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Abstract

This paper applies the nonlinear H∞ control theory to
helicopter hovering manuver whose complete six degree-of-
freedom nonlinear equations of motion with coupled rotor and
inflow dynamics are considered directly without linearization.
Under this approach, the exact nonlinear equations governing
both the longitudinal and lateral motions are considered. The
control surface inverse algorithm (CSIA) developed in this
paper to implement the nonlinear H∞ control surface
deflections is based on Moore-Penrose generalized inverse.
The implement technique is constructed based on minimizing
the global errors between the nonlinear H∞ commands and
actual control forces and moments. The separation principle
of nonlinear H∞ hovering control is verified by CSIA under
actuator with saturation and rate limit.

Nomenclature

R rotor radius (subscript T denotes tail rotor) (m)
ρ air density (kg/m3)
∧ main rotor speed (subscript T denotes tail rotor)

(rad/s)
β0 ,β1c, β1s collective, longitudinal and lateral flapping angle

of rotor blade (subscript w denotes hub/wind axes)
– in multi-blade coordinates (rad)

θ 1c, θ 1s longitudinal and lateral cyclic pitch
(subscript w denotes hub/wind axes) (rad)

CT, TTC main rotor and tail rotor thrust coefficients

γs shaft angle(positive forward, rad)
Ψw rotor sideslip angle (rad)

(1)
1sF one-per-rev sine component of out-of-plane rotor

balde force
(1)

2sF two-per-rev sine component of out-of-plane rotor
balde force

(1)
2cF two-per-rev cosine component of out-of-plane rotor

balde force
(2)

1sF one-per-rev sine component of in-plane rotor
balde force

(2)
1cF one-per-rev cosine component of in-plane rotor

balde force

β1cwT tail rotor cyclic flapping angle in tail rotor hub
/wind axes (rad)

0a , 0T
a main rotor and tail rotor blade lift curve

slopes (1/rad)
µf nodimensional total velocity incident on fuselage

pS nodimensional fuselage plane area

Cxf normalized fuselage x-axis force coefficient
θ pitch angle
µ normalized velocity in x-axis in hub-wind axis

system
µT normalized velocity at tail rotor

Tzµ total normalized tail rotor inflow velocity

θ0,θ0Τ main and tail rotor collective pitch angles (rad)
s, sT solidities of main rotor and tail rotor
θ1s Longitudinal cyclic pitch (subscript hw denotes

hub/wind axes)(rad)
λ0, λ0T main rotor and tail rotor uniform inflow

velocities in hub/shaft axes (normalized by ΩR)
θtw main rotor blade linear twist (rad)
c rotor blade chord (m)
Iβ flap moment of inertia (kg-m2)
Kβ Center-spring rotor stiffness (N-m/rad)
δ3, k3 mechanical hinge set angle (rad), k3=tanδ3

nγ , Tγ Lock numbers of main rotor and tail rotor

Tβλ tail rotor flap frequency ratio
γ1s rotor first harmonic longitudinal inflow

velocity in hub/shaft axes (subscript hw
denotes hub/wind axes) (normalized by ΩR)

1  Introduction
Many studies were established for dynamics of helicopter.
Padfield [1] has summarized the modeling of a helicopter, and
discussed about helicopter flying qualities. Based on
Padfield’s results, we built our helicopter model. Several
references can be found that use robust control techniques for
helicopter hover-control design, e.g. Apkarian et al [2]. The
practical application of nonlinear H∞ control theory is limited
due to the difficulties in solving the associated Hamilton-
Jacobi partial differential inequality (HJPDI). Recently,
nonlinear H∞ control has been applied to nonlinear spacecraft
[3], flight control [4]. The paper here derived control surface
inverse algorithm (CSIA) to implement nonlinear H∞



helicopter hovering control, which has not been considered in
the literature before.

