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1. INTRODUCTION

Linear systems with Markovian jumping parameters
offers the advantage to model a large varieties of phys-
ical phenomena. This class of systems has been used
successfully to model manufacturing systems, power
systems, economic systems, etc. The reader is refered,
for example to (Costa, 1996; Boukas and Yang, 1999)
for discrete-time and continuous-time systems. It is
well known that all these physical systems admit in-
puts limitation which are modeled by constraints of in-
equality type. However, to the best of our knowledge,
the problem of stochastic stability of continuous-time
linear systems with both Markovian jumping param-
eters and constrained control have only been investi-
gated for discrete-time systems (Boukas and Benza-
ouia). The regulator problem for linear systems with
constrained control is widely studied after the result
established by (Gutman and Hagander, 1985) . The
tool of positive invariance was successfully applied to
almost all the determiistic systems with constrained
control and/or state see for example (Benzaouia and
Burgat, 1988 - Benzaouia, 1994) and the references
therein. The aim of this paper is to study the regulator

problem for continuous-time class of systems with
Markovian jumping parameters and constrained con-
trol by using the positive invariance approach. In this
work, only symmetrical constraints are considered. A
necessary and sufficient condition allowing the control
law to always be admissible despite the stochastic
character of the system is presented. A sufficient con-
dition for stochastic stability of the system is also ob-
tained. This paper is organized as follows: The studied
problem is formulated in Section 2. Section 3 deals
with definitions and preliminary results as the nec-
essary and sufficient condition of stochastic positive
invariance and the sufficient condition of stochastic
stability for the free system. In Section 4, these results
are used to design a law control ensuring to the control
to remain admissible. The stochastic stability is also
guaranteed. An algorithm together with an example
illustrating this design is presented in Section 5.

2. PROBLEM FORMULATION

Consider the continuous-time linear system with Marko-
vian jumping parameters defined by:
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is the statevector,
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is the control vector. The systemstateis function of� � � �
which representsa Markovian continuous-time

processtaking values in a finite discreteset " # $ � % � & & &'� ( )
definedwith its transitionmatrix * � +', -'� , . - / 0

, where
+', -

is ascalarsuchthat:
+', -213�

for 43536 and 7'4 � " ,
+', ,�98;: -'<= , +', - .

Thetransitionprobability >@? � � � ��A'��36�B � � � �C 4�D +', -'AE�GF � A'�
if
6 5 4 and

$C�G+', ,'AE�GF � A'�
if
6G 4

with, H I J�K L � M N K OK ��
.

Thesetof constraintsis givenfor eachmode 4 � " ,
with P � 4 �C�;� !�Q , by:R � 4 ��
# ��� � �C�2� !�S 8 P � 4 �CT���� � �CT P � 4 � ) (1)

The objective of this work is to built a stabilizing
regulator, ��� � ��3UE� � � � � � � � � � � (2)

thatsatisfiesthecontrolconstraints
� $ �

andstochasti-
cally stabilizesthesystem

� ���
.

3. PRELIMINARY RESULTS

In this section,a conditionof the stability of system� ���
is given.First thedefinitionof stochasticstability

is recalled:

Definition1. Thesystem
� ���

(avec
��� � � VW�

) is said
to be:

(1) stochasticallystable(SS)if thereexistsascalarX
suchthat: YWZ [�\�^] � � � � ] _ ` � a T X � � � � � � � .

(2) meanexponentiallystable(MES) if thereexist
two scalarsb�c � � X�c � suchthat: Y3? ] � � � � ] D TX d e�f g .

(3) meansquarestable(MSS)if H I J g L \ YE? ] � � � � ] _ D �
.

Remark2. Onecannotethat the (MES) stability im-
pliesthe(SS)stabilityof thesystem.

Theorem3. Thesystem
� ���

(with
��� � ��VW�

) is SSif
for all 4 � " thereexist positivevectorsh � 4 �i�2� � Q
suchthat:j2k ��l�m ? n��� 4 � h � 4 � D lh l � 4 �po T
8�q�� 4 � (3)

with, n� l r � 4 �� �
k l l � 4 � if, s 3tB k l r � 4 � B if, s253t (4)q�� 4 ��vuw- =yx +', -
j2k ��l�z h l � 4 �h l � 6�� {

Theproof is givenin appendix1.

