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Abstract 

The objective of this work is to develop optimization models for the synthesis of protein purification 
chromatographic processes that incorporate economic information and product losses. Mathematical 
models for each chromatographic technique rely on physicochemical data on the protein mixture and 
represent the chromatographic peaks by a normal distribution function. In terms of the synthesis model, 
formulations that are based on a convex hull representation are proposed to calculate several objective 
functions. The methodology is validated in examples with experimental data and compared to simpler 
MILP models as well as to expert systems. Results are shown to provide an important guideline for 
synthesizing purification processes. 
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Preparative bioseparations are of principal interest in 
the biotechnology industry. Biomolecules such as proteins, 
peptides, and nucleic acids frequently need to be purified 
from complex mixtures composed of many similar 
molecules, making purification a difficult and expensive 
process Moreover, in many cases purification represents a 
major parcel of the manufacturing cost.  

The most important techniques for recovery and 
purification of protein mixtures include liquid 
chromatography. One of the main challenges in the 
synthesis of downstream purification stages is the 
appropriate selection and sequencing of chromatographic 
steps. 

Steffens et al. (1999) developed a synthesis approach 
that is based on physicochemical property data. Units 
whose relevant component properties are significantly 
different are selected. The methodology was implemented 
within an implicit enumeration algorithm. Steffens et al. 
(2000) developed an algorithm that considers purification 

tags, which are attached to a specific product and help the 
purification at subsequent stages. The work is integrated in 
a synthesis algorithm. The particular application also 
depends on the physicochemical properties (product + 
contaminants). 

Lienqueo and Asenjo (2000) developed an expert 
system that uses heuristic rules applied to large-scale 
downstream processes. The study was divided in two 
parts: the recovery and the purification process. The 
authors used real examples for the validation of their 
methodology. 

Vasquez-Alvarez et al. (2001) developed optimization 
approaches for synthesis of protein purification processes. 
They developed mathematical models based on mixed-
integer linear programming (MILP) for the optimal 
selection and sequencing of purification steps. The 
objectives of these works were to minimize the number of 
purification stages for a specified purity level of the 
product, and to maximize product purity. The study 



  
 
assumed the total recovery of the product. Later, Vasquez-
Alvarez and Pinto (2003) developed another MILP that 
incorporates product loss along of the process in order to 
evaluate the trade-off between product quality (given by 
the purity) and quantity. 

The objective of this work is to extend the previous 
works by incorporating economic information. Models for 
each chromatographic technique represent the 
chromatographic peaks with a normal distribution 
function. 

Problem Description  

Consider a complex protein mixture in which one of 
them has to reach a high purity degree using high 
resolution chromatographic techniques. Information on 
physicochemical properties is used for the target and 
contaminant proteins and each technique is able to 
perform the separation of the mixture by exploiting a 
specific physicochemical property, such as surface charge 
as a function of pH, surface hydrophobicity etc. 

Generally, several steps are necessary to purify a 
protein mixture. Losses are considered in the target protein 
along the purification process, in order to evaluate the 
trade-off between product by purity and quantity. In other 
words, the higher the purity achieved within each step, the 
smaller the product yield. In this sense, decisions involve 
the selection of techniques and their order as well as the 
percentage of product recovered. 

Mathematical Model of Chromatographic Techniques 

The chromatographic peaks are approximated by a 
normal distribution function (Gaussian curve). Moreover, 
the mass reduction of the contaminants is a function of the 
area formed by the intersection of the curves of the 
contaminant and the desired protein. Retention times and 
the characteristic width of the chromatographic peak are 
defined for each technique. 

Each chromatographic technique i performs 
separation based on the physicochemical properties of the 
proteins (Pa,p) that are relevant to it (set Ai). These are used 
for the calculation of the dimensionless retention time 
(Kdi,p), as in Equation 1 (Lienqueo et al., 1996):  

Kdi,p = fi (Pa,p| a∈Ai) ∀ i, p (1) 

Another parameter is the deviation factor (DFi,p), that 
indicates the separation distance of the target protein 
chromatographic peak from the one of contaminant p for 
the technique i, as shown in Equation 2. 

DFi,p = |Kdi,dp - Kdi,p| ∀ i, p (2) 

Another important parameter used in the model is the 
characteristic width that depends on chromatographic 
technique i. This dimensionless parameter was originally 
determined by Lienqueo (1999) for the triangular 

approximation of the chromatograms. In the proposed 
model, parameter the characteristic width is calculated 
assuming that the width of the triangle (triangular 
approach) and the width of the cumulative normal 
distribution are equal. Therefore, the width of each 
chromatographic technique i of the proposed model is 
equal the six times the standard deviation (6·ρi), whose 
value is equivalent to 99.87% of the area of the Gaussian 
curve. Standard deviation values are shown in Table 1.

Table 1. Standard deviation values. 

Chromatographic 
technique 

standard deviation (ρi) 
(Lienqueo, 1999) 

Ion exchange 0.0250 
Hydrophobic interaction 0.0366 

Gel filtration 0.0766 
 
The proposed model is developed for the case of 

target protein loss along the process. Parameters ni,dp,l and 
Bi,p,l are defined to determine the discrete levels of product 
recovery and contaminant proteins, respectively. Values of 
discrete values (ni,dp,l) for the product recovery are 
presented in the example. 