2  Explicit Aerodynamic Model

A helicopter can be modeled as the combination of five
interacting sub-systems: mainrotor, fuselage, empennage,
tailrotor and engine[1]. The six degree-of-freedom rigid body
motion of helicopter can be described as following:

( )m U m WQ VR F ds s x x= − + + + (1a)

( )m V m UR WP F ds s y y= − + + + (1b)

( )m W m VP UQ F ds s z z= − + + +  (1c)

 ( ) ( ) ( ) ( )2 2I P I R PQ I Q PR I R Q I I QR L dxx xz xy yz yy zz l= + + − − − + − + + (1d)

 ( ) ( ) ( ) ( )2 2I Q I P QR I R PQ I P R I I PR M dyy xy zy xz zz xx m= + + − − − + − + + (1e)

( ) ( ) ( ) ( )2 2I R I Q PR I P QR I Q P I I PQ N dzz yz xz yx xx yy n= + + − − − + − + + (1f)

where U, V, W, and P, Q, R are standard notations for linear
and angular velocities, respectively, and all referred to the
fuselage (body-fixed) axes system, xxI , xzI  , …, etc, are the
moments of inertia of the helicopter; sm  is the helicopter's
mass. Forces (Fx, Fy, Fz) and moments (L, M, N) consist of (a)
aerodynamics force and moment, (b) gravitational force, (c)
propulsive force and moment. They can be described as the
sum of the contributions from the five sub-systems

sinx R T F tp fn sF X X X X X m g θ= + + + + − (2a)

sin cosy R T F tp fn sF Y Y Y Y Y m g φ θ= + + + + + (2b)
cos cosz R T F tp fn sF Z Z Z Z Z m g φ θ= + + + + + (2c)

R T F tp fnL L L L L L= + + + + (2d)

R T F tp fnM M M M M M= + + + + (2e)

R T F tp fnN N N N N N= + + + + (2f)
where the subscripts stand for: rotor (R), tail rotor (T),
fuselage (F), horizontal tail plane (tp), and vertical fin (fn).
The orientation of fuselage is defined in terms of Euler Angle
θ and φ  with respect to an earth-fixed axes system. In the
following, each term in the right-hand-side of Eqs.(2) will be
expressed as an explicit function of the control variables used
in the nonlinear H∞  approach. To further simplify the
notations, the following definitions are used:

( ) ( )0 0 00[ ] [ ] [ ]T T Tt U V W U V W u v w tσΣ = = + = Σ +

( ) ( )0 0 00[ ] [ ] [ ]T T Tt P Q R P Q R p q r tωΩ = = + = Ω +

( ) ( )
00 0 0

[ ] [ ] [ ]T T T
x y z x y zx y z

u t F F F F F F f f f u u tσΣ Σ= = + = +

( ) ( )0 0 0 0
[ ] [ ] [ ]T T Tu t L M N L M N l m n u u tωΩ Ω= = + = +

[ ] ,  [ ]T T
x y z l m nd d d d d d d dσ ω= =

where the symbol with subscript zero denotes the value at
equilibrium point (trim condition), and the lower-case symbol
denotes the deviation from the equilibrium point. However, it
needs to be noted here that we do not make the assumption of
small deviation, i.e., the nonlinear terms such as Tσ σ  and

Tω ω  are not negligible when compared with the linear terms
σ  and ω . The moments of inertia matrix MI  and the cross-
product matrix S(ω) induced by the vector ω=[p q r]T are

defined as

( )
0

,  S 0
0

xx xy xz

M xy yy yz

xz yz zz

I I I r q
I I I I r p

I I I q p
ω

 − − − 
   = − − = −   
   − − −  

The trim force uΣ0 and trim moment uΩ0 can be solved from
Eqs.(1) by 0ωωσσ ωσ ====== dd . Substituting
uΣ0 and uΩ0 into Eqs.(1), yields the nonlinear equations of
motion with respect to the equilibrium point as

( ) ( ) ( ) 1 1
0 0 s sS S S m u m dσ σσ ω σ σ ω − −= − − Ω − Σ + + (3a)

( ) ( ) ( )1 1 1 1 1
0 0M M M M M M M MI S I I S I I S I I u I dω ωω ω ω ω ω− − − − −= − − Ω − Ω + + (3b)

 According to the values of Σ0 and Ω0, three helicopter c
ontrol modes can be defined: (1) Velocity and Body-Rate
 Control Mode: Σ0≠0 and Ω0≠0; (2) Velocity and Attitu
de Control Mode: Σ0≠0 and Ω0=0;(3) Hovering Mode: Σ

0=Ω0=0. Letting Σ0=Ω0=0 in Eqs.(3), we have 
( )

( )

1 1

3 3

1 1 1

0 0 0

0 0 0

s s

M M M M

S d um I m Id

I S I d udt I I

σ σ

ω ω

ωσ σ

ωω ω

− −

− − −

−
= + +

−

          
                     

(4)

It can be seen that, even for hovering mode, the
equations of motion are inherently nonlinear. The associated
flight control problem is to design the control force σu  and
the control moment ωu  so as to nullify the velocity and body
rate of the helicopter and at the same time to track the attitude
command [ ]0 0 0φ θ ψ  in the presence of the external
disturbance. Eq.(4) can all be recast into the following
standard state-space form:

1 2( ) ( ) ( )x f x g x d g x u= + + (5)

where [ ]T T Tu u uσ ω= is the nonlinear H∞ command of control
force and moment to be determined in the next section.

