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Consider a switched linear discrete-time control system with
input delay given by
Abstract
L
This paper studies thg contrpllability of swi'gched Iinearz(k+1) — Ar(k)x(k)JrBT(k)u(k)JrZ D,.(syu(k—hy) (1)
discrete-time systems with multiple time delays in the control =1

function. It is proved that there exists a basic switching se- _ _ _
quence such that the controllable state set of this basic switétherez(k) € R is the stateu(k) € R is the input, and
ing sequence is equal to that of the system. Based on this f4€ piecewise constant scalar functiofk) : {0,1,---} —

a necessary and sufficient geometric criterion for the controlffl, 2, - - -, N} is the switching signal to be designed.< oo is
bility of such systems is presented. the number of time-delays of the system. Moreovét,) = i

implies that the pai(A;, B;, D; 1, D; 2,---,D; 1) is chosen
as the system realization. The positive integers> h;_1 >
--- > hy are the fixed step delay in control, ahd ; — h; > n,

Switched systems arise in varied contexts in manufacturifyerel € {1,2,---, L —1}.

communication networks, auto pilot design, automotive en-

gine control, computer synchronization, traffic control, chemRemark 1 We assume that;, ; —h; > n in order to avoid un-

cal processes, and so on. Switched systems are a special clasessary complications, whére {1,2,---, L —1}. This as-

of hybrid dynamical systems which consist of a family of sutsumption is reasonable when the sample time is small enough.
systems and a switching law specifying the switching between

the subsystems. In recent years, there has been increasing i'ﬁf&r'system (1), a switching sequence is to specify when and to

est in the control of switched systems due to their significanggyich realization the system should be switched at each instant
both in theory and applications. of sample time.

1 Introduction

Liberzon and Morse discussed the basic problems in the study

of switched systems in [5]. In the analysis and design ©&fefinition 1 (Switching Sequence)A switching sequenceis
switched systems, controllability and reachability are two in& set with finite scalars

portant issues that have been addressed in several references

[2,7,9-12,15,16]. 7 fig, i1} )
Time-delay phenomena are very common in practical systeMs,are 17 < o is the length ofr, andi,, € {1,---,N}is
for instance, economic, biological and physiological systef}$s index of thenth realization(Aj B, mD, 1 D, ’2

and so on. [1,3,6] studied the controllability for general timer,_ 1), for m € M.
delay systems. Necessary and sufficient conditions for control-™~"’ o
lability of switched linear continuous-time systems with tim

delay in the control function were presented in [13]. “in this paper we assume that system (1) is reversibleyi -

1,---, N, A;is nonsingular. For clarity, for any integéf > 0,
In this paper, the controllability problems for switched lineasetM = {0,1,---, M — 1} andoo = {0,1,---}.
discrete-time systems with multiple time delays in control ar

; i . ; iven a switching sequence = {ig,---,4iy—1}, @n associ-
fqrmulateq gnd |nvest|gated_|.n Qetall.. A necessary and sullic 4 switching signat(m) : M — {1,---, N} can be deter-
cient condition for controllability is derived. mined as
This paper is organized as follows. Section 2 formulates the r(m) =im, me M 3

problem. Section 3 presents some mathematical preliminary

results. In Section 4, the controllable state set and the gep- Mathematical Preliminaries

metric criterion for switched linear discrete-time systems wit

multiple time delays are discussed in detail. Section 5 coRow, we introduce some mathematical preliminaries as the ba-
cludes the whole paper. sic tools for the discussion in the rest of the paper.



