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Keywords: Switched Discrete Time Systems, Switched LyaFhe paper is organized as follows. The next section gives the
punov functions, observer based control, Switched observgmmblem formulation. In section 3, the design of a switched

Linear Matrix Znequalities LMT). state feedback and a switched observer are considered sep-
arately. In Section 4 a separation principle is proved. This
Abstract shows that the observer-based switched control, obtained by

using simultaneously the switched state feedback and the
In this paper, we consider switched linear discrete-time sy8witched observer of section 3, stabilizes the closed switched
tems. We propose a method to design an observer-basgstem. We end the paper by an illustrative example and a
switched control which guarantees that the switched systeng@clusion.
asymptotically stable. The main result consists in proving a
separation principle for linear discrete-time switched SysteM§tations: We use standard notations throughout the paper.
Hencer the design of the switcheq state fgedback control aﬂd» is the transpose of the matrixt. M > 0 (M < 0)
the SV.V'tChed observer can be carried out |n.dependenﬂy. S%@ans thatV/ is positive definite (negative definited) andI
a design is formulated in terms dinear Matrix Inequalities denote the null matrix and the identity matrix with appropriate
(LMT). dimensions.X is the state spac®€ C R". B(0, R) denotes

the ball with center O and radidg and :
1 Introduction

In recent years, the study of switched systems has receiveti4 denotes the euclidian norm.
growing attention in control theory and practice. By switchelfid| = sup ”m” hencel| AB| < || Al || B
systems we mean a class of hybrid dynamical systems consist-
ing of a family of continuous (or discrete) time subsystems arHAqu = A, A, Ay
a rule that governs the switching between them. A survey iof!
basic problems in stability and design of switched systems is
given in [1] where some contributions are summarized. Mogt Problem formulation
of these contributions deal with stability analysis or design of . _ i
state feedback based control laws (see [2], [3], and referen&&sider the switched system defined by:
therein). Try1 = Ao + Baug 1)

ye = Caxg (2)
In this paper, the problem of switched output feedback contigheres, € R is the statey;, € R? is the control input and
design is addressed for switched discrete time systems. YWee R is the output vector.{(A;, B;,C;) : i € £} are a
propose a method to design an observer-based switchgfily of matrices of appropriate dimensions parameterized by
control with guarantee of asymptotic stability of the closegh jndex sef = {1,2,..., N} anda : X x N — £ is a switch-
loop switched system. The main result consists in provingigy signal ¢ = a(xy, k)). The switching sequence may also
separation principle for linear discrete-time switched systenig generated by any strategy or supervisor. We assume that

Hence, one may perform a separate design of the switched sfgeswitching signal is unknown a priori but real time available.
feedback control and the switched observer. The advantage

of the proposed control in addition to be an output feedback o )
based control is that the observer allows a direct access to'dlf Problem addressed in this paper concerns the design of an
the components of the state vector. This may be useful Rfpserver-based switched control law of the following form :
people interested by fault detection problems in the switched Trp1 = Aadp+ Batg + La(yi — O) (3)
systems framework.

I = Calg
Uk = Kafik, (4)



such that the corresponding closed loop switched system has been first used in [6] for uncertain linear time invariant
. . discrete time systems. Unlike [6] where this variable cannot

( Th+1 ) _ { Ao l?’a ] ( Tk > (5) be dropped since it plays a key role for stability analysis and
€k+1 0 A, €k control design, in the case of switched systems the additional

variablesG; can be omitted in analysis and state feedback
design and are useful for constrained control design problems
only. This has been proved in [4]. However, we prefer to

wheree, = z;, — Z;, denotes the observation error and

Ay = As+ BoK,

- + formulate the results on the basis of condition (9) to allow
Ay = Aq— L.C, (6) . . ) .

~ a direct extension of the results proposed in this paper to
B, = —B.K,

other constrained control laws. For example, the case of

is asymptotically stable. Such a switched control law is mofi¢centralized control design can be immediately solved using

realistic than the classical switched state feedback which fondition (9) with an appropriate partitioning of the matrices

quires the availability of all the state vector components. ~ Gi-  This prevents conservatism since it allows to keep the
structure of the Lyapunov matricés unchanged.

