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Abstract

In this paper, the speed control problem of linear in-
duction motors is considered based on a semi-current-fed
model. Once deriving the mathematical model consider-
ing end effects, adaptive control design is developed by
using so-called virtual desired variable synthesis. Based
on the synthesis method, the control law is naturally de-
duced while thrust load and mechanical parameters are
unknown. Finally, practical experiments for linear induc-
tion motors are carried out to verify the theoretical deriva-
tions.

Nomenclature
Via(Vep)  a-axis(b-axis) primary voltage
zsa(zsb) a-axis(b-axis) primary current
Ara(Arp)  a-axis(b-axis) secondary flux
R, (Rr) primary(secondary) resistance
L,(L,) primary(secondary) inductance
L, magnetizing inductance
M primary mass
D viscous friction coefficient
np number of pole pairs
T pole pitch
F electromagnetic thrust

1. Introduction

Linear induction motors (LIM) are important devices in
industrial applications due to their high reliability, mini-
mal mechanical loss, easy maintenance, high-initial thrust,
and less noise. The structure of an LIM is like an induction
motor (IM) cut open and rolled flat. Thus, the driver of
an LIM is similar to the traditional IM. However, for LIMs
we need to consider the end effect, which occurs at the en-
try and exit areas due to sudden change of fluxes [1]. The
end effect is an important feature while designing the con-
troller, but many works in previous literature lacks consid-
eration. In this paper, the end effect is modeled and con-
sidered in controller design. According to the model of a
three-phase LIM, a fifth-order model is given with respect
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to a fixed reference frame attached to the stator. Combin-
ing the end effects [5], we obtain the complete mathemat-
ical model of an LIM. Based on this model, we develop
an output feedback algorithm to achieve speed and flux
regulation in spite of unknown time-varying thrust load.

In this paper, we consider the speed tracking con-
trol problem for LIMs based on a newly proposed semi-
current-fed model [3]. This model has relaxed assump-
tions compared to the typical current-fed model [4]. Here
we either assume the current-loop maintains the primary
voltage upper bounded and/or that the L; norm of the
current tracking error is bounded. This approach is in con-
trast to the previous works on current-fed models where
an ideal current-loop control is assumed. For the problem
formulation of speed tracking, only the primary speed, pri-
mary voltage and current are measurable whereas thrust
load is unknown. In adaptive controller synthesis, a set of
virtual desired variables (VDV) is utilized and denoted to
be desired secondary fluxes. The VDVs are determined in
a straightforward manner once considering the principal
objectives of vector control the intention of achieving a
well performing current regulator and exact field orienta-
tion. To avoid using secondary flux feedback, an auxiliary
signal is imposed to relate the secondary flux error to the
measurable signals. From stability analysis, the proposed
adaptive controller is able to achieve asymptotic speed
tracking. In addition, the flux tracking is achieved if con-
dition of persistent excitation is satisfied [2].

2. Dynamical model of linear induction motors
with end effect

The structure of an LIM is similar to the IM. The pri-
mary is the same as a flat stator of IM. The secondary
consists of a sheet conductor with an iron return path for
the magnetic flux. Therefore § = Zd, w = Zv.

The model of a three-phase LIM without considering
end effect is represented by the fifth-order model:

Bi+ i+ ON = £= (1)
A—OA— Loy — 0 (2)
Mio+Bv = F-F (3)
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where ®; = Lpfle 4 Lalte '@ = 2y, — &1, g = gLe,
o=1Ls— Lr2n/L7"v i:[isa isb}Tv A :P‘m Arb}Tv V= [Vsa
VT, I = diag {1, 1}, J5 = (1) Bl . The scalar func-

tion F' represents the electromechanical coupling thrust,
which is expressed as F = ﬁ# (Aratsh — Arblsq), Where
np denotes one and a half therpole pair number. For an
LIM, when the primary moves, the magnetism of the sec-
ondary at the entry area will tend to resist a sudden in-
crease in flux penetration and only allow a gradual build
up of the flux density in the air gap. An equivalent cir-
cuit model is developed for LIM by adding the end effect.
When primary moves, a new field penetrates into the re-
action rail in the entry area, whereas the existing field
disappears at the exist area of the primary. The eddy
current grows very rapidly to mirror the primary current.
On the other hand, the eddy current at the exit gener-
ates a kind of weak field, dragging the moving motion of
the primary. When we do not consider the end effect, the
entry flux can be expressed as:

Xentry = | Aucos(120°) X, cos(240°)
= [ -in ia AT

Aw |

Because (if,4,,)max X Aentry, we obtain (iZ,:.,)max =

[ —%isu isw |7, where (12,47 Jmax is transferred

into the orthogonal two-dimension coordinate system and
. . . 9T

expressed as (1§mry)max = [ Xisa Xish ] . Therefore,

the entry eddy current decays with respect to time
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The averaged current leads to

. 1. (Te —t N T
lentry = T_vxlsa fo e Trdt Xlsbfo e Trdt

where T, = % and D; is the primary length. Define
T = %ﬁ = QL%E, where YT a is dimensionless constant.
Therefore,

iy = [ Xisaf (1) xisnf(T) ]' (5)

_ 1—e— T _t
where f(T) =5 r=7
current is reduced to

i = [ L+ xf(Disa [1+XF(Disy |

Consequently, the flux due to the eddy current can be
accounted by modifying

. The effective magnetizing

As = Ls[14 xf(T)]is + Lini,
Ar Lpip + L [1 4 xf(7))is.

On the other hand, we see the end effect as the influence
of the magnetizing inductance. Note that the root mean
square (RMS) value of the eddy current over the primary

1
('E ) 1—e 27\ 2
lentry max 27 .

The loss caused by the entry eddy current is expressed as:

length is given by (i, )rms =

—27 7672'1' .
Pentry = X2(17§’r )ZzaR’f‘ + X2(1 2T )ZibRT (6)
according to
(izntry)total = [ Xisa(l - eiT) Xiso(1 — eir) ]T-

The loss caused by the exit eddy current is expressed as:

(7)

Summing (6) and (7), the total loss due to eddy cur-
rent is expressed Pentry + Pezit = ifa [Rrxzf('r)] +
i2, [Rexf(T)] . The model (1)~(4) above can be ex-
pressed in a vector form:

Peait = 22(1— e )22 [i2, +1i%] .

Op(agi) + Pi+OX = £V, (8)
PAA) —OA — Lzfeqyi = 0 (9)
Mp(w)+Dv = F—-F (10)

Ty, Ly .
F = TPLT azi’JoA. (11)

where & = %%i + £%Tﬁﬂaz + %ala a1 = R.2f(Y),
az =1+ xf(T).

3. Problem formulation

In practical current-fed model, high-gain PI current loops
are imposed to regulate the primary currents. The concise
block diagram of a practical current-fed model system is
shown in Fig. 1. The block diagram illustrates that the
primary currents (i, 4s) are forced to track the reference
signals (i},, i¥,) by virtue of the PI control input defined
as follows:

~ t~
‘/:sa = _Kaplsa - Kai fo Zsadt (12)
-~ t~
Vo = —Kipisy — K [ ispdt (13)
where Zsa = lsq — Tags ?sb = 14, — U5, and the positive

gains Kop, Kai, Kpp, Kp; are properly chosen such that the
current loop has satisfactory performance. Therefore, the
dynamics of the primary currents (8) are neglected and the
reference signals of the primary are regarded as the control
inputs. In other words, we replace i with i*. Finally,
the reduced-order model of the LIM is expressed by (9)
and (10). However, due to current loop uncertainties and
saturation induced by high-gain control, the assumption
of an ideal current loop control in practical situations is
not easily satisfied. To cope with this problem, a semi-
current-fed concept is stated in the following assumptions:



A.1: By proper choice of PI gains in (12) and (13), the
current loop performs well such that V; is bounded, i.e.,
V; € L.

Since (12) and (13) is taken here as a stable filter driven
by V,, we have ;sa, isp € Lo according to A.1. A stronger
assumption is made as follows:

A.1’: In addition to A.1, the current tracking errors are
assumed to be a finite integrable function, i.e., isq, isp €
LN L.