Remark4. Notethatcondition(3) canequivalentlybe
writtenunderthefollowing form,n��� 4 � h � 4 �iT
8�q�� 4 � h � 4 � � 7�4 � " (5)

This conditionwill besatisfiedonly if matrix
��� 4 � is

Hurwitz and
q�� 4 �C13� . Further, for asystemwith one

mode,onecanobtain
q�� 4 ���� .

Now, a result concerningthe applicationof the pos-
itive invarianceconceptto a continuous-timesystem
with Markovian jumpingparametersis presented.Let
thesystembedefinedby:Y3? 	| � � � B � � � � � | � � � D �}�� � � � � � | � � � � (6)| � � �� | � �� � � �y 4 �
where| � � ���;� ! is thestatevectorof thesystem.

Definition5. A subset~ of
� !

is stochasticallypos-
itively invariantwith respectto (w.r.t) system(6) if for
all | � � ~ andaninitial mode4 � " , YE? | � � � | � � 4 � D �~ .

For each4 � " , considerthefollowing domain:~ � 4 ��
# | �;� ! B 8;�i� 4 �CT | T��i� 4 � � �C� 4 � c � )
Let ~�� ^�, / 0 ~ � 4 ��
# | �2� ! B 8��GT | TG��) (7)

� l  JEI �, / 0 � l � 4 �
Theorem6. Theset~�� definedby (7) is stochastically
positively invariantw.r.t thesystem(6) if andonly if:n}�� 4 � �3TG� � for all 4 � " (8)

where n} is definedby (4).
Theproof of this theoremcanbefoundin (Benzaouia
et al.).

4. MAIN RESULTS

In this section,the obtainedresults in the previous
section will allow us to deal with the problem of
continuous-timesystemswith Markovianjumpingpa-
rametersandconstrainedcontrol aspresentedin the
first section.Recall that the control law is given by
(2).Thecontrolis thenadmissible,i.e.,

��� � �C� R � 4 � if



andonly if thestatebelongsin thepolyhedraldomain�E� �y�
definedby:�E� �����
� �;�2� � �i��� � �y�i�G�E� �y� ���3� � �y� �

(9)

Definethefollowing set,���C���� � � �E� ��� (10)

Thesystemin theclosed-loopis obtainedby,�� � � ���9� ��� � � � � ���� �� � � � � � �E� � � � � � ��� � �i�3�i� � ��� �y� � �
(11)

Make thefollowing changeof variables,¡ � � �����@� � � � � � �y� � � (12)

In thiscase,domain(9) is transformedto thefollowing
domain,¢ � �y�C��� ¡ �2� £ �i��� � �y�C� ¡ �3� � �y� ¤ � � �y�i¥3¦ �
Let ¢ ���^�� � �

¢ � �y�
(13)

Pose,§ � ¨ ��� §E© �¡ � � � ª ¡ � � � ¤ � � � � and « � � � � � �@�¬ ®i�¯ �i� � � � � � �
. Thus,onecanwrite,§ � ¨ ������°y�± ² ³´ µ ¶�·¯ §3© ¡ � �y� ¯ ��� ¡ � � � ª ¡ � � � ¤ � � � ������°

It follows, by using (12) and the developpementof�y� ��� ¯ �
,¡ � �y� ¯ �����@� � � ��� ¯ � � « � � � � � � ��� � ���G¸ � ¯ �

Taking accountof the definition of the probability
transition,oneobtains,§ � ¨ �y�
± ² ³´ µ ¶�·¯ ¹»º¼½ ¾y¿ À � ½ ¯ �@� Á�� Â « � ��� �y� � ���G¸ � ¯ � Ã�i�E� �y� Â « � �y� ��� � ����¸ � ¯ � Ã ���@� ��� �y� � � Ä
Thatis,§ � ¨ ��� º¼½ ¾�¿ À � ½ �E� Áy� ��� � ���G�@� ��� �i� � ��� �y� � �
Then,if thereexistmatricesÅ � �y�C�2� £�Æ £ suchthat:º¼½ ¾y¿ À � ½ �@� Á��y�G�@� ��� �i� � ����� Å � ��� �@� ��� (14)

the dynamicalsystem(11) is transformedby the use
of (12) to thefollowing dynamicalsystem:

§E© Ç¡ � � � ª ¡ � � � ¤ � � � ������°y� Å � ��� ¡ � � � (15)

At this step, the resultsof Section2 can be easily
appliedto system(15) taking into accountthe setof
constraints(13).

