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Abstract This paper presents a frequency domain solution to the delay-type Nehari problem.
The solvability condition is formulated in terms of nonsingularities of three matrices. The
optimal value������� is the maximal value such that one of the three matrices becomes singular
when � decreases from	�
 to � . The all sub-optimal compensators are parameterized in
a transparent structure with a modified Smith predictor. The
 -spectral factorization of a
general para-Hermitian matrix is also given in this paper as a requisite for proof.Copyright
c
�

2002 IFAC.
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1. INTRODUCTION

The ��� control of processes with delay(s) has been
an active research area since the mid 80’s. There
are mainly three kinds of methods: operator-theoretic
methods (Foiaset al., 1996; Dymet al., 1995; Zhou
and Khargonekar, 1987), state-space methods (Nagpal
and Ravi, 1997; Tadmor, 1997a; Tadmor, 2000; Başar
and Bernhard, 1995) and frequency-domain methods
(Mirkin, 2000; Meinsma and Zwart, 2000). It is known
that a large class of� � control problems, including
the weighted sensitivity minimization problem, can be
reduced to the Nehari problem (Francis, 1987). It is
still true in the case with delay(s) and the simplified
problem is a delay-type Nehari problem.

There are some papers calculating the infimum of the
delay-type Nehari problem in stable case, see for ex-�
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ample (Zhou and Khargonekar, 1987; Flamm and Mit-
ter, 1987). It was shown in (Zhou and Khargonekar,
1987) that this problem (in stable case) is equivalent to
calculate the L��� ������� -induced norm. However, for un-
stable case, it is much more involved. Tadmor (1997b)
presented a state space solution to this problem in
unstable case, in which a differential/algebraic matrix
Riccati equation-based method was used. The optimal
value relies on the solution of a differential Riccati
equation. The suboptimal solution, of which the struc-
ture is not transparent, is very complicated. A more
transparent solution is demanded.

Motivated by the idea of Meinsma and Zwart (2000),
this paper presents a frequency domain solution to
the delay-type Nehari problem. The optimal value� ����� is formulated in a clear way: it is the maximal
value such that one of three matrices becomes singular
when � decreases from	�
 to � . Hence, one need
no longer solve a differential Riccati equation any
more. A prominent advantage is that the suboptimal
solutions hold quite a transparent structure of modified
Smith-predictor. With some man-machine interactive
operation, it is very easy to find the optimal value
using MATLAB.
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Notation

Assume ���! #"%$'&�( )* +-,
is a rational transfermatrix

���! #".$/+ 	 *��! 1032( "54 � ) . Two operatorsactingon rationaltransferma-
trices,the truncationoperator687 andthe completion
operator9 7 , which dependon a parameter�3:;� , are
definedas:6 7�< �>=@?$ & ( )* +-, 2@A 4CB 7 & ( A#D 7 )* � ,?$-���! #"E2@A 4CB 7GF���! #" �

9 7�< �>=H?$ & ( )*IA�4 D 7 � , 2@A 4JB 7 & ( )* +;,?$LK���! #"E2@A 4JB 7 ���! #" ?
This follows(Mirkin, 2000),exceptfor asmalladjust-
ment in notation.Note that thesetwo operatorsmap
any rationaltransfermatrix

�
into anFIR block.

Let M $ & M ��� M �N�M �5� M ��� , be a OQPRO block transfer

matrix.Thefollowingnotationsareintroducedfor two
linearfractionaltransformations,which arecalledho-
mographictransformations(HMT) in (Kimura,1996;
Delsarteet al., 1979):SUT � MV��W "X$Y� M ��� WZ	[M �\� "J� M �]� W;	[M �^� " 4 � �S`_ � MV�]W "X$a2b� M �^� 2 W�M �]� " 4 � � M �\� 2 W�M ��� " �
wherethesubscriptc standsfor left and d for right.