3  Nonlinear H∞ Hovering Control

We will show that under nonlinear H∞ control structure, the
hovering attitude control can be separated from the hovering
velocity control. First, we consider Hovering Attitude Control
Loop. We need incorporating the quaternion parameters

1 2 3( , , , )ε ε ε η to describe the attitude dynamics of the flight
vehicle. Applying the representation of quaternion variation
as a function of helicopter angular rates, and removing the
velocity dynamics from the six degree-of- freedom equations
of motion, Eq.(3b) yields

( )( )

( )
1 2

1 1
1

( ) ( ) ( )

1
2 0 0

1 0 0
2

T c

M M
M M

cf x g x d g x u

I S

d d u
dt

I II S I

ω ω ω ω

η ε ω
ε
η ε ω
ω ω ω

− −
−

+ +

 + 
      
      = − + + =      
           − 

  

(6)

( )
1
22

13
1 ,
2

T
M

u

u

c
c

hI D Iz
u

u

ω η

ω
ω

ρ ω ω ρ
ρ

ρ

 
    + Π = =       

  

, ( )
3

1, 2D I Cos η−Π = (7)

where Π  is the rotation matrix from the body axes (fuselage
coordinate system) to the inertial axes. For notational
convenience, let the inertial axes be defined as the desired
orientations of the body axes, i.e., let the target value of Π be



I3. The geodesic metric D(Π,Ι3) measures the distance
between Π  and the identity matrix I3. The main purpose of
this control mode is to find cuω  such that the system's L2-gain

2L
z /

2L
dω <γ and keep D(Π,Ι3) as small as possible, i.e., to

keep the perturbed body frame close to the inertial reference
frame under the action of exogenous disturbance. It can be
shown (see Ref. [5]) that 

2L
z /

2L
dω <γ is achieved if there

exists a scalar C1 function E: Rn→R+ with E(0)=0, satisfying
the following HJPDI

2

1 1 2 2 1 12

1 1 1
0

2 2

T T

T T T

E

E E E
f g g g W g h h

x x xγ
−∂ ∂ ∂

+ − + <
∂ ∂ ∂

      
            

  (8)

where [ ]1 2/ / / / T

nE x E x E x E x∂ ∂ = ∂ ∂ ∂ ∂ ∂ ∂ . WE=diag(wx

wy wz wl wm wn) and ρu, ρω, ρη in Eqs.(7)~(8) are weighting
coefficients concerning the trade-off between tracking performance
and control effort. By choosing weighting coefficients properly, it is
possible to obtain an acceptably small 1h  without consuming a lot

of control effort cuω . If such a qualified E can be found, the
nonlinear H∞ flight controller is then given as

2

2

Tc E
W g

x
u ωω

− ∂
= −

∂
(9)

Substituting the corresponding f(x), g1(x), g2(x), and h1(x)
from Eqs.(6)~(7) into Eq.(8). Motivated from the linear result,
we search for a possible quadratic solution in the form

( ) ( )1 2 1 0
2

T T
M ME x C I C I Cω ωε ηω ω ω ε η= + + − > (10)

cuω is determined by Eq.(9) and the result is

( )2
1

u

cu C Cω ωεω ω ε
ρ

= − + (11)

Where Cω and Cωε  satisfy

( )
2 2 2 2 2

2 2 2 2,  3 / 2u u
M

u u

C C C Iη
ωε ω ωε ω

ρ π ρ γ ρ γ ρ
γ ρ γ ρ

> >  +  − −
(12)

Next, we consider Hovering Velocity Control Loop. From
Eq.(3a), the hovering velocity dynamics is given by

( ) 1 2( ) ( ) ( )
1 1

s s

cf x g x g x uS d u d
m mσ σ σ σσ ω σ + += − + + = (13)

