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Abstract

A feedbackmodelfor financialmarketsis proposed,in which
thecontrolactionis anagent’sdecisionbasedon his beliefsof
thepricedynamicsandhisbehavior reflectinghisattitude,such
asrisk aversionor risk preference.An adaptationmechanismis
describedandtheconditionfor equilibriumis formulatedasa,
typically non-linear, fixedpoint problemfor operators.A data
drivenstochasticapproximationprocedureis givenfor theon-
line tuningof thepredictorto achieveequilibrium. Simulation
resultsarealsopresented.

1 Intr oduction

Financial markets are commonly modeled as open-loop
systemswhere a causalrelationshipbetweenvariablessuch
asthe demandfor a particularstockandits price is assumed.
However, thediscriminationbetweeninput andoutputis often
arbitrary, aspointedoutby Willems[20]. In theexampleabove
it is equallytruethatthepriceof astockinfluencesthedemand.
Thismutualcausaldependencegivesriseto afeedbacksystem.

Thepurposeof this paperis to studya particularexampleof a
feedbacksystemmodelingthe behavior of agentsof financial
markets.Theword agent is usedin a wide sense:it mayrefer
to a groupof economicplayers,suchasanindustrialsectoror
to dominantinvestorssuchascertainanalystsanddepositaries
of economicpower. In any case,theeffect of theagenton the
market is assumedto be macroeconomicallysignificant. The
dynamicrelationshipbetweendemandas input and price as
outputwill be fixed, this is the plant. The agentpredictsthe
observed price process,and using thesepredictionswill buy
or sell sharesaccordingto his/herstrategy or behavior which
reflectshis/herrisk aversion,conservatism,etc. A variety of
behaviorsof economicplayersis describedin Shefrin[18] and
Kostolany [12]. The agent’s actionwill thenshow up at the
input nodeof the plant togetherwith noiseandthuswe get a
closedloopsystem.

A key factor in the above model is the agent’s belief of the

price dynamics,and his/her predictive capability. For any
fixed predictorof the price process,denotedby

�
, we get a

closedloop dynamicsanda price dynamicsdependingon the
predictor

�
, for which the optimal or suboptimalpredictor

will be typically different from
�

. It is then reasonableto
remodelthepriceprocessandusea new, betterpredictor. This
iterative procedurewill be describedand analyzedfor linear
systemsin termsof transferfunctions.An on-line,data-driven
procedurewill alsobepresentedwhich is formally applicable
to non-linearsystemsaswell.

Thepaperis believedto contributeto thefruitful interactionof
economicsandcontrol theory, asput forward in Hansenand
Sargent[9].

2 A prediction-basedbehavior model

The price of a given stockat time ������� is denotedby �
	 .
If we considera portfolio with � stocksthen ��	 is a vector
in 
�� , its � th componentexpressingthe price of the � th stock.
Naturally, all componentsof the price process���
	�� shouldbe
non-negative. However, if we think of thepriceof a stockasa
measureof theprofitability of thecompany that issuesit, then
a negative pricecouldmeanthat thecompany is unprofitable.
Therefore,we assumethat the price process� of a stockcan
takeany valuesin 
 .

Thepricesaregivenby themarket. In general,thestockmarket
is modeledas a dynamicalsystemthat generatesprices. In
this paperthemarket is viewedasa blackbox, denotedby � ,
relatingtheinputprocess� to theoutputprocess� :��������� (1)

It is assumedthatstockpricesdependon thepastandpresent
valuesof the demandprocessand on the current stochastic
disturbancesenteringat theinputnodeof theplant � .

Thecontrollerrelatesthepriceandthedemandprocessesas� ���! "� (2)

where  is a dynamicalsystemsuchthat the demandprocess�
dependsonly on the pastvaluesof the price process.The

componentsof the demandsequence� � 	�� can also take any



valuesin 
 : this time a negative valuemeansthat the agent
would like to sell thestockconcerned.We assumethatstocks
areinfinitely divisible: any amountcanbepurchasedor sold.