2. PROBLEM STATEMENT AND PRELIMINARY

Delay-type Nehari Problem(NPh): Givena minimal
realization �feg?$ & ( )2h* � ,
which is not necessarilystable,characterizethe opti-
mal value i� ���5� $Zjlk�m <onn �fe 	 A 4JB 7qp nn�rosYt p �u #"wv ��� =
and,given �yxR� �z��� , parameterizethesuboptimalset
of properandcausalp �! #"wv ��� suchthatnn �fe 	 A 4JB 7 p nn rosY{ � ? (1)

It is well-known (Gohberg et al., 1993)thatthis prob-
lem is solvableif f�3xQ������� ?$ nn}|�~N�!�1��� nn ��

Theargumentof a transfermatrix, � , is omittedfrequentlyhere-
afterfor clarity.

where | denotesthe Hankel operator. Inspectingthe
transfermatrix

A�B 7 � e , one can seethat �����5� is not
less than the L ��� ���]��� -induced norm of

�fe
(Foias

et al., 1996; Zhou and Khargonekar, 1987; Gu et
al., 1996),i.e., � ����� :Q��7 ?$��5�fe��

L �5� �8� 7�� ?
Under this condition, the matrix � �^� is always non-
singular(Foias et al., 1996; Zhou and Khargonekar,
1987;Gu et al., 1996),where � ��� is the

� O���O " -block
of � $�& � �^� � �N�� �]� � ��� , ?$-A1� 7 � (2)

which is an exponential function with regard to a
Hamiltonianmatrix� $ & ( � 4 � )�)��2h* � * 2 (f� , ?
As shown later, this exponentialHamiltonianmatrix� playsquiteanimportantrole in the ��� 2 controlof
dead-timesystems.

Variousmethods(Foiaset al., 1996;Zhou andKhar-
gonekar, 1987;Gu et al., 1996) have beenproposed
to compute��7 . A simplerepresentationis (Zhouand
Khargonekar, 1987):��7 $Z����� < � tX���}� � �^� $ � = � (3)

i.e. the maximal � that makes � �^� singular or the
maximalroot of ����� � �^� $ � .

3. MAIN RESULT

Theorem1. (Delay-type Nehari problem) Givenstrictly
proper

�fe
hasno �q� -axiszeronor ��� -axispole,there

always exist uniquesolutions � �¢¡£� and � � ¡£� ,
respectively, for thealgebraicRiccatiequations¤ 2 �w� 0w¥ & ( � 4 � )�)��� 2 (f� , & 0�w� , $ �¤ 0b2 � � ¥ & ( �2h* � *¦2 (I� , & � �0 , $ �
suchthat ( 	§� 4 � )�)�� �w� and ( 	;� � * � * aresta-
ble ¨ . Theoptimalvalue � ����� of thedelay-typeNehari
problem(1) is � ����� $;����� < ��7��©� � ��� � = �
whereª

In MATLAB, in order to obtain a solution «o¬®­a¯ suchthat°¢± « ¬}²X³]² is stable,the secondARE should be equivalently

changedas
¤�´ «�¬�µ ¥ & ° ³ ² ³ ²¯ ´ ° , & µ« ¬ ,�¶ ¯ .



��7 $Z����� < � tq���}� � ¤ � 0 ¥ � & �0 , "X$ � = �� � $§����� < � tq����� � ¤ � 0w¥ � & � �0 , "%$ � = �� � $§����� < � tq����� � ¤ 2 � � 0w¥ � & � �0 , "X$ � = ?
Furthermore,if �·x¸� ����� , then all p �! #"�v ���
satisfying(1) areparameterizedasp �u 1"X$ SUTG¹ & 0 �º �u 1"G0 ,¼» 4 � ��WI½ (4)

where¾ º �u #"%$a2 9 7�<1¿ÁÀ � & � e 00 � , �\� 4 � �GÂe "]= �ÃJÄzÅÇÆ ÈÇÉNÊ¼ËÌ[Í�Î�Ï Ä!ÐÒÑ}Ñ#Ó ÔNÕ Æ Ö}× Ô^Ø ÙÚÔ^Õ É ÄuÅ Ô^Ø ÙÚÛ}Ó Æ Ö}× ÔNØ ÙlÔNÕ É ÄuÅ Æ Ô^Ø ÙÝÜ ÐÒÅ × Ü Å Å É Ñ× Û ÖÏ ÄÞÐ Ñ ÓÚÆ Ü ÓÐÒÅ × Ü ÓÅ Å Ô^Õ É Ö ßà
with � � 7 $ SUT � �á�^�w� " and

� W �u #"}� � s { � is a free
parameter.