1
2

1
1
2

T
s

u

u

hmz
u

u

σ

σ

σ

ρ σ σ
ρ

ρ

 
     = =       

  

(14)

And the corresponding control problem is to determine
cuσ such that the system's L2-gain 

2 2
/

L L
z dσ γ< . The

candidate solution of the HJPDI is chosen as

( ) 1
2

T
sE x C mσ σ σ= (15)

At the first glance, the velocity dynamics interacts with the
attitude dynamics via the term S(ω) in Eq.(13); however, the
interacting term during the formation of HJPDI with states
x=σ in Eq. (8) disappears by means of the property:

( )( ) 0
T

T
s

E f C m Sσ σ ω σ
σ

∂  = − = ∂ 

Which makes the final hovering velocity controller uσ　

independent of uω:

( )
2 2

2 2 2

1 ,       
2

s u

u u

mu C C σ
σ σ σ

ρ ρ γσ
ρ γ ρ

= − ≥
−

(16)

The result means that the six degree-of-freedom hovering
control design can be divided into two independent loops: the
velocity control loop wherein only velocity dynamics is
considered, and the attitude control loop wherein only attitude
dynamics is considered. It is so-called nonlinear H∞ hovering
control separation principle.

4 Helicopter Pitch Control

The desired forces and moments commands cu of a
helicopter to withstand the exogenous disturbances have been
obtained in Eq.(11) and Eq.(16) by nonlinear H∞  control
theory. For a typical helicopter with four pitch control [1], it
is not possible to exactly implement the nonlinear H∞

command uc, which has six independent components. The
best forces and moments ub which can be generated by
helicopter pitch control to follow the command uc is
determined such that the following command tracking error is
minimized:

( ) ( )Tc b c b
error u uJ Q u u Q u u= − −              (17)

where weighting matrix Qu is used to filter the force and
moment commands uc in order that the pitch control actuators
can be operated in their unsaturated regions. Usually we can
express ub (including forces and moments, coming from the
various helicopter components) explicitly in terms of blade
pitch angles 

0 1 1 0
( , , , )

T
c s

θ θ θ θ , flapping angles 
0 1 1

( , , )
c s

β β β ,

and thrust coefficients ( , )
T

T T
C C . In general, only four of

these parameters are independent; once any four of these
parameters are given, the remaining parameters are
determined accordingly. Careful inspection of the explicit
model[1] indicates that the forces and moments can be most
naturally expressed in terms of the four parameters: 

1c
β , 

1 s
β ,

T
C , and 

T
T

C . We will start with x-axis total force Fx in Eq.(2
a).

1 11 1c C C TT c s TT
x x x T x c x s x TF F F C F F F C

β β
β β= + + + +       (18)

where 2 4/( )x xF F Rρπ= Ω , and

1

1

1 1

(1) (1)

0 2 2

(1) (1)

0 2 2

2 4

1

(1) (

0 1 0 1

( cos cos sin cos 2sin ) / 2

(cos )( cos 2 sin 2 ) / 8

(cos )( sin 2 cos 2 ) / 8

, ( / ) ( / )

(cos )( cos

CT

c

s

CTT

c

x cw w s sw w s s

x s c w s w

x s c w s w

x T cwT T T T

x s c w s

F

F a s F F

F a s F F

F R R

F a s F F

β

β

β ψ γ β ψ γ γ

γ ψ ψ

γ ψ ψ

ν β ν

γ β ψ

= + +

= +

= − +

= = Ω Ω

= + 2) (1)

1 0

2(2) 2 4

1

cos sin

sin ) / 4 ( / 2) sin /( )
f

w s w

pc w f x

F

F S C mg R

ψ β ψ

ψ µ θ ρπ

+

− + − Ω

(19)

The entity with over-bar symbol is non-dimensionalized by
the following rules: force is divided by ρπΩ2R4; moment is
divided by ρπΩ2R5, area is divided R2; length is divided by
R ; velocity is divided by RΩ ; angular rate is divided by
Ω . The derivations of yF , zF , L , M  and N  are similar

to xF . We represent forces ( xF , yF , zF ) and moments

( L , M , N ) in the form of



*bu A uδ= + (20)
where

x

y

zb

F

F

F
u

L

M

N

=

 
 
 
 
 
 
 
 
   