Theinterconnectionof thetwo systems(seeFigure # ) is given
by theequation � 	%$�&'	(�)�*	 (3)

wherethestochasticdisturbance�+&,	-� is astationaryprocess.
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Figure1: Theclosed-loopsystem.

Now assumethat a new agententersthe stock market. He
observes a stock price process� which he assumesto be
stationary. Then basedon his beliefs and on other side
information,heconstructsapricepredictor

�
:1��� � � (4)

where
�

is assumedto beastrictly non-anticipating predictor,
meaningthat

1��	 dependsonly on thevalues�*2 for 354�� . The
letter

�
indicatesthat theagent’spredictionis basedon some

model
�

of thepriceprocess.

The agent uses this predictedprice to determinehis own
demand.We allow thepossibilitythathe/shebehaveslessthan
fully rationally. Proponentsof behavioral finance(asthesetof
theoriesbasedon this assumptionis usuallyreferredto) argue
that psychologicalphenomenaprevent decisionmakers from
actingin arationalmanner(seefor exampleGreenfinch[7] and
Shefrin[18]). Criticsof thistheory(seetheworksof Lucas[15]
andSimon[19]) claimthatthebehavior of theagentsis always
rationalfrom a particularperspective. In any casethestrategy
of theagentcanbeformalizedas6879� 1�
: � � (5)

where
6

is assumedto bea strictly non-anticipatingoperator.
Thedemandat agiventimedependsonly on thepastvaluesof
thepriceprocess.In this paperwe assumethatthebehavior of
theagentis fixed,i.e. theoperator

6
is consideredto begiven.

Example2.1 Supposeanagentat time � is trying to figureout
how muchof a given stockhe is willing to buy. Taking into
considerationall the relevant informationavailable,he makes
anestimateof thefutureprice,denotedby

1�
	;�=< . A reasonable

agentwould buy moreof thestockwheneverhisestimate
1��	;�=<

is greaterthanthecurrentprice �
	 , andwould buy lessif it is
theotherway round.Thusa simplerationalbehavior couldbe
describedfor exampleby theequation� 	=�?> � 	A@B<C�5DFE GIHKJ 1��	L���
	A@B< JNMPO6�Q�RTS � 1� 	 ��� 	A@B< � GIHUJ 1� 	 ��� 	A@%< JWVPO
where OYXZE is a thresholdvaluecorrespondingto transaction
costs,

6
is the numberof stocksthe agentwantsto purchase

and E 4F>[4�# , J > J]\ # is a parameterexpressingthefaith of
theagentin his pastdecisions.

Example2.2 A cognitive bias that frequently occurs is the
phenomenonof anchoring, also known as conservatism:
peoplehave in memorysomereferencepoints (anchors),for
example a previous stock price or price trend. They cling
excessively to prior beliefs when exposedto new evidence,
they reject new facts that are contrary to their preconcieved
ideas. This may be modeledas

1� 	;�=< being a function of� 	A@*^`_ � 	A@a^b@B<c_ �d�d� only (i.e. the agent does not take into
considerationthelast e stockpricesatall). For amoredetailed
expositionon theconceptof conservatismseeEdwards[4].

Example2.3 Anotherpsychologicalphenomenonextensively
studied by behaviorists is the so-called loss aversion.
Kahnemannand Tversky [10] find that even simple risk
aversioncanbe biased:empiricalevidenceshows that a loss
hasabouttwo andahalf timestheimpactof againof thesame
magnitude.Thisbehavior canbeformalizedby theequation� 	��?> � 	A@%<C� 6 � 1�
	=����	A@%<b� � � E � f 6 � 1��	L���
	A@B<b� @
wherethenotationsof thefirst exampleareused.

Combiningequations�-#c� - �hg`� , we getthefollowing diagram.

i � .j1�kl�/
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Figure2: A prediction-basedbehavior model.