Under the sense of A.1 or A.1’, we call this current con-
trolled LIM as a semi-current-fed LIM. This terminology
arises from the fact that A.1 and A.1’ relaxes the assump-
tion isq = i5,, isb = 15y, Which has been needed in typical
current-fed model control. Therefore the speed control de-
sign based on a semi-current-fed concept is a step closer to
practical situations. Before the controller synthesis, some
other assumptions are given:

A.2 The voltages and currents of primary, along with the
speed of primary are considered to be measurable.

A.3 Mass of primary M and viscous friction coefficient D
are unknown constants.

A.4 The parameters L,,, L., Ry, R, are known constants.
A.5 The load thrust F; can be parameterized as

Fl:[l v ’UQ][Gl 0 03]T5Yv0v

where 6 is the constant load in normal operation condi-
tions and 65, 63 are coefficients of the various loads.

A.6 The desired speed vy is a smooth and bounded func-
tion.

4. Design method of virtual desired variables
4.1 Mechanical loop control

First, consider the mechanical dynamics (10). The speed
tracking error ¥ = v — vq. Therefore, (10) is rewritten in
terms of ¥ as follows:

MU+ (D+k)o=F—Fi+ (Fg—YO0+k,o) (14)
where Fy denotes the desired thrust which produces the
desired speed; k, is a adjustable damping ratio; Y =[Y,
Dq v4) is a regression matrix; and @ = [@F M D]T is a
parameter vector. The damping term k,? plays a dom-
inant role on the transient response for speed tracking.
For speed tracking control, the desired thrust is naturally
defined to be

Fi1=Y0 — kv (15)

where 8 is the estimated vector of 8. Therefore the fol-

lowing error dynamics are obtained:
Mi+(D+k,)o=F—F;—Y6 (16)

with the estimation error 0=0-0. The update laws for
0 will be properly chosen such that responding effect for

the term containing 0 is driven to zero. Therefore the pri-
mary speed will converge to the desired value at a desired
rate based on a suitably chosen k, if F' approaches Fj.
To this end, the speed tracking control problem has been
reformulated into the thrust tracking problem. In other
words, the remainder of the control design is to generate a
thrust F' to track the desired thrust Fy while all internal
signals are maintained bounded. Consider the cascaded
subsystems (8) and (9). The vector control problem is
to design a desired current i* and a desired flux A4 inde-
pendently such that the electrical subsystem can generate
the desired thrust Fy. Here Ay is a VDV for A. From
the above statement and according to thrust equation (4),
synthesize the following

L .
Fy = W—?_iwagl*-r.]g)\d

T

(17)

Once i and A converge to i* and A4, F' converges to Fy.
Based on the semi-current-fed concept, the convergence
of i to i* depends on whether the current loop controller
satisfies the assumptions A.1 or A.1’. Consequently, the
objective of thrust tracking is reformulated into design-
ing i* and Ay such that A — Ay while satisfying (17).
In light of vector control analysis, we impose some condi-
tions on the VDVs i* and A;4. First, the optimal thrust
will be obtained by setting the magnitude of magnetic
flux to a constant value. To achieve this property, we let
[IAdll = ¢, where c is a given constant. This further im-
plies that the virtual desired flux in the primary frame
is Ag = (ccos (p(t)) csin(p(t))), where p (t) denotes the
angle between the stator frame and excitation frame which
is to be determined later. In light of the above, Ay and
i* are constrained by the following conditions: C.1 Ay is
kept constant by letting || A4]| = ¢; C.2 Ay and i* satisfy
(17). As a result, the control objective is to design i* such
that A — Mg, where Ay is constrained by C.1 and C.2.

4.2 Realization of VDV-synthesis

Since the secondary flux is not measurable, we omit the
use of flux sensors and reconstruct the flux signals without
using an observer. From (8) and (9), we have:

Bp (a2i) +p (A) = p(n) (18)

where p(n) = f(RLSiT + LL; aq)i+ f—;VS is a first order

filter. Integrating (18), the flux signals

A=n—Poi+ A (19)
where A is an unknown integration constant vector depen-
dent on initial conditions. From (19), the reconstructed
flux signals are expressed as A= n—pBasi + K, where A
is an estimated signal of A and is to be determined by
the adaptive mechanism. The overall VDV-synthesis al-
gorithm is given in the following:



Step 1 First, change the original flux tracking into the
tracking of reconstructed flux A to Ag. Define the tracking
error of reconstructed flux and error of estimated integra-
tion constant accordingly as A = A — Ay and A = A—A.
From (9), we obtain