Definition 2 (Column Space) [4][8]Given a matrix B,,x,=
[b1,---,bp), the range ofB is defined as

R(B) < span{by, - by}

Definition 3 (Minimal Invariant Subspace) [4][8]Given a
matrix A € R™*™ and a linear subspac&y C R", the
minimal invariant subspacéA|W) is defined as

(Aw) =S atw

i=1

For clarity, let(A|B) = (A|R(B)), whereA € ®"*" and
B e R"*P,

Definition 4 (Generalized Invariant Subspace)Given ma-
trices Ay, ---, Ay € R"*™ and By, ---,By € R"*P, the
generalized invariant subspadel;|B; + --- + Ax|Bn) is
defined as

de ad 1 7
(A1]B1+ -+ An|By) © Y R(ALB, + - + Ay By)
1=0
Especially(A;|B1) ¢ S R(AiBy).
=0

Lemmal [13]|Given matricesA,---, Ay € R™*" and
Bi,---,By € R,

Nn—1
(A1|B1 + -+ AN|BN) = Z R(A{By + -+ AyBy)
i=0

n—1
Especially,(4:1|B1) = Y. R(A{By).
i=0

Remark 2 The subspacesA;|B; + --- + An|Bn) and

Proof: Since the matri¥ is nonsingular, by Theorem 7.6.1 in
[4], there must exisK € R™ such thakzp(X) = A. Itis easy
to verify that

(AW) € (X]W)

By Lemma 3, forX and sufficiently large positive integé,
we have(exp(X k)W) = (X|W). Thatis

(AFW) = (X]W)
Thus

(A% W) 2 (Aw)

On the other hand, it is obvious that
(AFpwv) < (AW)

Therefore( A*|W) = (A|W).

4 Controllability
4.1 Controllable State Set

The purpose of this subsection is to introduce the concept of
controllable state set for a given switching sequence and reveal
its characteristics.

Definition 5 (State Controllability) For system (1), given
initial state xo and initial inputs ug(—hr),uo(—hr +
1),---,up(—1), the statez; is said to be (zg,ug) —
controllable, if there exist a positive integédl > 0, a switch-
ing signalr(m) : M — {1,---, N}, and inputsu(m) : M —
P, such thate(0) = o andz (M) = zy.

Definition 6 (System Controllability) System (1) is said to be
completely controllable, if for any initial state, and initial
inputs uo(—hz),uo(—hr + 1),---,up(—1), any statez; is
(x0,ug) — controllable.

Definition 7 (Controllable State Set) Given a switching se-

(A1]By1) + - -+ (An|By) are quite different. Itis easy to seequencer = {ig,--, i1}, for initial state z, and initial

that<A1‘Bl + 4 AN|BN> - <A1‘B1> + -4 <AN|BN>

Lemma 2 [13] Given matricesA;, A € R"*", By, By €
R™*P we have

<A1‘B1 + AQ‘BQ> + <A2|B2> = <A1|B1> + <A2‘Bg>

inputsug(—hr),uo(—hr + 1), -, up(—1), the set of all the
states starting from:q and v, evolving throughr is defined as
the controllable state set of the switching sequenceenoted
byC(:vo, ugp, 7T).

Given initial statexo and initial inputsug(—hy), uo(—hr +

1),---,up(—1), the system state evolving through the switch-
Lemma 3 [11] For any matrixA € R™*", there must exist ing sequence = {io,---,iy—1} Can be represented as
T > 0, such that for any linear subspat® C R", the follow-
i i 0
ing equation holds M)y= TI Az
j=M—1
<A‘W> = (exp(—AT)|W> ! M-2 m+41 L
+ 5 T A [Bi,u(m) + X Di,u(m = h)]

Lemma 4 Given a nonsingular matrixd € R™*", for any

subspaceV C R™ and any sufficiently large positive integer

k, it follows that
(AF ) = (Aw)

m=0 j=M—1 =1

L
+Biy o u(M —1)+ > DiM,l,lU(M —1-h)
=1
(4)

whereM > hp,.



For simplicity, here we only consider the cabe= 2. For
L > 2, the process is similar, even though the final expression 0
is very complex.