, 

1 1

1 1

1 1

1 1

1 1

1 1

C CT c s TT

C CT c s TT

C CT c s TT

T c s TT

T c s TT

T c s TT

x x x x

x y y y

x z z z

C C

c C

c C

F F F F

F F F F

F F F F
A

L L L L

M M M M

N N N N

β β

β β

β β

β β

β β

β β

 
 
 
 
 

=  
 
 
 
 
  

, 1

1

T

T

c

s

T

C

C

β
δ

β

 
 
 =
 
 
  

,  
*

c

c

c

c

c

c

X

Y

Z
u

L

M

N

=

 
 
 
 
 
 
 
 
   

Applying Moore Penrose inverse formula, we can solve
the optimal δ  minimizing Jerror as 

( ) ( )1 *T T c
uA A A Q u uδ

−+ = − (21)
It is noticed that entry of A also depends on the flapping

angles and pitch angles that cannot be known in advance.
Therefore, an initial guess of δ and an iteration algorithm to
obtain the steady-state δ are necessary. The procedures of
implementing helicopter pitch control from the nonlinear H∞

command comprise
(a) Choose an initial guess of 0θ , 1cβ , 1sβ , and 0Tθ  to

form vector δ .
(b) To iterate the main-rotor inflow .
(c) Search fuselage aerodynamic coefficients:

fnyC , 
tpzC , 

fxC , 
fyC , 

fzC , 
flC , 

fmC , and 
fnC from

aero-data table.
(d) To iterate the tail-rotor inflow.
(e) Evaluate Jacobean matrix A and u* in Eq.(20).
(f)  Apply Eq. (21) to solve 

1 1 T

T

T c s TC Cδ β β+ + + + +=    .

(g)  Use TC +  to calculate 0θ +  as

   1

0

0 2 2

0

2

2 21

1 / 3 / 2 1

2 4

hw

T hw
s

z
tw

C p

a s

µ
θ

θ
µ µ λ µ

θ

+

+

− +

=
+ − +

− −

  
    

   
      

      (22)

(h) Use 0θ +  to calculate 0β +  as

( )

( ) ( )

2
2

0 1

0 2

0 1

1 4
1 4

5 6 3

8 4 2

3 3

hw

hw

tw s

z hw spβ

µ
θ µ θ µθ

γ
β

λ
µ λ µ λ

+

+

+ + + +

=

+ − + −

  
    

 
  

         (23)

(i) Evaluate main-rotor pitch
0 0

1
1 1

1 1

w w

w w

c c r

s s

M M Mθ β

θ β
θ β
θ β

+ +

+ − +

+ +

    
    = −    
        

                  (24)

(j) Evaluate the effective tail-rotor collective pitch

    0*

0 2

0

23

1 3 / 2 2
T T

T

T z T

T

T T

C

a s

µ λ
θ

µ

−
= −

+

 
 
 

            (25)

  and the new tail-rotor collective pitch
( ) ( ) ( ) ( )2* 2 2

0 0 3 3 01 1 / 8 / 6
T T T T T TT T T zk kβ βθ θ γ µ λ γ µ λ λ+ = − + − −   (26)

(k) Stop the iteration if δ δ ε+− ≤  is achieved; otherwise,

reset δ δ += and repeat the steps (b) ~(k).

5 Flight Simulation

Numerical simulation environment will be constructed for the
validation of the nonlinear H∞  control law designed earlier.
The simulation flow chart is depicted in Fig.1. The following
are the procedures for helicopter
(1) Evaluate 

0
β , 

1c
β , 

1 s
β , 

0
λ  and 

0
T

λ  according to the

current state variables and control variables 
0

θ , 
1c

θ ,

1s
θ , and 

0
T

θ .
(2) Search for fuselage aerodynamic coefficients:

fxC , 
fyC , 

fzC , 
flC , 

fmC , 
fnC , 

tpzC , 
fnyC .

(3) Compute aerodynamic forces and moments by the
formulas.

(4) Substitute forces and moments into Eqs.(1) and
integrate the resultants to obtain U, V, W, P, Q, and R.

(5) Use P, Q and R to compute quaternion by integration.
(6) Transform quaternion into Euler angles.
(7) Calculate the tracking errors of velocity, u, v, w, and

body rate p, q, r.
(8) Feed u, v, w, p, q, r back to the nonlinear H∞ controller

to obtain the commanded forces and moments by
employing Eq.(11) and Eq.(16).

