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Abstract
A novel robust optimization methodologyis proposedfor schedulingunder boundeduncertaintyin
processingtimes. This approachgenerates“robust” solutionswhich are in a senseimmune against
uncertaintywhen it is appliedto Mixed-Integer Linear Programming(MILP) problemswith uncertain
coefficientsandright-hand-sideparametersof the inequalityconstraints.By introducinga smallnumber
of auxiliary variables,a deterministicrobustcounterpartproblemis formulatedto determinethe optimal
solution given the (relative) magnitudeof uncertaindataand feasibility tolerance. Basedon a novel
continuous-timeshort-termschedulingmodel, uncertaintyin processingtimes of operationaltasksis
considered. Preliminary computationalresultsare presentedto demonstratethe effectivenessof the
proposedapproach.
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Introduction

The areaof productionschedulinghasreceived consider-
ableattentionfrom boththeacademiaandthechemicalpro-
cessingindustriesover the last few years. Due to lack of
accurateprocessmodelsandvariability of processanden-
vironmentaldata,it is of crucialimportanceto developsys-
tematicmethodsto addresstheproblemof schedulingunder
uncertainty, in orderto createschedulesof highquality.

Most existing work follow the framework of stochastic
optimization,in which the uncertaintyis modeled,for ex-
ample,throughthe useof a numberof scenariosbasedon
discretizationof continuousprobability distribution func-
tions,andtheexpectationof acertainperformancecriterion,
suchastheexpectedprofit, is optimizedwith respectto the
schedulingdecisionvariables.Suchmethodsinevitably en-
largethesizeof theproblemsignificantlyasthenumberof
scenariosincreasesexponentiallywith thenumberof uncer-
tain parameters.This maindrawbacklimits theapplication
of thesemethodsto solve practicalproblemswith a large
numberof uncertainparameters.

In this work, we proposea novel Robust Optimiza-
tion approachto addressthe problemof schedulingunder
boundeduncertaintyin processingtimes. The underlying
framework is basedonaRobustOptimizationmethodology
first introducedfor LinearProgramming(LP) problemsby
Ben-Tal andNemirovski (2000)andextendedin this work
for Mixed-IntegerLinear Programming(MILP) problems.

The approachproduces“robust” solutionswhich are in a
senseimmuneagainstuncertaintiesin both thecoefficients
andright-hand-sideparametersof theinequalityconstraints.
Theapproachcanbeappliedto addresstheproblemof pro-
ductionschedulingwith uncertainprocessingtimes,market
demands,and/orpricesof productsandraw materials.

Problem Statement
The schedulingproblemof chemicalprocessesis de-

finedasfollows: given(i) productionrecipes(i.e., thepro-
cessingtimes for eachtask at the suitableunits, and the
amountof thematerialsrequiredfor theproductionof each
product), (ii) available equipmentand the rangesof their
capacities,(iii) materialstoragepolicy, (iv) productionre-
quirement,and(v) timehorizonunderconsideration,deter-
mine(i) theoptimalsequenceof taskstakingplacein each
unit, (ii) theamountof materialbeingprocessedateachtime
in eachunit, (iii) the processingtime of eachtaskin each
unit, soasto optimizeaperformancecriterion,for example,
to minimizethemakespanor to maximizetheoverallprofit.

The mostcommonsourcesof uncertaintyin the afore-
mentionedschedulingproblemare:(i) theprocessingtimes
of tasks;(ii) themarket demandsfor products;and(iii) the
pricesof productsand/orraw materials.

In this work, we employ the continuous-timeformula-
tion proposedin (IerapetritouandFloudas,1998a;Ierapetri-
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tou and Floudas,1998b; Ierapetritou,Heńe and Floudas,
1999;
�

Lin and Floudas,2001) to study the effects of un-
certaintyon short-termproductionschedulingof chemical
processes.This formulation featuresthe original concept
of eventpointswhich representsthebeginningof a taskor
utilizationof aunit andtheresultingmathematicalmodelis
anMILP problem.

Robust Optimization Approach
Considerthefollowing genericMILP problem:�����	�
��������� � � ���� �	� (1)
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Assumethat the uncertaintyarisesin both the coeffi-
cientsandthe right-hand-sideparametersof the inequality
constraints,namely,
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It can be shown that optimal solutionsof MILP prob-
lemsmaybecomeseverelyinfeasibleif thenominaldatais
slightly perturbed,which makesthe“nominal” optimalso-
lutionscompletelymeaningless.Ourobjectiveis to develop
a methodologyto generate“reliable” solutions, which is
immunedagainstuncertainty.

BoundedUncertainty
Theuncertaindatarangein thefollowing intervals.ACB�76>8EDF�7698 A +HG A ��6>8 A
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the nominalvalues,
GLK,1

is a given (relative) uncertainty
level.
Property 1: Given an infeasibility tolerancelevel ( M ), to
generatea“reliable” solutionwhichcansatisfythei-th con-
straintwith anerrorof at most MON ��	P 4�2 A - 6 A Q , thefollowing
so-called(

GR2 M )-Interval Robust Counterpart(IRC[
GR2 M ]) of

theoriginal uncertainMILP problemcanbederived. (Lin,
JanakandFloudas,2002)�����	�
���������S��T � � ���� � � (4)
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where g 6 and h 6 arethesetof indicesof thex andy vari-
ables,respectively, with uncertaincoefficientsin thei-th in-
equalityconstraint.

Note that this remainsan MILP problem,but with ad-
ditional auxiliary variables(

Z 8
). It shouldbe pointedout

that theaforementionedRobustOptimizationmethodology
circumventsany needfor explicit or implicit discretization
or samplingof theuncertaindata,avoiding undesirablein-
creaseof the problemsize, and thus rendersthe potential
capabilityof handlingproblemswith a largenumberof un-
certainparameters.