WhenL = 2, Equation (4) can be rewritten as

—h1—1 m+ho+1

0
a(M)= ]I AszO‘f' > I Ay,Di,,,,2u0n(m)
j=M— m=—ho j=M-—1
—1 m+h1+1
+ X Ai;Di 1
m=—hy | j=M-1
m—+ho+1 1
| Ai_jDz‘erh,Z,z ug2(m)
j=M—-1 |
M—ho—2 m+1 m+hi;+1
+ > I A,Bi,+ Il Ai,Di 1
m=0 j=M-1 j=M-1
m—+ho+1 ]
+ 1 AyDi, ., 2| wlim)
j=M—1 |
M—hso M —ha+h
+ H AijBiAlfvafl + H AijDil\l—h2+h1—171
j=M—1 j=M-1
+D1A4—172:| U(M —ha — 1)
M—hi1—2 m+1 m-+hi+1
+ Il AyBi,+ [ AyDi, 1| ulm)
m=M—hs |j=M-1 j=M—1
M—h
+ H AlgBlenlq ""_Dithl U(M —h1 — 1)
j=M-1
M—-2 m-+1
+ X I AiBi,u(m)
m=M—hy j=M—-1
+BTM 1 (Mﬁ 1)

(5)
Thus, we have
C(wo, uo, )
:In(xo,uo, )
hi1+1 ha+1
(] 1 Ai;Big + 11 Ay Dy a+ 11 AiDiy, 2,
j=M-1 j=M-1 j=M-1
e
M—ho—1 M—ho+h;—1
H AijBiM—h2—2 + AijDiIVI—h,2+h,1—271
j=M—1 j=M—1
+A1M 1 11v1—2727
M—ho M—ho+hq
H AijBiM—hg—l + AijDij\l—h,2+h1—171 + DiMf1,2 )
j=M—1 j=M-1
M—ho+1 M—ho+hi1+1
I1 AijBiM—hl—2 + Ai_;’DithQJrhl,l )
j=M-1 j=M-1
M—hi—1
) H AijBiIW—hl—2 + AiAI—lDil\l—%l s
j=M—1
M—hq M—hi+1
H AijBiNI—hl—l +Di1v1—1;1 ) H AijBil\/I—hl )
j=M-1 j=M—1
'aAiM—lBiM—2 7BiM—1 )

(6)

where

In(zg,ug, ) = I[I Aixo
j=M-1
—h1—1 m+ho+1
+ X Il AyDi,,2u0n(m)
m=—hg j=M-—1
—1 m+hi+1
+ X I[I AiDi, 1
m=—hy | j=M-1

m-—+ho+1
+ H Az7 Dim+h,2a2 uUp2 (m)

j=M-1
)
In particular, whency = 0, ug = 0, denote
C(0,0,m) =C(m) (8)
for clarity in the following discussion. Obviouslg () is a
linear subspace iR™.

The above analysis is summarized in the following proposi-
tions.

Proposition 1 Given a switching sequenee = {ig, i1, -,
in—1}, the controllable state séX(r) is a linear space.

Proposition 2 Given a switching sequence
(n+hr) times

—
m={ g, ,i }, we have

C(m) = (Ail[Bi, Dia, Diz, -+, DiLl) 9)

Proof: See Appendix A.

Next, we define two operations of the switching sequences and
discuss the associated controllable state sets.

Definition 8 (Concatenation of Switching Sequences)
Given two switching sequences = {ig, ---,ip—1} and
mo = {jo, +-,jr—1}, the concatenation ofr; and =y is
defined as

T N\ o ; {207'"7ZM717;707"'7.7L71} (10)

Since it is easy to verify thadtry A ) A s = w1 A (72 A 7s),
we just denote it byr; A m A 7s.