Remark2. It is clear that �âx¦� 7 ensuresthe non-
singularityof � �^� , that �Zxa� � ensurestheexistence
of �w� 7 andthat �axg� � ensuresthe existenceof the
 -spectralfactorizationandthestabilityof p �! #" .
The structureof p �! #" is shown in Figure 1. It con-
sists of an infinite-dimensionalblock

º �! #"
, which

is an FIR block (modified Smith predictor), and a
finite-dimensionalblock » 4 � �u #"

. Theright-uppertag
means » 4 � �u 1"

mapsthe right variablesto the left
variableswhile a left upper tag, if any, meansthe
matrix mapsthe left variablesto theright variables.

In orderto prove this theorem,we needa resultabout
the 
 -spectral (co-)factorizationof a generalpara-
Hermitianmatrix.ã
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Figure1. Structureof p �! #"

4. 
 -SPECTRALFACTORIZATION

Assumethatthetwo signaturematriceswith appropri-
atedimensionsdefinedas
qù $ & 0 �� 2 � � 0 , and 
 $ & 0 �� 2Á0 ,ú

The “0” elementsin somematriceshereafterare omittedquite
frequentlyfor clarity.

hold the samenumberof negative eigenvalues.Fur-
thermore,assumea givenrationaltransfermatrixû ?$ýüþ ( ÿ 2 )2�� 2 (I� * �* )�� + � 
qù +

��
(5)

satisfiesthefollowing conditions:

(i)
� $�� � , ÿ $ ÿ�� , which means

û Â �u #" $û �u 1"
(sucha matrix is called para-Hermitianmatrix

(Kwakernaak,2000));

(ii)
û

hasno polesnorzeroson �q� -axis;

(iii)
+

is nonsingular.

Since,in general,ÿ��$ � and/or
� �$-* � 
 ù * , it is im-

possibleto directlywrite
û

in theform
� Â �! #" 
 ù ���u 1" .

This makes the 
 -spectralfactorizationmuch more
complex. Many researchershave alreadystudiedthe
 -spectralfactorization.However, by the knowledge
of the authors,they startedwith

� Â �u #" 
 ù ���! #" with
certain stable

���u 1"
and only consideredthe caseû �u 1"

which can be explicitly written in the form of� Â �! #" 
�ù ���u 1" . In this case,oneneedsthreestepsto
find the 
 -spectralfactorof amatrix(Meinsma,1995):
firstly, to find the modal factorization;secondly, to
constructa stable

��� �! #"
suchthattheoriginal matrix

is equivalentto
� Â� �! #" 
�ù ���Á�u #" ; thirdly, to derive the
 -spectralfactor.

Hereweshow analternativewayto find the 
 -spectral
factorfor a generalpara-Hermitianmatrix in onestep
without modal factorization.Hence,the ( -matrix is
not split.

Lemma3. ( 
 2 spectral factorization) Assume
û �! #"

satisfiestheaboveconditionsand
�	� � ( " is detectable,

then
û �! #"

hasa 
 2 spectralfactorizationif andonly if
thefollowing two conditionshold:

(i) Two algebraicRiccatiequations¤ 0b2�
 � ¥ & ( ÿ2��¦2 (f� , & 
 �0 , $ �
and��
�������������� �
���
 �! #" 
 � 
�$%  !"'&)(#*,+-(#*. &)(  � % $  �,/�� ��0� "2143
have uniquesymmetricsolutions 576 and 578 , respec-
tively, suchthat9;:=< 5 6?>A@�B C<�DE< B�FHG @

: I
G

andJ,KMLONQP�RTS UV�WXV S7Y;Z V R V�[\ Y�Z'])^;_a`b^#_c ])^ Y J \ [ Y Ned7R Kf�g Z
arestable;

(ii) h'i0j#k :l< 5 8 5 6#monp I .
If theseconditionshold,thenone q < spectralfactoris
representedas



r �tsa/ 1 � � 33)u � " � �ov ��we� $ v �0w %  
 +b(#*. &x(  � $  � � v % /e� �H
�� w � �y/ (#* & "!z
Dually, thefollowing lemmaholds:

Lemma4. ( q < spectral co-factorization) Assume{ ke| m
satisfiestheabove threeconditionsand k B~}�C m is sta-
bilizable,then { ke| m hasa q < spectralco-factorization
if andonly if thefollowing two conditionshold:

(i) Two algebraicRiccatiequations9Q< 578 : > @ B C<�D�< B�F G @
:5!8 G p

I
andJ,K V f�� NQP�RTS UV'WXV S7Y#Z V R V�[\ Y�Z�])^;_a`b^#_c ])^ Y J \ [ Y N,d7R f��K Z2� L
haveuniquesymmetricstabilizingsolutions5!8 and5 6 , respectively, suchthat9 : I >�@ B C<�D�< B4F G @

:578 G p B��=C 5 8
andJeK V f � N P�R S UV�WXV S!Y Z V R V'[\ Y Z�])^#_a`-^#_c ])^ Y J \ [ Y N d�R KL Z
arestable;

(ii) h�i�jbk :�< 5 6 5 8�monp I .
If theseconditions hold, then one q < spectralco-
factoris representedas� Pt�ad � R So��U f0g V P K V f��,f�g d ^#_ P [ � f�� \ Y d ])^#_a`-^#_c[ Y f g � \ ] Y Z R K�LL)�;K Z!�
PROOF. Omittedbecauseof pagelimitation.

5. THE PROOFOF THEOREM1

Associatethe NPh problem (1) with the following
systemin input-outputrepresentation@Q�Q���� G p @Q����������� :: I

G @-����!� G��� p�� �#�
or, equivalently, in chain-scatteringrepresentation@ �Q�� � G p @ ���H��� : ���I : G @ �!�� � G��p � ke| m @ ���� � G }
thentheclosed-looptransfermatrix canbere-written
as  H¡£¢¥¤Q¢ p�¦¨§ k � } � m p ��� � � �H��� � �
PROOF. (of Theorem1) It has already beenwell
known (Kimura, 1996; Meinsma and Zwart, 2000;
Greenetal., 1990)thatthe ©«ª controlproblem¬ ¦ § k � } � m ¬ ª®­�¯

is equivalent to that �~° qQ± � hasa q -spectralfactor² ke| m suchthat the ke³ } ³ m -block of � ² � � is bistable.
Hence,in thisproof,wecharacterizetheconditionsto
meettheserequirements.

The main idea underlying is to find a unimodular
matrix to equivalentlyrationalizethesystemandthen
to find the q -spectralfactorizationof the rational-
ized system.This idea was used in (Meinsmaand
Zwart, 2000) wherea 2-block problemwas consid-
eredbut the result was for a stablecaseand cannot
bedirectly usedherebecause� k,| m is not necessarily
stable.Weborrowedsomeideasfrom therebut weuse
averybasictool, similarity transformation,to find the
realizationof therationalizedsystem.Here,we prefer
to keepthe B -matrix in the original form andnot to
split it by modalfactorization.

Theproof is dividedinto threesteps:

(i) Find a predictor ´µke| m to equivalently rationalize
thesystem;

(ii) Find therealizationof therationalizedsystem;

(iii) Find the q -spectralfactorizationof the rational-
izedsystem.

Thefirst two stepsarealsousedin (ZhongandMirkin,
2001)to provetheresultof theextendedNehariprob-
lemwith adelay, wherethestabilityconditionof � ke| m
is not needed(but the stability of � � � � �H��� � is
required).Thepredictorwasobtainedas´µke| m p <·¶ �'¸#¹ ¤ k @ ���

:: I
G } ¯ � � � °� m£º (6)

andtherealizationof therationalizedmatrix» �p @ : ´µke| m °I : G � ° q ± � @ : I
´µk,| m : G

is » p½¼¾¾¿ B
I <�À F���;Á F Â< Á F Á < B4F À F�Ã�0Á F

I< Á À ��� < Á À ��� :I
Â F < ¯ � :TÄÆÅÅÇ �

Its inverseisÈÊÉ�ËÍÌ®ÎÏÏÐ Ñ Ò É�ÓÃÔ·ÔoÕ Ö Ò É�Ó£× ËaË ÔØ Ñ Õ Ø)Ù Õ Ò É�Ó × Ó�Ë ÔØ)Ù ÚÒ É�Ó Ô Õ × ÕÓ�Ë Ø Ò É�Ó Ô Õ × ÕË¥Ë Ø Ò É�Ó Ú
Û ÜÜÝAÞ