Theorem7. If thereexist matrices Å � �y�3�ÉÈ £ Æ £
and vectors Ê � ���
�ËÈ � Ì

, such that the following
hold:

(i): Í � ���y�G�@� ��� �i� � ����� Å � �y� �E� �y� ¤ Î'�G�2Ï(16)

(ii): ÐÅ � ��� Ñ��3¦ ¤ Î'���2Ï�¤ (17)

(iii): Ð�i� � �y� Ê � �y�i�
��Ò�� ��� Ê � ��� ¤ Î��G�2Ï (18)

where,Í � �y��� º¼½ ¾y¿ À � ½ �@� Á�� ¤ ÑyÓy�3³E² Ô� � � � Ó � �y� (19)Ò�� ����� º¼½ ¾�¿ À � ½ Õ;Ö �'Ó�× Ê Ó � ���Ê Ó � Áy� Ø
then, the closed-loopsystem

� · · � is stochastically
stable

Î � ¶ ����� .
Proof: The condition

� · Ù � allows us to transform
system

� · · � to system
� · Ú � . According to Theorem

2.1, condition
� · Û � guaranteesthe stochasticpositive

invarianceof domain

¢ �
w.r.t system

� · Ú � . That is,
the stochasticpositive invarianceof domain

� �
w.r.t

system(11) is alsoguaranteed.Further, condition
� · Ü �ensuresthestochasticexponentialstability of thesys-

temin theclosed-loop(11). Ý
Comment8. It is worth noting that condition (17)
ensuresthat domain

¢ �
is stochasticallypositively

invariantw.r.t system(15), thatmeansthatthecontrol
will be admissibleonly in the meansense.Thus,the
trajectoriesof thesystem(11)cansometimesleavethe
set
� �

(the control is saturated),however, according
to condition(18), thestochasticstabilityof thesystem
will beguaranteed.

5. RESOLUTIONOFEQUATIONÞ � �y����ß � ��� à�á � �y����â�� ��� ß � �y�
In thissection,analgorithmcomputingÅ � ��� ¤ Î����2Ï
is presented.The sameidea of decomposingmatrixÅ � ¨ � asin thediscrete-timecase(BoukasandBenza-
ouia,2002)is followed,let Å � ����� Å ¿ � �y��� ÅEã � ��� .
Thefirst stepis theaugmentationof thesystemby the



introductionof äiå æ fictitiousentries(Benzaouiaand
Burgat,1988).
Thematrix ç�è é êyë is chosensuchthat:ç�è é ê�ë ì í é êyë�î�ï'í é ê�ë ì í é ê�ë ðòñ�î9ó ð ô ô ô ð ä (20)

with,õ ì è é ê�ë ð ô ô ô ð ì ö�é êyë ÷ arelinearly independent(21)

andsatisfying: ø é ê�ë ì í é êyë ùî�ú ð (22)û é ü�é êyë ë'ý û é ç�è é êyë ëCî3þ (23)

The looked for matrices ÿEé êyë are solution of the
following equations,ÿEé êyë � ü�é ê�ë�� ø é êyë ÿEé êyë �@î�ç�è é ê�ë ÿ@é ê�ë (24)

Thesesolutionsexist if andonly if (Benzaouia,1994),
theeigenvectorsof matricesü�� é êyë , õ � è é êyë ð ô ô ô ð � ö�é êyë ÷ ,
which are associatedto the assignedeigenvalues

õ ï�è é ê�ë ð ô ô ô ð ï'ö'é ê�ë ÷ , are linearly independent.ÿEé êyë
aregivenby:ÿ@é ê�ë�î�� ì è é ê�ë ð ô ô ô ð ì ö'é ê�ë 	 � � è é ê�ë ð ô ô ô ð � ö�é ê�ë 	 
 è

(25)

One can then computematrices �@é ê�ë for all ê�îó ð ô ô ô ð � . It followsthat:� �Eé êyë���ÿEé êyë ü�� é êyë 	 � í é ê�ë�î�ç�é êyë ÿEé êyë � í é êyë
Sincematrix ç�é ê�ë isdecomposedunderthefollowing
form: ç�é ê�ë�î�çEè é êyë���ç� é êyë
keepingin mind (20),oneobtains:�Eé êyë � í é êyë�î�ç� é ê�ë ì í é êyë
Then,matrix ç� é êyë caneasilybededucedandsoon
for matrix ç�é ê�ë :ç� é êyë�î��Eé êyë�� � è é ê�ë ð ô ô ô ð � ö�é ê�ë 	 � ì è é ê�ë ð ô ô ô ð ì ö'é ê�ë 	 
 è

(26)

Algorithm:

1) Augmentthematrices

ø é ê�ë for eachmode ê���
with ä�åWæ null row and choosematricesç�è é êyë accordingto (21)-(23).