Definition 9 (Power of a switching sequencelGiven a
switching sequence, the nth power ofr is defined as

n times

TN AT (12)

def
7_[_/\n et

Denotelly the set of all the switching sequences of the form
K times
/_H
71' — {Z’7 ... 72}

wherek > n + hy. Denotell, the set of all the switching
sequences which are generated by finite times of concatenation
or power operations of some switching sequencdsjin



Given a switching sequenee= {ig,---,ip—1} € I, denote Proof: By Lemma 4, for eacH,, there exist&; > n+h;, such
that (A;)W) = (A¥ |W) for any linear spac&V. Thus, we can

0 .
redefined (18) as follows
A= II A 12 (9
m=M-—1 N
Wl = Z<Ai|[Bi7Di,17Di,27'"7Di,L]>7
Theorem 1 Given switching sequences, m € II,, we have i;1
C(m Am2) = Ar,C(m1) + C(72) (13) Wa = (AT W),
i=1
Proof: See Appendix B. S (19)
. S Wn = Z<A?i|wn—l>
Theorem 2 Given a switching sequeneec II;,, we have =1
C(n"™) = (A|C(m)) (14) Supposedim(W,) = d. By (19), there exist subspaces

Vi, -+, Vg such that
Proof: By Theorem 1, it follows that(7"") = A,.C(x"("~1) d
n o Wn = Vm
+C(m) = = Zl(Aw)j C(m) = (Ax[C(m)). mE::l
=

and each’,, has the following form
Corollary 1 For any switching sequeneec 11, we have 1
[T A% (A11B;. D1, Dj2, -, Dy 1)) (20)

AprnC(a™) = (™) (15) 19

Proof: By Theorem 2 and by the property of invariant subspad#ereis, - -+ iar, j € {1,--+, N}, 0 < M < oc.
we have Consider the subspace which has the form (20), we can choose

a switching sequence
AprnC(m"™) = (A" (A:|C(m)) C (ALlC(x))  (16) 93¢
k]‘ k?i ki
SinceA, is reversible, we have ———
Tr:{jv"'7]7llv"'7lla”'7l]\/17"'321\1} (21)

dim((Az)"(Az|C(m))) = dim({A=|C(7))) (A7) gych that

It follows that A C (") = (A,|C(7)) = C(7"™). Lo
[T A (Ajl[Bj, D1, Dy, -+, Dy L)) € C()
4.2 Geometric Criterion m=M
Thus, we can choose switching sequencges- - , T4 such that

For system (1), we define a subspace sequence as follows ) c ¢(x,,) form = 1,---,d. Then we have
N d
W, = Z(qu\[Bi,qu,th:,z,“',Dz‘,LD, W, = Z C(mm) (22)
i=1 m=1
N
Wy = (A; 1), Now let us construct the switching sequengeas follows.
i=1

First, if C(71"") = W, we can taker, = 7). If not, there

must existk € {2,---,d} (without loss of generality, let =
N 2) such that

Wa = D (i) C(m) € C(mi™)

Since

...... 7 (18)

Any An
If there exists a positive integet such thatV,,, = W, .1, by Clmy Ay™) = AgpnC(m2) +C(m1™)
the above definition, we hawd/,,,,1 = W,,4» = ---. Since By Corollary 1, we have
0 < dimWp) < -+ < dim(W,) < n, we haveW,, = An An
W1 = ---. Thisimplies thatV,,,; C W, forj =1,2,---. Cmy Amp™) = Arpn (C(m2) + C(m1™))

Itis easy to see that for any switching sequeng@(r) C W,. 1hisimplies that

dim(C(ma A 7)) = dim(C(mg)) + C(7™))
Theorem 3 For system (1), there exists a basic switching se- > 1+ dim(C(7\™))
quencer, € II;, such thaC(m,) = W,,. —9