Fixing
�

, the controller  m�n o� � � canbe calculatedfrom
equations(2) and(5): "���p� 6 7 �� �]: �



Assumingthat the closedloop systemis well-defined,a price
process���8��� � � is generated.It will bea stationaryprocess
with aspectrumdependingon  , andthereforeits leastsquares
predictor

��q
will alsodependon  , say

��q � ��q �h r� . If the
market is in equilibrium then

��q �+ r� will coincidewith the
initial predictorof theagent:� q �h o� � ���s� � � (6)

Typically, thiswill notbethecase.Instead,theagentnotesthat
thepricedynamicsdoesnotagreewith whatheassumedto be.
He updateshis predictor:he simply puts

� <5t � ��q �+ o� � ���
andusesthis new predictorwhendetermininghis demand.

As long as
��q �+ o� ��u �v�xw� �Uu

, the agentrepeatedlyupdates
hispredictor. Thefollowing questionsarise:y Is there a predictor

�Kz
for which the market is in

equilibrium,i.e.
��z

solves(6)?y Let {|� � �}� ��q �+ o� � �v� . Doestheiterativeprocedure�Uu �=<~��{|� �Uu � (7)

converge?y Let
�

be estimatedon-line from observed valuesof � .
Does the resulting stochasticapproximationprocedure
converge?

To deal with thesequestions,we leave our general setup
and turn to a mathematicallymore tractableclassof models,
namelylinearmodels.

3 Linear Models

To have an idea of the mechanismof prediction-based
behavioral models,from now onweassumethatthedynamical
systems� _ � _ 6 definedaboveareall linear. In particular �
is non-anticipatingwith an invertible constantterm �L� , � is
strictly non-anticipating(having no directterm)and6K7 � 1�
: � 6 < ��$ 6�� 1� (8)

where
6 < is a strictly non-anticipatingand

6 �
is a non-

anticipatinglinearoperator. Thusweget Z�� o� � ���p��� 6 <}$ 6 � � ��� (9)

Theresultingclosedloopsystemis well definedifJIJ �� JIJ �}� � J�J �5� 6 <}$ 6 � � � J�J �(� 4�#!�
Letting � bethetransferfunctionfrom & to � we get�������h r�}���+��$K�� r� @%< �p�
Write ������� @%<� ��� � &9� . Theoptimalone-stepaheadpredictor
of � is known to begivenby1���p�+���?� � � @B< ��� _

assumingthat � is inversestable,i.e. � is minimum phase
(seeCaines[2] andHannanandDeistler[8]). Thuswe arrive
at � q ���r�?� � � @%< � (10)

Substituting from (9) yields� q ��{|� � �}�)���?� � � @%< $�� � 6 <}$K� � 6 � � � (11)

Note that if
�

is non-anticipatingthenthe resultingoperator{|� � � is alsonon-anticipating.It is readilyseenthatequation
(11)hasa uniquesolutionif J�J � � 6 � JIJ �}� 4�# givenby�Kz �����r�?� � 6 � � @%< ���r�?� � � @%< $K� � 6 <b��� (12)

In thegeneralcase� maybenon-minimumphasesincethere
is adelayin themarket’sresponseto changein demands.Then
we first haveto performspectralfactorizationof � . Write��� @%<� �%�� @%<� �-��������)������ _
where �� is theconjugateof � and � is stableandminimum-
phase.Thentheleastsquarespredictoris obtainedby1�����+�r��� @%< ��� _
and thus {|� � � is defined by the following sequenceof
equations:  Z�p��� 6 < $ 6��'� ���������$��� r� @%< ��5���������� @%<� �a�� @B<� �-������{|� � �}�����?� @B< �
Conditionsunderwhich theabove mapping{ is a contraction
areyet to bedeveloped.

Now considera modelwith two agentswho areassumedto be
parallellyconnected(seeFigure3).i � .j1�kl�����/

& . 0
0

� .

j1�kl ������ �/
Figure3: A modelwith two agents.



