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Abstract: This paper discusses the problem of constraints on both control and its increment
for linear systems in state space form, in both the continuous and discrete time domains. For
autonomous linear systems with constrained increment, necessary and sufficient conditions
are derived, such that the evolution of the system respects the incremental constraints. It
is also derived a pole placement technique to solve inverse problem, deriving stabilizing
state feedback controllers which respect constraints on both control and its increment. An
illustrative example shows the application of the method.Copyright c

�
IFAC 2002.
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1. INTRODUCTION

Usually, real plants or physical plants are subject to
constrained variables. The most frequent constraints
are of saturation type, that is, limitations on the
magnitude of certain variables. Hence, this topic is
of continuing interest and one could cite, not ex-
haustively, (Benzaouia, and Burgat, 1988; Benzaouia,
and Hmamed, 1993; Benzaouia, and Mesquine, 1994;
Blanchini 1990;1999 and the references Therein).
Other type of constraints were introduced while con-
sidering predictive control (GPC) and practical ap-
plications that is incremental constraints (Dion, et
al.,1987; Clarke et al. 1987; Warwick, and Clarke,
1988). In fact, for some processes, the rate of variables
change is limited within certain bounds. These limits
can arise from physical constraints that, if exceeded,
could damage the process. From our knowledge, no

work has been published on incremental constraints
using state space representations. Henceforth, this pa-
per investigates the problem of stabilizing linear con-
tinuous and discrete time systems with constraints on
both control and control increment. Necessary and
sufficient conditions of positive invariance for incre-
mental domains with respect to autonomous systems
are given. Furthermore, a link is done between pole
assignment procedure and these conditions to find sta-
bilizing controllers by state feedback.

1.1 Notations:

If �����	� is a vector,
 ��� 
 � denotes its derivative with
respect to time in the continuous time case or��� ����� �
in the discrete-time case. Further, for a scalar�����
we define� ����� � ��� ��� � � and �  ���� � ��� !	��� � � , and
then we note that
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"$#�%'& "$#�( ) and "$*�%'& "$*�( ) for + %�, - . . . - /
Furthermore,for a matrix 0 %1& 2 ) 3 ( 2 /�4 5 - + %, - . . . - /6- theTilde Transformsaredefinedby70 %98 0 # 0 *0 * 0 #;: -
where0 # %'& 2 # ) 3 ( and 0 * %'& 2 * ) 3 ( - 5 - + %', - . . . - /
and <0>= % 8 0@?;0>A0>AB0@? :
where0@? %DC 2 3 32 #3 ( for 5>E% + - and 0>A %FCHG2 *3 ( for 5>E% +
Also, I & 0 ) denotesthe spectrumof matrix 0 ; JLK
denotesthe stability domainfor eigenvalues(that is,
the left half planein the continuous-timecaseor the
unit disk in thediscrete-timecase).

2. PROBLEM STATEMENT

Considera lineartime invariantsystemrepresentedin
thestatespaceby:M "�& N )O% 0 "�& N )�P�QSR�& N ) (1)

where"�& N )6T�U	V is thestateof thesystem,R�& N )	T�U	W
is the input constrainedto evolve in the following
domainJLX %�Y R�& N )OT�U W - Z	R�[�\ ]L^�R�& N )	^�R�[�_ `R�[�\ ] - R�[6_ `LT�U W>a#cb . (2)

Thecontrolincrementis constrainedasfollows:

i) For discrete-timesystems:Z>dS[6\ ]@^�R�& eLPf, )�ZgR�& e )O^gdS[6_ ` (3)

ii) For continuous-timesystems:Z	dL[�\ ]>^chR�& i )	^�dL[�_ ` (4)

We denotej %k8 R�[�_ `R�[�\ ]>: -ldD%k8 dL[�_ `dL[�\ ]>:
theproblemstudiedin thispaperis thefollowing: find
a stabilizingstatefeedbackasR�& N )6%�m@"�& N ) -nmFT�U W	o V (5)

ensuringclosed-loopasymptoticstability of the sys-
tem with non saturatingcontrols that also respects
incrementalconstraints.

