequentlthe beta
excursiongncreaseccordingly

6. CONCLUSIONS

Throughtheuseof nonlineatbacksteppingt waspos-
sible to synthesizea controllerwhich is independent
of the reactorfueling systemallowing either pellet
injectionor gaspuffing. It mustbementionedhatthe
controllaw (28) for Sis remarkablysimplified when
the controllerdoesnot needto injectimpuritiesin the
reactor In this casethe control law (20) for Paux en-
suresP = P andconsequentlyy = T4. Thereforethe
expressiorfor & in (29) adoptsa muchsimplerform.
In addition,thecombinatiorof asingularperturbation
andapassvity approactallowsusto regulate through
the gain K|, the compromisebetweenthe actuation
forcein controllaw (25) for § andthe enegy excur
sion.

This new approactto the problemof burn controlal-
lows usto dealwith perturbationsn initial conditions
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that were unmanageablentil now. The information
takeninto accountby the controllerwhenit is synthe-
sizedusingthe full nonlinearmodelmakesit capable
of dealingwith a larger setof perturbationsn initial
conditions.On the otherhand,the multi-input nature
of the controllerallows it to rejectlarge perturbations
in initial conditionsleadingto boththermalexcursion
and quenching.In addition, the effectivenessof the
controller doesnot dependon whetherthe operat-
ing point is an ignition or a subignitionpoint. Since
thenonlinearcontrollerdependparametricallyonthe
equilibrium point, it can drive the systemfrom one
equilibriumpoint to anotherallowing in this way the
changeof power, otherplasmgparameterandignition
conditions.

The controllerexhibits excellentpropertiesof robust-
nessandthe boundnes®f the statevariablesis guar
anteedor alarge setof valuesof ky.
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