;\ = )\ + :& }-\d

= ( vJy — —112 — _m_nk)\))\ + (7;1).]2

7L:12)A+L_7:R7'a21+£)\ —q (20)
where { = i—i*; ky > 0; ¢ is an auxiliary signal determined
later; and &y = (ZvJy—F2Tp) Ag+Lfle by AL R pi* +

A — Ay +c. Since & y Is a perturbation term in (20), set
&, = 0 to determine i* and p. From definition of A4, we
obtain

= L (- TIA-A -9
Y k@) , (21)

where the relation Ay = p(t)J2Ag (c.f., C.1) has been
used.

Step 2 Substitute (21) into (17) (i.e., satisfying C.2). The
result of the substitution along with C.1 is used to deter-
mine the angle p (t) where

~T
pt) = Zvt g (Re(E2 4+ LabX J200)

+(1§ + §)TJ2>\d) : (22)

Therefore i* can be rewritten in terms of Fy:

"= L (A (I + 29Ja) A — (A +5) = kaX) (23)

, where 1 = (LynkxX) T2 g+ Ly (T + 3 (A—i—c)TJzAd)

5. Adaptive mechanism and stability analysis
Based on the control law (23), the error dynamics (16)
and (20) are further expressed as

Mo+ (D + k) o

Lnp (. «T1 % TT X
= == (OAQITJz)\JranTJzA

+a{iTJ2>\d) ~ Y9 (24)

R
(%UJQ — ffIQ —

Lol )X +

+ (%ng — %}Ig) A+ %}Rrozﬁ— s (25)
where (11) and (17) have also been used. The semi-
current-fed LIM is carried out by taking the current error

(i—1") as the input of the PI current controller (12) and
(13). We now show that the tracking errors ¢ and X are

convergent once update laws for 0 and A are suitably cho-
sen. Consider a Lyapunov function candidate as

V=1aMd® + 106 T30+ LA X+ ATT;'A) (26)

where « is an arbitrary positive constant; and I'y = I'T,
I'; = I'T are positive definite adaptation gains. The time
derivative of (26) is

V = —aD+k)o*—
(1“2—15 - 17YT) + A" (F;ll +ZoJ A — Z=X

Be(1 4 Lok)A A+ B

~T
+—Mern 0, a21> +A (—MTLL’"" I3 i — c)

+—erﬁa2iT(a§np6J2)\d + R,)\).

The update laws for A and 8 are

A = Ty(Z0dIA - X omlatgyTai)  (27)
6 — —i,Y" (28)
The auxiliary signal ¢ is given as
S %6.]2 asl (29)
As a result, we arrive with the following equation
V < —a(D+k)0* —Z 1+ Lpk) X X
+£Lr:-a2}T[ aZnpyJohg Rl | [ § ]
(30)

Theorem: Consider a semi-current-fed LIM use virtual
desired flux with p(t) as (22), and control law (23). The
estimated parameters are updated by (27)~(28). If the
control gains k,, kx, ¢ and « are suitably chosen, the
closed-loop control system has the following properties:
(a) If A.1~A.6 are satisfied, all signals in the model
are bounded. Moreover, the tracking errors v and X with
respect to the current error i is finite-gain Lo stable, i.e.,

Iz P dr < e+ e [ HY(T)HQdT forz=[5 A |* and
some positive constants €1 and €s.

(b) If A.1°, A.2~A.6 are satisfied, then the tracking
errors ¥ and A asymptotically converge to zero as t — oo.

Proof. Part (a): From (30), we have

v < —llzll* + k| fi]| =1 (31)

where &€ = min (a (D + ky), %f— (1—|—Lmk:)\)>, and k =

Lu sup, ||Jazan,JaAg aoR,Ib]|| < co. Here the norm of

L

matrix Z2[ azanyJaAg a2 R,Iz | depends on ¢ which is



the magnitude of virtual desired flux and electrical pa-
rameters L, L,,, R,.. Therefore k is upper bounded by a

constant. In this case, (31) is rewritten as
Vo< —(-8)elal? —éeliall’ +k i Iz
< —(1-d)ele)’ (32)

where 0 < 6 < 1, V ||z|| > (kHTH/ée) This means if

i€ Lo and |z]| > (kHTH /(56), then V < 0. Hence we
conclude V is upper bounded, whereas error signals ¢ and
A are uniformly bounded. In other words, v, A € Ly and
all parametric errors A and 6 € L. Dueto A=A+ A
and )\ A € L., the secondary ﬂux A is therefore uni-
formly bounded. The investigation remains on the bound-
edness of signals i* and p (¢). Consider the dynamics of
the current in (8) rewritten as