2) Computethe gain matricesÿEé êyë by using é � � ë
and matrices ü�� é êyë of the systemin closed-
loop. Note that the obtainedmatricesü�� é êyë are
Hurwitz by construction,see(Benzaouia,1994).

3) Choosevectors��é ê�ë���� ö � satisfying��é � � � � � ë�!ú andtestif condition(18) is satisfied.Onecan
choose�@é êyëCî"�$# independentlyof themodeê
, the condition(18) becomes: %ü�� é ê�ë �$#'&ú . If
not go to Step1 to modify thematricesçEè é êyë .

4) Test if (17) is satisfied,if not go to Step1 to
modify matricesçEè é êyë .

Example9. Considerthefollowing linearcontinuous-
timesystemwith Markovianjumpingparameterswith

2 modes:ü�é ó ë�î)( ��åiú ô óó�å�ó"* ð ø é ó ë�î)( óó+*ü�é � ë�î)(-, úú ô ó2å�� ô ó+* ð ø é � ë�î)( ú ô �ó�*
with . é ó ë�î"� ú ð . é � ë�î , ú
The Markovian processis describedby its matrix
transitiongivenby:/ î ( å����, å , *
For eachmode ê , thefictitious entriesareintroduced
asfollows:å$0�é êyë�&21'é 3 ë�&20�é êyë ð ê�î9ó ð �
Considerthefollowing matricesçEè é ê�ë :çEè é ó ë�î ( å�4�óú åCú ô 56* ð çEè é � ë�î ( å���å�óú åiú ô �6* ð
Theobtainedgainmatricesÿ@é ê�ë are:ÿEé ó ë�î ( å�4 ô 7 � ó ó2å ó ô ó 8 9 4å�7'ô 4 7 8 7�7'ô ú ú 8 7:*ÿ@é � ë�î;( å ó ú ô 4 5 � 7�åCú ô 4 ó 9 9ó 8 ô 5 , ó 8 å , ô � ó � 9+*
Notethattheeffectivegainmatricesaretobeextracted
from the previousmatrices.Theobtainedmatricesin
theclosed-looparethengivenby:ü�� é ó ëyî<( å=8 ô 7 � ó ó2å ó ô � 8 9 4å�9 ô 7 � ó ó2å�� ô ó 8 9 4�*ü�� é � ëyî ( å�� ô 7 9 ó � åiú ô 7 � 4 7å�ó ú ô 9 5 � 7�å , ô ú ó 9 9�*
One can verify that matrices ç�é ê�ë , ê>� �

satisfy
conditionsé ó 8 ë with thefollowing data0�é ó ë�î"7 ú ð 0�é � ë�î"� � ð ?2î@� � ú ð � � 	 A�ô
For this choice,onehas:%ç�é ó ë ?;î@� å�ó 7 � ô 5 ó 8 ð å�8 , ô , � � � 	 ACB3ú%ç�é � ë ?�î�� å�9 ó ô 5 � � ð å�4 7'ô , � ú � 	 ACB3ú
Further, the condition (18) of Theorem4.1 is also
satisfiedwith��é ó ë�îED ó ô 9 4 ð+96F A ð ��é � ë�îED � ð�8 ô 96F A
Thatis, ��é ó ë�î�ú ô ú � ó , , ��é � ë�î�ú ô ó 8 7 5 and,%ü�� é ó ë �iè6�'��é ó ë �ièiî D å , ô 5 4 8 9 ð�å ó ô ó ú � ó�F A%ü�� é � ë ��$�'��é � ë �� î D å�ó ô ú � 4 4 ð�åCú ô 7 � 4 4�F A
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Fig.1.presentsthesetG=H of stochasticinvariancepos-
itive andstochasticstability of the systemwith
Markovian jumping parametersandconstrained
control.