Figure 1 shows representations of chromatographic 
peaks of the Gaussian form for the model that considers 
losses of the product along the chromatographic process. 
We admit that the peaks have constant form and that the 
peak on the left refers to the product and the other to the 
contaminant. The area of the figure formed by the 
intersection of the two peaks (shaded area) represents the 
quantity of the contaminant p that remains in the mixture 
(with the product) after chromatographic technique i. 
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Figure 1. Gaussian peak representation 

In Figure 1, parameter Bi,p,l indicates the recovery 
levels imposed to the model (set of discrete values) for the 
case of contaminants. Four situations can happen 
depending on the peaks relative position, after application 



  

of one chromatographic technique. Figures 1(a) and 1(d) 
indicate no purification and complete purification, 
respectively. Besides these extreme situations, Figure (1b) 
shows the presence of contaminant in the mixture (dark 
area) after chromatographic technique i is applied. Figure 
1(c) indicates the amount of contaminant that remains in 
the mixture (darker area) and the quantity of product that 
is eliminated. The amounts of contaminant and product 
that remain in the mixture are determined from the 
concentration factors (CFi,p.l) for any protein p in 
chromatographic step i and level l. Note that for total 
product recovery, (L=1) the base (width) of the 
corresponding peak of the product is 6·ρi and for the 
contaminants is (6·ρi - DFi,p). 

If there are product losses in the process, the basis of 
the product curve takes values in accordance with the 
levels of product loss, whereas the basis of the 
contaminant peaks takes (Bi,p,l) values. Table 2 shows the 
relations for CFi,p,l. It is important to note that the upper 
limit of the integral (Xi,p,l) represents the standardized 
value of the base (Bi,p,l), ( ), , , , 3.i p l i p l i ix B= − ρ ρ . 

The mathematical model determines the mass ratio of 
each one of the components that remains in the mixture. 
The generated information is used in the synthesis model 
shown in the next section. 

Table 2. Relations for the concentration factors  

Base Bi,p,l Conc. Factor (CFi,p,l) 
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Synthesis Model 

The constraints of the synthesis model that minimizes 
the total chromatographic techniques for a given purity 
levels are presented in detail in Vásquez-Alvarez and 
Pinto (2003). This model considers a convex hull 
representation that is derived from the linear disjunction 
given in (3) that is defined for each order k in the sequence 
(k = 1,…K). 
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Disjunction (3) contains I.L+1 elements for each order 
k. The first I.L terms model the selection of step i in order 
k at level l (represented by Boolean variables Λi,k,l), 
whereas the last term models no step selection 

(represented by Boolean variable Αk). In each term, the 
mass of contaminant protein p at step k (mp,k) is related to 
the mass at the previous step. 

The constraints from the proposed MILP model that 
are based on a convex hull relaxation of disjunction rely 
on binary variables λi,k,l that correspond to the Boolean 
variables in disjunction (3). Assignment, ordering, 
contaminant and specification constraints are defined in 
the MILP. 

Objective function (4) selects a sequence with 
minimum number of steps for given purity as well as yield 
specifications, and is defined as follows: 

, , .i k l k
i k l k

Min k Zφ = λ =∑∑∑ ∑  (4) 

In (4), Zk denotes the last step in the sequence. 

Economical evaluation of the purification process. 

With the purpose to evaluate the protein purification 
processes in economic terms, a new objective function is 
proposed. The objective function is the operational profit 
(Pr) maximization, composed by the product revenues and 
the operational costs for resins of the chromatographic 
columns. It can be written as follows: 

1
1 0

1

i
dp dp K i i p i li p k li p k l p l

S
P m Cre m Cre m

Nc+
≥

= − + λ∑ ∑∑∑ ∑∑, , , ,, , ,
Pr ( )1

 (5) 

The first term of (5) accounts for the revenues of the 
desired product. The second parcel is constituted by 
operational costs that were calculated as function of the 
resin costs (Crei), life time (frequency of substitution or 
number of cycles, given by Nc), protein mass ( ) 
along the process and the size factor (S

i
i p k lm , , ,

i), which represents 
the necessary volume per unit mass in step i. 

It is important to note that the variables that denote 
the mass of proteins in (5) result from the convex hull 
representation of disjunction (3). Details are shown in 
Vasquez-Alvarez and Pinto (2003). 

Computational Performance  

The models are tested and implemented in 
GAMS/CPLEX 7.0 (Brooke et al., 1998) to generate their 
solution in several examples. Data (physicochemical 
properties as well as the initial concentration of the 
mixture) are shown in Vasquez-Alvarez et al. (2001).  

An example for the purification of a recombinant 
mixture that contains nine components and considers 22 
chromatographic techniques is shown next. The target 
protein is β-1,3 glucanase (p1) whose initial composition 
is 8.3 %, 98%purity level and 7% maximum product loss 
(fr in Table 4). The discrete recovery levels (L) are 4, as 
follows: 99.8%, 99.4%, 97.7%, and 93.3% obtained from 
standard deviation values. Figure 2 shows that three steps 



  
 

Conclusions are necessary to reach the required purity and recovery. 
Triangular approximations provide the same solution. This paper presented an MILP model for the synthesis 

of purification process that considers Gaussian 
approximation of the chromatograms with product losses. 
An economic objective function is proposed that includes 
revenues from protein sales as well as resin operating 
costs. The methodology is validated in an example with 
experimental data and compared to more simplified MILP 
models as well as to an Expert System. Results provide an 
important guideline for synthesizing purification 
processes. 
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Figure 2. Solution for the minimization of steps 

If no product loss is considered (only one recovery 
level – L=1) and the specified purity level is 94%, the 
optimal solution contains four stages (results not shown); 
note that it is not possible to achieve 98% without 
allowing for product loss. The result obtained by an Expert 
System (Lienqueo and Asenjo, 2000) is limited to 70% 
with two steps (HI and AE pH 6.5). The same stages are 
obtained in the first steps of the proposed model, reaching 
78% of purity. The experimental validation process for 
this process gives a purity range of 60 -70%. 
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