Obviously,
» � � is in the form of (5). Directly apply-

ing the result obtainedin Lemma 4,
» � � ke| m has aq < spectralco-factorizationif andonly if two Riccati

equations 9 <�ß 8 : >A@ B ¯ � � ÂlÂàFI < B4F G @
:ß 8 G p

I
9 :=<�ß 6 � > À @ B

I< Á F Á < B4F G À � � @
ß 6 �: G p

I
(7)



exist uniquesymmetricstabilizingsolutions � � ¡ �
and �w� 7 , respectively, and ����� �Þ0�2 �w� 7 � � " �$ � .
SincethesecondHamiltonianmatrix in (7) is similar

to
& ( �2h* � * 2 ( � , , the unique stabilizing solution� � 7 canalsobeobtainedasá)âÃã�äæåeç�è�è�á)â2é=ç�è�ê;ëìåeçMê£èìá)âÍé�çMê�ê0ëÃí è äïîàð-åeç�ñ�á)âìë

(if ò�ó£ô�õTö)÷�ò�óÃó is nonsingular),whereõ�ö�øúù is the
uniquestabilizingsolutionofû;ü=ý õ�öHþ�ÿ � ùý������ ý � � � ÿ õ öü ��� ù
	
The � -spectralco-factorof ��
 ô , � 
 ô������� , canthen
besimplifiedas�������� � �  "!#%$'&)(+*-,/.0.21/354 6 708)3:9 ;<354 = *?> 3:9 ;A@01B6 7C8)359 ;D354 = *?>D6 359 ;AE ,/> 8FE > > = (+*?> .8G@ 7(+*-,H.21<6 EG1,/> 8FEG1> > 354 = (?*+> 7 IJGK
Now, we haveobtainedthefollowing identity:L�M �ON L � ÿ üïý�P ����� Mù ü � � M �ONQ� ÿ ü ùý�P ����� ü �SR
whereT *+>D6 UD=:V !# $'&)(?*�,/.0.�1 3:4 6 708)359 ;<354 = *?> 359 ;<@01W6 708)3:9 ;X3:4 = *?><6 359 ;�E ,/> 8FE > > = .8Y@ 7(+*-,/.�1<6 E51,/> 8FE51> > 354 = 7 IJ"Z
As we have shown, � �?��� and ÿ ü ùý�P ����� ü � are all

bistableand,hence,� ����� ÿ ü ùý�P ����� ü � is a � -spectral

factor of
L M �"N L . This meansthat any [ �?�2� in the

form [ ����� �]\_^�` ÿ ü ùP ����� ü � � 
 ô RGaSb
(where c a ����� cCdfehgji is a freeparameter)satisfieskk Lml ÷on 
�p:q [ kk0r e gsit	
Furthermore,in order to make [ �����vuxwzy , the
bistability of the ��{ R {O� -blockof thematrix| � ÿ | ô�ô | ô�ó| óìô | ó�ó � 	� L ÿ ü ùP �?�2� ü � � 
 ô
is required.

With similar argumentof MeinsmaandZwart (2000),
thebistability of

| ó�ó is equivalentto theexistenceofõ ö q andthenonsingularityof
ü�ý õ ö q õ~} (or equiva-

lently thenonsingularityof
ü�ý õ�}�õ ö q ) notonly for i

but alsofor any numberlarger than i . Since i���i q
is anecessaryconditionand,underthiscondition, ò óÃó
is alwaysnonsingular(ZhouandKhargonekar, 1987),
theexistenceof õ ö q is equivalentto thenonsingularity
of ò�óìôìõ�öM÷úò�ó�ó . Hence,thesolvability conditioncan
besummarizedasfollows:

(i) There exists a i � � ù such that ò�ó�ó �û ù ü þ ò ÿ ùü � is alwaysnonsingularfor i��]i � . This

meansi � � i q ;
(ii) Thereexistsa i ô � ù suchthat ò óìô õ ö ÷ ò óÃó �û ù ü þ ò ÿ õ öü � is alwaysnonsingularfor i��oi ô ;
(iii) Thereexistsa i ó � ù suchthat

üAý õ�}�õ ö q is al-
waysnonsingularfor i���i ó . Whenthecondition(ii)
is satisfied,thenonsingularityof