Thus, we construct switching sequences Appendix A

T = T, Proof: We still consider the cade = 2, since other cases are
Ty = ma AT, similar. By (8), we have
= ma A (Fa)" Cm) = R[4 1By + A7 74D, 4 + AP7ID; 5
oy APTIB 4 AlTMID, 4+ A,
and A:’QBz + A?z_thiJ + Di72 ,
Ty = Td. Ar2mip 4 Ahem=lp,
. hi1+1 h
Itis easy to prove that AT B+ AiDin, AP'Bi+ D,
Anip, oD ABr, B

dim(C(my)) > d oo
=R [AM AP " (A" B, + Di1) + Dis), -,
Thus,C(mp) = W,.
A;[Al»™M (Al B; + Dy 1) + Do),

ha—hy | gh
Corollary 2 System (1) is controllable if and only if AP (A B+ Dig) + Do
AP AM B + Dig) e
Wa = R" (23) Af(A'Bi+D;1), APBi+Diy,
A=l .. AB;, B

Remark 3 [14] considers a switched linear discrete-time sys-
tems with a single time-delay in control described as follows (26)

z(k+1) = Aygyx(k) + Broyu(k) + Dygoyu(k —h) (24)  Sinceh; —1 > n—1andhy —h; —1 > n—1, by the definition
o - of minimal invariant subspace and by Lemma 2, it is easy to see
and presents a necessary and sufficient condition for the ceRat

trollability of such systems as follows o) b
C(m) = (As| A" (A" By + Di 1) + Dy 2)

N +H(A| AV By + Di 1) + (A By)
VI = Z<Ai|[BiaDi]>a = (A;| AP (AM B, + Dyy) + Do)
=t +(A|AlPTM(AM B, + D)) + (4] Bi)

Ai| AP (AN B; + Dy1)) + (Ail Dy 2) + (A By)

N
Vo = A; V),
? Z< M) Ai|A]'B; + Dy 1) + (Ai| Dy 2) + (Al By)

(
i=1 <
...... 7 (25) (A;]AM B + Dy 1) + (Ai| D) + (A A B))
N = (A;|A]" Bi) + (Ail Din) + (4| Di2)
Ve = AV = (Ai| Bi) + (Ai|Dij1) + (Ai| D 2)
l Z:< Vo) = (Ai|[Bs, Di1 D))
= S @7)
If let L = 1 in equation (18), we getV,, = V,,. Therefore, it is On the analogy of this process, 1br> 2, we have
a special case of our results. C(r) = (Ay| Al o1 [ghea=hizzr [ gha—hi g g,
+D;1)+ Diol+ -]+ Dip—1]+ Dir)
Remark 4 We not only prove the existence of the basic switch- (A AP gl s gl (g g,
ing sequence, but also provide a construction method. By the +D; 1)+ Dig) +-- ]+ Dip o]+ Dipr 1)
proof of Theorem 3, it is easy to see thgtis not unique. One + ...
reason is thak; > n+ hy is not unique, gnd another reason is +<Ai‘Alf_Lrh1(Alei + Di1) + Dis)
that the subspaces,, - - -, V, are not unique. For system (1), (A AM B, + Dy ) + <A:\B<>
we can use only one basic switching sequence to realize the (m > .
o bty 9 5ed = (Al Bi) + (A Dia) + (Ail Dio) + -+ + (Ail D)
Y = (Ai|[Bi, Diy, Dig, -+, DiL])
(28)
5 Conclusion
This paper has studied the controllability of switched Iineﬁppend'X B

discrete-time systems with multiple time delays in control. Th&, ;¢ \we only consider the case, 1 € Il,, as the case,
concept of controllable state set has been introduced as the 3z 11, is similar. Suppose that

sic tool. We have proved that there exists a basic switching

sequence such that its controllable state set is exactly the con- k, times ko times
trollable state set of the system. In addition, a necessary and S {m} S {m}
sufficient condition for the controllability of such systems has Lo T
been presented. wherek;, ko > n+ hy.



By (8) and by Proposition 2, we have Acknowledgements

This work is supported by National Natural Science Founda-
tion of China (No. 69925307, 60274001), National Key Basic
Research and Development Program (2002CB312200) and Na-

tional Hi-Tech R:D 863 Project (No. 2002AA755002).
( |}A§22A§11h21[14?12h1 (A?ll Bil + Dil,l) + Di1,2] y T
A
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