3. PRELIMINARY RESULTS

Considerthelineartime invariantautonomoussystemM p & N )6%�q p & N ) - p & i r )6% p r (6)

where

p TDU W is the stateconstrainedto evolve in
domainJ;s %�Y p T�U W - Z p [�\ ]L^ p & N )O^ p [6_ `p [�\ ] - p [�_ `ST�U W>a#cb (7)

Consideralso that the stateincrementis constrained
asfollows:

For discretetimesystems:Z>dS[6\ ]>^ p & eSPf, )�Z p & e )	^�dL[�_ ` (8)

For continuoustime systems:Z>dS[6\ ]@^9hp & i )	^gdS[6_ ` (9)

First, recall the definition of positive invarianceof
domainJLs which is veryusefulfor thesequel.

Definition1. Domain JLs given by (7) is positively
invariantwith respectto motionof system(6) if for all
initial condition

p rST JLs - thetrajectoryof thesystem
p & i - i r - p r )	T JLs for all iOt�i r
We give also a technicallemmathat will be related
to a poleplacementprocedureto find stabilizingcon-
trollers for systemswith constrainedcontrol and in-
crement.

Lemma2. The evolution of the autonomoussystem
(6) respectsincrementalconstraintsif and only if
matrix q satisfies:u& q9Z�v ) w�^fd for thediscrete-timecase (10)7qxwl^9d for thecontinuous-timecase (11)

where w�%k8 p [�_ `p [�\ ]>: -ldD%k8 dL[�_ `dL[�\ ]>:
Proof. If part Consider the discrete time caseand

assumethat condition (10) is satisfied.Hence,it is
possibleto write:p & eSP�, )�Z p & e )S%yq p & e )�Z p & e )%c& qcZgv ) p & e )%yz p & e ) -
but it is known thatZ p [�\ ]L^ p & e )O^ p [�_ ` (12)

Next, decomposematrix z{%1z # Zcz * - pre-
multiplying (12)by z # and Z	z * , respectively, givesZ>z@# p [6\ ];^�zS# p & e )	^�zS# p [6_ ` (13)



|>}S~�� ��� �L��|>}S~���� � �O�f}S~6� �6� � (14)

addition of inequalities(13) and (14) enablesus to
write: |>}@�6� �6� �@|�}S~�� ��� �L��}S� � � �	�}S��� ��� �	��}S~�� ��� �
accordingto condition(10)|	�L��� �L��|	}S��� ��� �@|g}L~�� ��� �S�f}S� � � �	�}S�6� �6� �>��}L~�� �6� �;���L��� �
which is equivalentto|	�L��� �L�f� � �S��� ��|�� � � �O�f�L��� � �
In thecontinuoustime case,�� � � �O���'� � � �
following the samereasoning,replacingmatrix } by
matrix � , andcondition(10) by condition(11), it is
easyto obtain |	�L��� �L� �� � � �	�f�S�6� �
Only if part, Considerthe continuoustime case.As-
sumethatthederivativeof ��� � � respectstheconstraints
and that condition (11) is not satisfiedfor an index�@���O��� suchthat � ����O� �����;� (15)

� ����� ��� �	���g~�� �6� � � �$��� ���� �
The following statevector for the systemcanbe se-
lected� � � �O���� � �  ��� � if ¡ �   ��¢¢ if ¡ �   ��¢|>�  �6� � if ¡ �  S£ ¢�¤ ¥ �'� ¤ � � � ¤ �
It is easyto checkthat

� � � � is anadmissiblestatefor
the system.Calculationof the � ¦ § componentof the
derivativeof this stategives� ¨¨ � � � � � � � =

� � � � � � � ��ª©«  ¬�­ ¡ �  
�   � � �� � ����� ��� �	���g~�� ��� � � �

taking into accountinequality (15), it is possibleto
write

� ¨¨ � � � � � � �6�f� ���� �
which contradictsthe assumption.The discretetime
part could be easily deducedreplacingmatrix � by
matrix } in thenecessarypart.