The parametersinvolved in the schedulingunder un-
certaintyproblemparticipatein theMILP formulationpro-
posedin (IerapetritouandFloudas,1998a;Ierapetritouand
Floudas,1998b;Ierapetritouet al., 1999;Lin andFloudas,
2001)asfollows:i Processingtime. Thetaskprocessingtimeparameters

arelinearcoefficientsof thebinaryand/orcontinuous
variablesin thedurationconstraint.i Marketdemand.Thedemanddataappearastheright-
hand-sideparametersin thedemandconstraints.i Priceof productand/orraw material.With simplere-
formulation,materialpricescanalsobeusedaslinear
coefficientsof continuousvariablesin an inequality
constraintfor thecalculationof profit and/orcost.

All of thesethreetypesof uncertaintycanbeaddressedef-
fectively basedon theaforementionedRobustOptimization
framework. An examplewill be presentedin thenext sec-
tion to illustratehow theRobustOptimizationtechniquecan
beappliedfor thecaseof boundeduncertaintyin processing
times.

Computational Studies
Consider Example 2 in (Ierapetritou and Floudas,

1998a). The processingrecipeandthe availableunits are
asshown in Figure1 andTable1, respectively. The“nom-
inal” solutionof theproblemis shown in Figure2, with an
objectivevalue(profit) of 3639.However, this solutioncan
becomecompletelyinfeasiblewhenthereis uncertaintyin
the processingtimes of the tasks. If the processingtime
of eachtaskis increasedby 0.1%of its nominalvalue,the
optimalscheduleis changedsignificantly, asshown in Fig-
ure3. In theheaterandtheseparator, thenumberof tasksas
well asprocessingamountschanges,while in thetwo reac-
tors,eventhetasksequencesaredifferent.Furthermore,the
profit is reducedconsiderablyto 3265.

Figure1. State-TaskNetworkfor theexample



Table1. Availableunitsfor theexample

Units Capacity Suitability ProcessingTime
Heater 100 heating 1.0
Reactor1 50 reaction1,2,3 2.0,2.0,1.0
Reactor2 80 reaction1,2,3 2.0,2.0,1.0
Separator 200 separation 2.0

Basedon the continuous-timeformulationproposedin
(Ierapetritouand Floudas,1998a),the processingtime of
a task participatesin the so-calleddurationconstraint,as
shown below.jIk ^ � 2 c 2 � ` D@jIl ^ � 2 c 2 � ` $UmonWprq ^ � 2 � ` (5)

where
prq ^ � 2 � ` is a binary variable,

j k ^ � 2 c 2 � ` andj l ^ � 2 c 2 � ` arecontinuousvariables,while
m

is thefixedpro-
cessingtime.

For simplicity, the indicesof the variablesaredropped
below. We now consider“boundeduncertainty”in

m
.mtso+ Bmu+vmxw

(6)

The equalityconstraint(5) hasbeendevelopedfor de-
terministicproblems. If

m
is uncertain,it makessenseto

rewrite it asaninequalityconstraint,asfollows.j k DFj lEy mzn
prq
(7)

The IRC[
GR2 M ] approach(4) is appliedto this problem.

Becauseuncertaintiesonly exist for the coefficientsof the

binaryvariables,theauxiliaryvariables(
Z 8

) arenot needed
andonly thefollowing additionalconstraintis addedto the
originalproblem.
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Let usassumethat the (relative) uncertaintylevel (
G
) is

15%,thatis, 1 � }�~ mF+ Bmu+�4 � 4 ~ m (9)

andthe infeasibility tolerancelevel ( M ) is 0.10. By solving
the IRC[

GR2 M ] problem,a “robust” scheduleis obtained,as
shown in Figure4. Theprocessingtime of eachtaskis ex-
tendedto ensurethatthescheduleis feasiblewith thespec-
ified uncertaintylevel andinfeasibility tolerance.However,
theprofit is reducedto 2887.

Figure5 summarizestheresultsof theIRC problemwith
threedifferent levels of uncertainty. Consistentwith intu-
ition andotherapproaches,theresultsshow that thehigher
theuncertaintylevel is, theworseobjectivewecanachieve;
thelargerthefeasibility toleranceis, thecloserthesolution
is to theoptimalsolutionwithout uncertainty. It shouldbe
notedthat at a given uncertaintylevel, the objective value
of profit aswell asthecorrespondingschedulechangesdra-
maticallyat discretepointsastheinfeasibility tolerancein-
creases.This resultsfrom the following characteristicsof
theexampleproblem: the time horizonandtheprocessing
timesof tasksarebothfixed.
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Figure2. Optimalsolutionwith nominalprocessingtimes
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Figure3. Optimalsolutionwith processingtimesincreasedby0.1%
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Figure4. Robustsolutionof theexample(
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Figure5. Effectsof uncertaintyonprofit

Conclusions

In this work, we proposea new approachto addressthe
problemof schedulingunderboundeduncertaintyin pro-
cessingtimes basedon a Robust Optimizationmethodol-
ogy. Whenappliedto Mixed-IntegerLinearProgramming
(MILP) problems,this approachproduces“robust” solu-
tions which arein a senseimmuneagainstuncertaintiesin
both the coefficientsandright-hand-sideparametersof the
inequalityconstraints.Theapproachcanbeextendedto ad-
dressuncertaintyin marketdemandsandpricesof products
and/or raw materials(Lin et al., 2002). Our preliminary
computationalresultsshow that this approachprovidesan
effective way to study schedulingproblemsunderuncer-
tainty, generatinghelpful insightson the tradeoffs between
conflictingobjectives.
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