ü�ý õ�}Ãõ ö q is equiva-
lent to thatof � ü�ý õ~}�õ ö q �C� ò ó£ô õ ö ÷ ò óÃó � � ò óìô õ ö ÷ò�óÃó ý õ } � ò·ô�ô0õTö)÷�ò·ô�ó � � ûQý õ } ü þ ò ÿ õ�öü � .
Theminimal i which satisfiestheabove threecondi-
tionsis theoptimalvalue i ö+�C� :i ö��C� ���z�B��� i q R i ô R i óW� R
wherei q ���z�B��� i��O�F�C� � û ù ü þ ò ÿ ùü � � � ù � Ri ô ���z�B��� i��"�'�C� � û ù ü þ ò ÿ õTöü � � � ù � Ri ó ���z�B��� i��"�'�C� � û�ý õ~} ü þ ò ÿ õ öü � � � ù � 	
Thiscompletestheproof.

Threespecialcasesareoutlinedin thefollowingcorol-
laries:

Case1: If � is stable,then õ ö � ù , õ~} � ù andõ ö q � ò ô�ó ò 
 ôó�ó . Condition (iii) is always satisfied
andcondition(ii) becomesthe sameascondition(i),
i.e.,only thenonsingularityof ò ó�ó is required.In this
case,i�ö���� � i q .
Corollary 5. Given strictly properstable

Lml
hasno�W�

-axiszeronor pole,thedelay-typeNehariproblem
(1) is solvable if f i���i q , or equivalently, ò óÃó is
nonsingularnot only for i but also for any number
larger than i . Furthermore,if this condition holds,
then [ ����� is parameterizedas(4) where

� 
 ô ����� ���� � ò ô�ó ò 
 ôóÃó ����ý ò 
 �óÃó��ý�� üi�
 ó � � ò �óìô ü  ¡ 	
Case2: If delay ¢ � ù , then ò � ü

and õ ö q � õ ö .
Theconditions(i) and(ii) arealwayssatisfiedand õ ö q
alwaysexists.Hence,theconditionsarereducedto the
nonsingularityof

ü ý õ ö õ�} for any ih�£i ó . In this
case,i ö���� � i ó ���¤�W��� i��"�F�0� � ü~ý õ ö õ~} � � ù � 	
Corollary 6. Givenstrictly proper

Lml
hasno

�"�
-axis

zeronor pole, the delay-freeNehariproblem(to find[ �����_u¥w y suchthat c Lml ����� ÷j[ �?��� c r e g¦i ) is
solvable if f i§� �¤�W�¨� i§�©�'�C� � ü ý õ ö õ�} � � ù � .
Furthermore,if this condition holds, then [ �?�2� is
parameterizedas



p �u 1"X$ SUT«ª » 4 � �]W�¬ �
wherer (#* �tsa/ 1j­® �ov ub(0¯ $�$  -° � � �H
 ° w ° � / (#* ° w %  
 � �!
 ° w ° � / (;* $
 % �
 ub(0¯ $  -° � � ±²
and

¬C³ ke| m ¬0´¶µ ­ú¯ is a freeparameter.

Remark7. This is analternative solutionto thewell-
known Nehari problem which has been addressed
extensively, e.g.in (Francis,1987;Greenetal., 1990).
The B -matrix B is notsplit here.In commonsituation,
it was handledby modal decomposition,see, e.g.
(Green et al., 1990), and the B -matrix B is split
into two parts,a stablepart and an anti-stablepart.
Actually, it can be shown that, in this case,̄ 6+·C¸ p¹¹0º�»½¼ ¹¹ p�¾z¿BÀ ¸ ¯�Á h'i�j�k :~< ß 6 ß 8�m p

I º .
Case3: If delay Â p I

and B is stable,then

ß 6 p I
,

ß 8 p I
,

ß 6 � p
I
, and

À p :
. The conditionsare

alwayssatisfiedfor ¯�Ã I
. � ke| m is parameterizedas

(4) where ´µke| m p I andÄ � � ke| m p ¼¿ B
I
ÂÁ :I : ÄÇ p @ :=< � �I : G �

This is obvious.For stabledelay-freeNehariproblem,
the solutionis definitely � p < � � � ³ ke| m for any¯sÃ I

, where
¬0³ ke| m ¬�´Åµ ­ ¯ is a freeparameter. In

this case,̄ 6+·C¸ p I .
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