For simplicity, we assumethat � is minimum phase. The
aggregatedemandis takento be� � � � $ � � � _
where

���
and

��� �
denotethe demandsof the first andsecond

participants,respectively.

Using linearity it is clearthat the studyof this systemcanbe
reducedto the study of a single-agentmodel with a mixed
behavior

6 � $ 6 � � . Proceedingthe sameway as above, we
get{|� � �}���r�?�L�c� @%< $K�L�W� 6 �< $ 6 � �< �L$K�=�T� 6 �� $ 6 � �� � � �
Theconditionfor stability is now that JIJ � � � 6 �� $ 6 � �� � JIJ �}� 4�# .
Thusthestability doesnot dependdirectly on thecontribution
of the individual players, but rather on their cumulative
contribution. Noticethattheoptimalpredictorcontainsfactors
of both behaviors

6 �
and

6 � �
; therefore,the above formula

cannotbe directly usedby the individual agents(since they
haveknowledgeonly of their own behavior).

4 Data-driven procedures

Theupdatingof
�

is easyif � is rationalandminimumphase:
all weneedis to identify � anduseequation(11). Thesituation
is completelydifferentin reallife financialmarketswhere� is
generallynon-rationalandnon-minimumphase.It is thenmore
reasonableto approximate� directly from data.Write�Y���s�
where � is the innovation processof � for a given fixed

�
.

In order to approximate� on the basisof observed valuesof� , we choosethe bestapproximationfrom someparametric
family � t �����!�; �� t  U��¡�¢£
(¤*¥ . If we have little prior
information,we maytry to fit an ¦�§¨�h©]� modelto our data.In
thiscase �8�p�'¦ J'ªN« R ¦ M © _ ¦ � ��� _ ¦ Q�¬®­`¯]° « ¥
where ¦ is a polynomial of the shift operatorand ¦C� is its
leadingcoefficient. Thebest © th-orderestimatorof thesystem
is definedby the methodof leastsquares:it is the one that
minimizes ± J ¦}� J � subjectto ¦²�?� ¤ . Thecoefficientsof the
optimalsolutioncanbeestimatedby solvingtheminimization
problem ³

G S´�µ`¶
·8¸¹�»º < �+¦}�*� � _
which is quadraticin thecoefficientsof ¦ andthuscaneasily
becomputed.Denotingthesolutionby ¦ q¤ , thepredictedprice
processis definedby

1�Y���+���?¦ q¤ �;� .

Now let
� � be an arbitrary fixed predictorand let ���;¼]� be

the best ¦!§o�h©]� approximationto the price dynamics. Let� �½����� @%< ��¼]� , and let the new price processbe ���;¼]� .

The best ¦!§o�h©]� approximationfor ���;¼]� will be denotedby���;  q �;¼]�v� . Themapping
�¿¾À {|� � � , see(10),now reducesto¼ ¾À   q �;¼]� .

For fixed ¼ , the predictionerror estimatorof   q �;¼]� would be,
in its simplestform,  � �=< ��¼]���[  � ��¼N�(�²Á� �»Â � �;¼]�v� � �;¼]� (13)

where � � _ � Â � areon-lineestimatesof��B�;  _ ¼N� t ��� @B< �; T�;�=��¼N�
for sometentativevalueof   and �� Â �;  _ ¼]� is thegradientof the
latter and Á VÃE is somestepsize. The above recursion(13)
is a stochasticapproximationprocedureparametrizedby ¼ . Its
associatedODE(seeBenvenisteetal. [1], Gerencsér[5], Ljung
andSöderström[14]) isÄ '	���¼N�s�p� Á ��Å Â �� c	b�;¼]� _ ¼N� (14)

where Å �;  _ ¼]��� #Æ ± J �B�;  _ ¼N� J � �
It is well known that Å Â �;  q ��¼]� _ ¼]�U� E and Å ÂÇÂ ��  q �;¼]� _ ¼]�is positive semidefinite. Assumingthat in fact it is positive
definite, the associatedODE (14) is asymptoticallystableat È��  q �;¼]� .
In thedata-drivenprocedurewe let ¼ to bereplacedby   � , i.e.
the predictionof � is performedusingthe latestmodelfor its
dynamics.Thuswefinally get  � �=< �[  � � Á� �»Â � � � (15)

where � � , � Â � are on-line estimates of ��%�;  � _   � � and�� Â ��  � _   � � , respectively.