3 Separate design of the control and the ob-

server Remark 2 : A switched state feedback computed as indicated

in Theorem 1 ensures that the closed loop switched system

3.1 Switched state feedback design (8) is asymptotically stable under arbitrary switching signal

. ) ) This is equivalent to
The classical switched state feedback design reduces to the

computation of Vzy € R™,
up = Koxg, (7) VSE{(Z'07Z'1,7:2,...,Z'k,...)ZVk‘ZO, ik€{1,2,...,N}},
ensuring stability of the corresponding closed loop switched »
system lim [[Ai 20 =0
Tpp1 = (Ao + BoKo) (8 P70 '
N——————
A, =

under arbitrary switching signal. A solution has been pro-

posed to this problem in [4]. It is based on the use of switchedz, ¢ B(0, R), Jng,Vp >0,

guadratic Lyapunov functions and stability conditions from [5]'V37m+p € {(io,il, 1o, ... ,inﬁp) :
Vk=0,1,...,n5 +p,ir € {1,2,..,N}}

Theorem 1 If there exist symmetric matrice%, matricesG;,

. ni+p ~
and R;, Vi € &, such that Tty = H Ai,z0 € B(0, R/2)
G, +GF - S, (AG;+ B;R)T . k=0
( A.G; + BiR; s, >0 VY(i,j) € EXE -

©)
then the state feedback control given by (7) with Vo > 1,3n; (0),¥p 2 0,
Ki:RiGi_l Vie & (10) Vs 4p € {(io,il,iz,...,in/;_,_p) Vk=0,1,...,n5 +p,
ik S {1, 2, ceey N}} N
stabilizes asymptotically the system (8). .
nA" P

~ 1
Al < —
Proof: see Theorem 2 in [4] O kE[O k o

Remark 1: As shown in [4] for analysis and state feedback d&.2 Switched observer design
sign, the condition given in the previous Theorem is equivalent

to the following one : Consider the switched system defined by (1). The design of a
switched observer :
Si AiSi + BZRl T .. ~ ~ ~
< AiS; + BiR; ( s; ) ) >0 V(. j)eExé Trt = Aakp+ Bawk+ Lalye = 05) (g3
l ! (11) g = Ca
with K —RS Vie€ (12) for this system consists in computing the gain matriégs

i € €& such that the observation error between the state
The main difference is the introduction of an additionaf the switched system (1) and the stétg of the observer
variable G;. The introduction of an additional variabld (13) is asymptotically stable. The convergence to the origin



of the observation error has to be independent of the initRfoof : Assume that the matrix gairfs; and L;, Vi € £, have
conditionszg andzg, the inputu,, and the switching signal. been computed as indicated in Theorems 1 and 2. The closed
loop system resulting from the combination of the switched
state feedback and the switched observer is given by (5). As

Define the observation error ley = .. the error dynamic the errore, is asymptotically stable, it remains to show that

is given by: _ .
i1 = (Ao — LaCa) e (14) i1 = Aok + Bacy 17
i is also asymptotically stable. The later equation writes :
The following Theorem, gives sufficient conditions to build 1= ‘L}ioxj’ + Biﬂef) ) o (18)
such a switched observer. xg = Ay Aigxo + Ai, Bigeo + Bi, Aigeo
Theorem 2 If there exist symmetric matrices, matricesF;
andG; solutions of: p p P
Tp+1 = Ai To + Az Bz + Az leAz
Gi+Gl =8 GIA-FIC ] _ Wi, j) € € x € ’ k[[o ' 1};[1 o I¢1;[2 ' ’
ATG; - CTF, S; ) Vb J ’ v -2
. . . (.15) +...+HAMB”71HAW+...
then aswnched observét 3) exists and the resulting gairls Paly Pratins
are given by ., = =
Li=G, " TFl Vie& + A, B, [T Ai + Bi, ][4, | €o
k=0 k=0
According to Remarks 3 and 4, let
Proof: See theorem 4 in [7]. O m = max (n,n4)
we have,
Remark 3 : The same comments in Remark 1 hold with (11)
replaced by Vsp € {(i0,i1,42,..-,0n) : Yk =0,1,....,n, iy € {1,2,..., N}},
A?Sl - CZTFZ S] > O, V(Z,]) €& x g, HA,“C < <;) o"
(16) k=0
and (12) by T wheren = im + r withr < mande = max H/L
L,=8""F Ve ie{1,2,...,N}