Evolution of the autonomoussystem(6) will respect
both constraintson the state ��� � � and constraintson
its incrementif domain ®;¯ givenby (7) is positively
invariantandconditionsgiven in theprevious lemma
aresatisfied.

Positive invarianceconditionshave alreadybeenpro-
posedin (Benzaouia,and Burgat, 1988; Benzaouia
andHmamed,1993).Usingtheseconditionsit is pos-
sibleto derive thefollowing result:

Lemma3. Domain(7) is positively invariantwith re-
spect to motion of system(6) and incrementcon-
straints(3) arerespectedif andonly if°²±� �c|g³ � ���f���F�l�c� ¤ for thediscrete-timecase° ��g�������L´$�l�9¢ ¤ for thecontinuous-timecase

Proof. For the incrementconstraints,conditionscan
bederivedfrom thepreviouslemma,andthepositive
invarianceconditionsare given in (Benzaouia,and
Burgat,1988;Benzaouia,andHmamed,1993).

Relating the previous lemma to a pole placement
proceduremakespossibleto solve theproblemstated
above. Recall the pole assignmentprocedureusedin
theso-calledInverseProcedurefor constrainedcontrol
(Benzaouia,1994).Considerthetimeinvariantsystem
givenby (1). Without lossof generality(seeRemark
below), assumethatmatrix µ possesses� �	|@¶�� stable
eigenvalues.Resolutionof equation· µ � ·g¸@· ��� · (16)

givesusastatefeedbackassigningspectrumof matrix� ( ¹ � ���Fº ®L» � togetherwith the stablepart of
spectrumof matrix µ in closedloop.For thisequation
to have a valid solution, matrix � must satisfy the
following conditions:�� � ¹ � ����¼ ¹ � µ �O��½¸L¾ �	¿�f¢ ¤ �6�'� ¤ � � � ¤ ¶¾ � ¤ �6�'� ¤ � � � ¤ ¶ arelinearly independent

(17)

for
¾ � suchthat � ¾ �;�kÀ�� ¾ � , that is

¾ � eigenvectors
of matrix ��� Thereexits auniquesolutionto equation
(16) if andonly ifÁ�Â ­ � � � Â © ~$Ã Â © ~$ÃO��­ � � � Â ©@Ä
are linearly independent,where

Â � ¤ ���x��|'¶��� ¤ � � � ¤ � areeigenvectorsassociatedto stableeigenval-
uesof matrix µ ¤ and

Â � ¤ �B�Å� ¤ � � � ¤ ¶ arecomputed
by Â ���'� À�� ³ © | µ � ~�­ ¸S¾ � ¤ �6��� ¤ � � � ¤ ¶
Hence,thesolutionis givenby:Æ �cÇ ¾ ­ � � � ¾ Ã ¢g� � ��¢6ÈÇ Â ­ � � � Â © ~$Ã Â © ~$ÃO��­ � � � Â © È ~�­ (18)

Remark4. Without lossof generality, it wasassumed
thatthesystempresents� �S|;¶�� stableeigenvalues.If
the systemmatrix doesnot satisfysuchrequirement,



it is alwayspossibleto augmenttherepresentationas
follows: let É beavectorof fictitious inputssuchthatÉ�Ê�Ë@Ì Í	É Î�Ï ÐLÑ�ÉBÑ�É Î�Ò ÓÍ>ÔLÕÎ6Ï Ð ÑfÖ ÉBÑfÔLÕÎ6Ò Ó
whereÉ Î6Ï Ð and É Î6Ò Ó arefreely chosenconstraintson
the fictitious inputs. In this case,vectors × and Ô
become: ×�ØÅÙÚÚÛ�Ü$Ý	Þ ßÉ Ý	Þ ßÜ$Ý	à áÉ Ý	à á