6. CONCLUSION

In this paper, necessaryand sufficient conditions
for domain IJH to be stochasticallypositively invari-
ant w.r.t the system K L M are establishedfor linear
continuous-timesystemswith Markovianjumpingpa-
rameters.A new sufficient conditionof stochasticsta-
bility is alsoobtainedby usingthenonquadraticLya-
punov function as is usually the casein the prob-
lems with constraintsof inequality type. Thesetwo
resultsareappliedto giveanew sufficientconditionof
stochasticstability for systemswith Markovian jump-
ing parametersandsymmetricalconstrainedcontrol.
An Algorithm is alsopresentedbasedontheresolution
of the obtainedalgebraicequationto computematri-
cesN'K O�M .
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Appendix 1

Considerthefollowing Lyapunov functioncandidate:PCQ R+Q S T U V Q S T T�W"X�Y R�Z\[ R Z Q S T [] Z Q V Q S T T U ^6W@_ U ` ` ` U a
(27)

Theinfinitesimalgeneratoris computedby:b PCQ R+Q S T U c+T+W@d e fg h=i _j�k l"m PCQ R+Q S�n'j T U V Q S�n2j T T [ V Q S T$W�c�o p'P�Q R�Q S T U c�T qW@d e fg h=i _j'r�lEs X�Y R�Z\[ R Z Q S�n'j T [] Z Q V Q S�n'j T T [ V Q S T�W"c+t�p'P�Q R�Q S T U c�T u
Recallthat,

R+Q S�n'j T$W"R+Q S T�n2j vJQ V Q S T T R�Q S T�n2w Q j T$W�x�Q V Q S T T R+Q S T�n2w Q j T
with

x�Q V Q S T T$W�y z�n'j vJQ V Q S T T
.

Moreover,lEs X�Y R�Z\[ R Z Q S�n'j T [] Z Q V Q S�n'j T T [ V Q S T$W�c+t�W|{} ~ � X�Y R�Z [ x�Q c+T R�Q S T�n'w Q j T [] Z Q �+T��2m V Q S�n2j T6W"� [ V Q S T$W�c�o
Usingthedefinitionof thetransitionprobability, oneobtains,b PCQ R+Q S T U c+T�W�d e fg h=i _j>�� ���{} ��� � � } X-Y R Z [ R Z Q S�n'j T [] Z Q ��T j�n\X-Y R Z [ Q x�Q c�T R+Q S T T Z�n2w Q j T [] Z Q c+T p'P�Q R+Q S T U c+T � ��� �{} �+� � � } X�Y R�Z [ R�Z Q S T [] Z Q ��T n@d e fg h=i _j@s X�Y R�Z [ Q x�Q c+T R�Q S T T Z [] Z Q c+T p\X�Y R�Z [ R�Z Q S T [] Z Q c�T t
Let � Z � Q c�T U ^6W@_ U ` ` ` U a6U ��W�_ U ` ` ` U a

bethecomponentof matrix
x�Q c�T

, It follows that,b PCQ R+Q S T U c+T � �� ���{} ��� � � } X-Y R Z6� ] Z Q c+T] Z Q �+T � n@d e fg h=i _j@� X-Y R Z2�{� ��� [ � Z � Q c�T [ ] � Q c�T] Z Q c+T p"_ ��� �� P�Q R�Q S T U c�T
Since,�{� �+� [ � Z � Q c�T [ ] � Q c+T] Z Q c�T W�{� �� Z j=[ Y Z � Q c+T [] Z Q c�T ] � Q c�T+n [ _$n2j Y Z Z Q c�T [ W�{� �� Z j=[ Y Z � Q c+T [] Z Q c�T ] � Q c�T�n"_$n2j Y Z Z Q c+T

for a smallh

This leadsto,
b P�Q R+Q S T U c+T � �� ���{} ��� � � } X-Y R Z � ] Z Q c+T] Z Q ��T � n\X-Y R Z��J�vJQ c�T ] Q c�T � Z] Z Q c�T � ��� � �  ¡�¢ £ � ¤

PCQ R+Q S T U c+T
Thatis, l"m b PCQ R+Q S T U c+T o � p�¥ l"m PCQ R+Q S T U c+T o with

¥�W"fC¦ § � ~ � ¥�Q c+T
Onecanusethefactthat:

P�Q R+Q S T U V Q S T T�W�PCQ R i U V i T+n2¨+©i b PCQ R+Q S T U V Q ª T T « ª
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