Bp(azi) + (—T—mRL’; ag + Hel= 4 L%;al) i

= - (ngz - %512) At £V, (33)
From A.1, the current-loop induces the primary voltage
V, to be uniformly bounded. Therefore v, A, V, € Lo,
leads to the left-hand side of (33) to be uniformly bounded.
Furthermore, (33) is taken as a stable filter driven by a
bounded input. Thus the state i is uniformly bounded. In
addition to the fact that o, X, i €L, signals i* and p (t);

update laws 9 A and auxiliary ¢ are uniformly bounded.

Finally from the above analysis, we conclude that all sig-

nals on the right—hand sides of (24) and (25) are bounded,

which means z and z are uniformly bounded.
Furthermore considering (30) and facts

222 2

L ~  F a“mccn: o 212 R T
MT—L’”fﬁvozlesz\d < T 252 4 a24£’é ot

MﬂagiT/\ <

~T~ 272
ol R A+ Q2lufiniTy

L2

we are able to rewrite V as

Vo< —a(D+k - ) e
~Be (14 Lyky — L)X A eilufe |ff ’
— il ) (34)
where
Q = diag{a(DJrkv—%z)

%(1 + Lmk)\ - LT)I2}

Note that Q is positive definite in accordance to properly
chosen ky, k», ¢ and a. Integrating on both sides of (34)

leads to
/Ot zTQzdr < V(0)-V (¢t 22LL2R / H H dr
< V(@ —zzigi/ I H dr (35)
and thus completes the proof of (a).
Part (b): From A.1’, it follows that i € Ly. Now, form

the result of Part (a), we have z € Ly by (35). According
to 2z, Z € Loo, 2 € Lo and applying Barbalat’s lemma, it
is concluded that lim; .z (t). In other words, o and A
asymptotically converges to zero as ¢ — oo without the
persistent excitation condition nor using an observer. W
Since the secondary flux tracking error (A — Ay) equals to
(X + A), A —0is required to achieve A — Ay as t — oo.
In traditional adaptive approaches, zero parameter errors
are obtained only if the PE condition is satisfied. Here

we can further show that A tracks Ay when PE condition
succeeds.

6. Experimental results

The LIM parameters expressed in per unit values: rated
output power = 1 HP; pole pair = 2; rated voltage
Vs = 240 V; rated current I, = 5 A; primary length
D; = 0.24 m; pitch 7 = 0.465 m; nominal value of
M = 4.775 Kg; D = 53 Kg/sec; R, = 13.2 Q; R, = 11.78
Q; Ly =0.42H; L. = 0.42 H; L,, = 0.4 H. The control pa-
rameters are chosen as: k, = —450, k; = —350, o = 0.045,
k, = 300.5, kyx = 2.1 and ¢ = 25.61. Update gains are
set as I'y = 0.8, 'y = diag {361, 3e7% 3e7?, 3e2, 0.86}.
We first consider speed regulation for vy = 15(1 — e~10%)
cm/sec. The speed reference, speed response, and speed
error are shown in Fig. 2(a), 2(b), 2(c), respectively;
the primary voltage and primary current are shown in
Fig. 2(d), 2(e). Secondly, the reference speed is set at
vg = 15sin(27t) cm/sec. The speed reference, speed re-
sponse, and speed error are shown in Fig. 3(a), 3(b), 3(c),
respectively, the primary voltage and primary current are
shown in Fig. 3(d), 3(e).

7. Conclusions

In this paper, a complete mathematical model of an LIM is
derived. A semi-current-fed model for LIM is then intro-
duced. Based on the more practical model, an adaptive
controller for speed tracking is derived by using a VDV
synthesis method. The experimental results exhibit sat-
isfactory performance. Results with small overshoot, fast
transient behavior, and negligible steady-state error are
obtained.
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