Hence,
Remark 4 : A switched observer computed as indicated in

Theorem 2 ensures that the error dynamic (14) is asymptoti-)| o om 2
cally stable under arbitrary switching signal The properties HA‘ B HA' < HA_ HB HA'
stated in Remark 1 are verified with; and A replaced by 4 P RS = ST LA
and A respectively. (19)
4 A . inciole f di . pmo =2 1

_separation principle for discrete-time [140B:,_ [[Au|| < 654 = (20)

switched systems k=j k=0
In this section, we show that the switched output feedback con- with
trol obtained by combining the switched state feedback and o—  max H A,
the switched observer computed independently in the previous i€{1,2,...,N}
section guarantees that the closed loop switched system (5) is 8= max H B
asymptotically stable. ie{1,2,. N} I "
Y= max /All

Theorem 3 Assume that the matrix gaids; and L;, Vi € &, R e{1.2,.N}
have been computed as indicated in Theorems 1 and 2. Then & = max(o,0™)
the observer-based switched control (3)-(4) stabilizes asymp- 4 = max(y,7™) 1)

totically the closed switched system (5).



As:

pm

pm
lzpmill < T[T Awwo| + ||| T] 4w Bio
k=0 k=1
bm B B .
+ HAikBilAio + -
k=2
. j—2 A
+ HAszzj,l T + .-
k=j k=0
pm—2
+ Tpm 2 lpm—1 H Azk
k=0
pm—1
+ ipm, H Aik HeOH -0 -10
k=0
. Figure 1: Chaotic attractor generated by the switched system
we have : . . .
in the three dimensional state space
pm pm
~ . 1
lepmarll < | T[Anzo| +685>° o el @2) | | |
k=0 k=1 First, we design a switched state feedback using Theorem 1.
1\ P . pm The corresponding LMIs are found to be feasible and the ob-
[Zpm1ll < <2) lzoll + 87 5= lleoll (23)  tained matrix gains are :
|Zpmsr]| — 0if p— 00 O Ki=[1.3724 —0.7652 —0.7618]
It is well known that the separation principle does not hold in Ky = [0.1021 0.0360 0.0358]

general and one has to check carefully the validity of this prin-

ciple in other cases than the classical linear time invariant cagée design separately a switched observer using Theorem 2.
Hence, it is not obvious that the switched system (17) is asymjhe corresponding LMIs are found to be feasible and the ob-
totically stable even if the errer, converges asymptotically totained matrix gains are :

0. Theorem 3 gives a rigorous justification for a separate design

of the switched control and the switched observer. —0.3450 —0.3033
= 0.5650 |, Lo = | —1.3599
—0.1756 —0.0463

5 lllustrative example

The observer-based switched control obtained by combining
the previous results leads to a closed behavior corresponding
to the one depicted in figure 2.

Consider a switched system given by (1) whérg : i € £},
{B; : i € £} and{C; : i € &} are a family of matrices
parameterized by an index set= {1, 2} and

0 0.8 0.5 10

A;j=| hi 089 0 I |
—01 0 0.9

with i = 1,2 andh; = —aA1, ha = Mg 200 | L . | |

x1

B =1[001]T, By=1[0 —6(\ + X2)0]7

X2

Ci=[-11 -2 and Co=[-20.35 1] of

If the switching signal is characterized by 105 s 10 15 20 2 %

(24) of

and the parameters; = 1.12, A\, = 2 then the open loop 20 ‘ ‘ ‘ ‘ ‘
switched system may exhibit a chaotic motion as shown in ~ ° ) * ¥ * * *
figure 1 by using an open loop contre = 0 if 2} < 6 and

uy = 1 otherwise. Figure 2: The state components = [z} 27 x3]7 of the

closed loop switched system

o — 1 if o <6, with zy, = [z} 22 23]
2 otherwise

x3




The error behavior is shown in figure 3. The simulation is per-  * ‘ ‘
formed for the same switching rule as in (24).
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. . V = ;L{ka. with P a constant matrix. Finally, these results
Figure 3: The error behaviey, = z; — are also applicable to the classical discrete time varying case.
This case corresponds to a fixed switching sequence and can be

The designed observer-based control guarantees that the cI§§&¢ed by checking only the LMIs corresponding to the allow-
loop system in inconditionally stable that is under arbitra§P!€ sequence.

switching signala. A simulation has been performed with

«a = 1 for even samplek anda = 2 for odd sampleé and the References
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