â ããä Ì ÔDØÅÙÚÚÛ Ô Ý	Þ ßÔLÕÝ	Þ ßÔ Ý	à áÔ ÕÝ	à á
â ããä

Theaugmentedsystemis thengivenbyÖ å�æ ç èOØ�é	å�æ ç è�êDë ìîí6ïLð Ü æ ç èÉ$æ ç è�ñ (19)

It is true that this augmentationlimits the domain
of linear behavior of the closed-loopsystem,but it
is always possibleto softenthe fictitious limitations
to enlarge the domain.It is easyto seethat for the
squaresystemobtainedthe problemof æ ò ó�è stable
eigenvalues is eliminated and controllability is not
changed.

4. MAIN RESULTS

With this background,we are now able to solve the
problemstatedin section2. Considera stabilizable
linear time invariantsystemwith constraintson both
controlandincrementsof thecontrol,thatisÖ å�æ ç èOØ�é	å�æ ç è�ê�ì Ü æ ç è (20)

where å�æ ç èLÊDË á is the stateof the system,Ü æ ç ègÊË Ý the input constrainedto evolve in the following
domainôLõ Ø�ö Ü æ ç èOÊ�Ë Ý Ì Í Ü Î�Ï ÐLÑ Ü æ ç è	Ñ Ü Î�Ò ÓÜ Î�Ï Ð Ì Ü Î�Ò ÓSÊ�Ë Ý	÷ø9ùand the incrementof the control is constrainedas
follows:

For discrete-timesystemsÍ>ÔSÎ6Ï Ð@Ñ Ü æ ú�ê�û è�Í Ü æ ú è	ÑfÔSÎ6Ò ÓFor continuous-timesystemsÍ	ÔLÎ�Ï Ð>ÑDüÜ æ ú èOÑfÔLÎ�Ò ÓUsingthestatefeedback

Ü æ ç èOØfý@å�æ ç è Ì�ýFÊ�Ë Ý	ß á (21)

suchthat þ æ é�ê�ìSýSè	Ê ôLÿ (22)

thefollowing domainof linearbehaviour is inducedin
thestatespace

ô�� Ø�ö å�Ê�Ë á Ì Í Ü Î6Ï ÐLÑfý@å�æ ç è	Ñ Ü Î�Ò ÓÜ Î6Ï Ð Ì Ü Î�Ò ÓSÊ�Ë Ý>÷ø ù (23)

If thestatedoesnot leave thedomain(23), thecontrol
signaldoesnot violatetheconstraints.That is, theset

ô��
is positively invariantwith respectto motion of

system(20).This givesthefollowing result:

Proposition5. System(20) with statefeedback(21)-
(22) is asymptoticallystableat the origin with con-
straintson both the control andits incrementif there
existsa matrix

� Ê�Ë Ý	ß Ý satisfyingconditions(17)
suchthat:

i) ýSé�ê�ý@ìLý'Ø � ý
iia) ���æ � Í�� è ×FÑfÔ	� ×kÑc× Ì for thediscrete-timecase

(24)

iib) � 	� ×FÑfÔ	��
 ×kÑ9í Ì for thecontinuous-timecase

(25)

where ×ÅØ�� Ü�
Î6Ò Ó Ü�
Î�Ï Ð � 
 for all initial stateå��;Êô����
Proof. Introducethefollowing changeof coordinates:� Ø9ýgå
it is possibleto writeÖ � æ ç èLØyý@Ö å�æ ç èØyýLæ éfê�ìLý@è å�æ ç èØ � ý>å�æ ç èØ � � æ ç è (26)

With this transformation,domain

ô��
is transformed

to domain

ô��
given by (7). Further, with conditions

(24) and (25), it is easyto note that domain

ô��
is

positively invariant with respectto the system(26)
while the constraintson the incrementof the control
arerespected.Bearingin mind that

þ æ é�êgìSýSèOÊ ôLÿ
and that the linear behaviour is guaranteed,one can
concludeto theasymptoticstabilityof theclosed-loop
system.