Assumethat thereexists   qÇq �p¡ suchthat   q ��  qÇq ���m  q®q ,
i.e.   q®q is a fixedpoint of themapping¼ ¾À   q �;¼]� . Thenthe
associatedODEfor (15) is givenbyÄ 92~�p� Á�Å Â �; »2 _  »2b�}�
Note that stability of   qÇq doesnot follow from the assumed
asymptoticstabilityof thefrozen-parametersystem(14). Good
conditionsfor the asymptoticstability of   qÇq are still to be
found.

5 Simulation results

Thedata-drivenprocedurementionedabovewassimulatedfor
variousbehaviorsin aMATLAB environment.Figuref depicts
theresultsobtainedfor thephenomenonof lossaversion.The
market dynamicswas taken to be � 	 �ÊÉ q � 	A@%< $ZË q � 	A@ � $>"� � 	 � � 	A@B< �"$�& 	 andwe approximatedthe dynamicsof � 	
by an ¦!§o�-#c� model. A two-scaleprocedurewasapplied: the
parameter  wasfrozenfor # E stepsbeforeeachupdating.



0 5 10 15 20 25 30 35 40 45 50
95

96

97

98

99

100

101

102

103

104

105

106

Time

P
ric

e

observed price process 
predicted price process
                       

Figure4: Observedvs. predictedprices

6 Acknowledgement

Theauthorsacknowledgethesupportof theNationalResearch
Foundationof Hungary(OTKA) underGrantno. T 032932.

References

[1] A. Benveniste, M. Métivier, P. Priouret. "Adaptive
Algorithms and StochasticApproximations", Springer
Verlag,Berlin, (1990).

[2] P. E. Caines."Linear StochasticSystems",Wiley Series
in Probability and MathematicalStatistics,New York,
(1988).

[3] B. A. Carlson, D. K. Frederick. "Linear Systemsin
CommunicationandControl", JohnWiley & Sons,New
York, (1971).

[4] W. Edwards."Conservatismin HumanInformationPro-
cessing",In: Kleinmutz,B. (Ed.),FormalRepresentation
of HumanJudgement,JohnWiley & Sons,New York,
(1968).

[5] L. Gerencsér. "Rate of Convergence of Recursive
Estimators",SIAM Journal on Control and Optimization,
Vol. 30,No. 5, pp.1200-1227,(1992).

[6] L. Gerencsér. " ¦!§o�hÌ8� Estimationand Nonparametric
StochasticComplexity", IEEE Transactions on Informa-
tion Theory, Vol. 38,No. 6, pp.1768-1790,(1992).

[7] P. Greenfinch."Behavioral FinanceDefinitions", http://
//perso.wanadoo.fr/pgreenfinch/bfdef.htm, (2001).

[8] E.J. Hannan, M. Deistler. "The Statistical Theory of
LinearSystems",JohnWiley & Sons,New York, (1988).

[9] L. P. Hansen, T. J. Sargent. "Robust Control and
Filtering for Macroeconomics", To be published,

ftp://zia.stanford.edu/pub/sargent/webdocs/research/
/rgamesb.pdf, (2003).

[10] D. Kahnemann,A. Tversky. "Rational Choice and the
Framing of Decisions", Journal of Business, Vol. 59,
(1986).

[11] T. Kailath. "Linear Systems",PrenticeHall, Engelwood
Cliffs, New Jersey, (1980).

[12] A. Kostolany. "Börsenpsychologie", ECON Verlag
GmbH,New York, (1991).
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