Remark6. It is worth notingthatconditions(24) and
(25) do not affect the setof positive invariance

ô��
.

However, they presentanadditionalconstrainton the
poleassignmentproblem.

Algorithm:

Step1. Checkif matrix é has æ ògÍgó�è stableeigenval-
ues,if notaugmentthematrix ì with òSÍ;ó null
column.



Step2. Choosematrix ��������� � or ������� � � , if the
systemis augmented,accordingto (17)-(24)or
(25).

Step3. Computethegainmatrix � or �! by using " # $ %
Step4. Use � or extracted� from �& for thecontrol.

Example7. Consider the double integrator in the
continuous-timestatespacerepresentationby (Gut-
man,andHagander, 1985):')(+* , #,-,/.10 2 (3* , 4 5# .
Controlconstraintsaregivenby;6 �87 � ( # 9 6 �  � ( # ,
Assumethat control incrementsare constrainedas
follows: : ��7 � (<; 5 9 : �  � (<; ,
As discussedin the Remarkabove, the systemcan
be augmentedwith fictitious constrainedinputs = in
domain > ?8= ��7 � = �  � @ . Selectthe following matrix� : � ( * ? ; , 4 5, ? , 4 5/.
which satisfiesall the requiredconditions(17). Fur-
ther, the fictitious constraintsare selectedsuch that
conditions(25)aresatisfied.= �87 � (BA 9 = �  � (<; 5 9 :�C��7 � ( # 5 9 :�C�  � ( 5 4
thatis, D��E F ( > ?1G 4 5 ?H# ; 4 5H, ? ; @ I8J ,D��F ( > # A 4 5 ;H; ; # ; 4 5 @ IJ > ; ,K5 ; 5 # 5 @ I
Solutionof equation(16) leadsto the following aug-
mentedgainmatrix �& :�& (3* ?L#-? ;# ,�.
Notethattheeffectivegainmatrix � canbeextracted
from thepreviousmatrix.� (NM ?1#�? ;/O
Theclosed-loopdynamicsaregivenby:'HP 2 � (N* ? , 4 5-,?1#Q? ; .
It is easyto noteherethat R!" 'HP 2 �L% ( R!" ��% .
The obtainedsetof positive invariance,asshown in
Figure1, with theaugmentedmatrix �& is givenby:S�T U ()V W �-� �-X ?�Y �87 �ZJ �& W J Y �  � [
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Fig. 2. Evolutionof thecontrolincrement

whereY I�87 � ( > 6 I �87 � = I^/_ ` @ ,
and Y I�  � ( > 6 I �  � = I^!a b @ 4
Figure1 representsthesetof positive invarianceanda
trajectoryemanatingfrom theinitial state

W�\1( > ; A ?# A @ I , while Figure2 showstheevolutionof thecontrol
increment,which, it is possibleto see,respectsthe
constraints

: ��7 � ( ? ; 5 and

: �  � (<; , .
5. CONCLUSION

In this paper, theregulatorproblemfor linearsystems
with constraintson both control and its increment
in the state spacerepresentationhas been studied.
Application of necessaryand sufficient conditions,
establishedfor linear autonomoussystemssuchthat
their motion respectsincrementalconstraints,is the
key to solve this problem.The link of the so called
inverseprocedure,the pole assignmentmethod for



constrainedcontrol, to the previous conditionsis the
cornerstoneof this work. In fact, this link enablesto
give a simple algorithm to computea regulator re-
spectingconstraintsonbothcontrolandits increment.
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