(9) Determine CT, β1s, β1c and 
TTC  from Eq.(21), and

determine pitch angles 0θ , 1 hwcθ , 1 hwsθ from Eq.(24)

Fig.1  Flow chart for nonlinear H∞ helicopter control.



0 1 2 3 4
-10

0

10

20

30

u 
(m

/s
ec

)

ideal decoupling control

actual decoupling control

0 1 2 3 4
-20

-10

0

10

20

v 
(m

/s
ec

)

ideal decoupling control

actual decoupling control

0 1 2 3 4
-10

0

10

20

30

w
 (

m
/s

ec
)

ideal decoupling control

actual decoupling control

0 1 2 3 4
-4

-2

0

2

p 
(r

ad
/s

ec
)

ideal decoupling control

actual decoupling control

0 1 2 3 4
-2

0

2

4

q 
(r

ad
/s

ec
)

time(sec interval)

ideal decoupling control

actual decoupling control

0 1 2 3 4
-10

-5

0

5

10

r 
(r

ad
/s

ec
)

time(sec interval)

ideal decoupling control

actual decoupling control

5.1  Regulation of Nonlinear H∞  Hovering Control

To illustrate that the convergence of the nonlinear H∞

hovering control with actuator constraints is not merely local,
we perturb the six DOF nonlinear motion to an initial
condition far from trim condition, and then verify its
convergence. The pitch control actuators are modeled as two
cascade second order systems with damping ratio 0.7 and
natural frequencies 140 and 70 for fly-by-wire and primary
actuators, respectively, as shown in Fig.2. The main motor
and tail rotor collective pitches are limited between [6.250

23.250]. The allowable intervals for longitudinal and lateral
cyclic pitches are [-8.70 140] and [-70 80], respectively.

Fig.2  Actuator model
Initial perturbed condition: Σ=[U V W]T =[20 20 20] (m/sec),
Ω=[P Q R]T =[0.5 .5 1] (rad/sec) and desired trim condition:
Σ0=[U0 V0 W0]T =[0 0 0] (m/sec), Ω0=[P0 Q0 R0]T =[0 0 0]
(rad/sec).The upper bound of the L2-gain is selected to γ=2;
the weighting coefficients ρε is set to 0.5, and the weighting
Qu is consisting of Qu= ρu WE.
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3

4
1 0

0.01 0 0.5
,  

0 0.12 .8
0 0.03
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u E

I
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I
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= =   
   

 
 
  

Substituting the above given data into Eq.(12) and Eq.(16)
yields the admissible bounds for the feedback gains Cσ=
1.3978 and Cω=.8981 which are, in turn, used in Eq.(11) and
Eq.(16) to give the required control force uσ and moment uω.

The initial condition is very far from the equilibrium states.
We plot the state responses in Fig.3 for control inputs of
u=ua. ua is the control surface deflection commands ( ub ) with

both amplitude and rate constraints. The longitudinal states u,
w, q converge at about 15 sec and downward speed w
approaches the steady state about 2 m/sec, while the lateral
states v, p, r converge rapidly at about 1.5 sec without steady
state error. It reveals that the control ability in the longitudinal
direction is not very well. The drawback can be overcome by
adjusting the shaping and weighting matrix. Dashed lines in
Fig 3 show the response when control variables θ1c and θ0T

fail to work. We assume θ1c and θ0T are fastened at 00. Under
this situation, convergent rate is very slow in forward speed
deviation u and causes large steady-state error 10 m/sec in
downward speed deviation w, while there are little effects in
pitch rate deviation q. Without the control variables θ1c and
θ0T defection, nonlinear H∞  controller still has sufficient
ability to stabilize the lateral states.

5.2 Verification of Decoupling Control in Hovering Mode

We have mentioned the property that under nonlinear H
∞ control structure, the hovering attitude control can be
separated from the hovering velocity control. To illustrate the
separation principle of the nonlinear H∞  hovering control
with/without actuator constraints, we perturb the six DOF
nonlinear motion to an initial condition far from trim
condition, and then verify its convergence.

As has been shown the hovering attitude control loop
and the hovering velocity control loop for vertical take-off
and landing vehicles can be designed independently under the
framework of nonlinear H ∞  control. To verify this
decoupling property numerically, we intentionally disconnect
the hovering attitude controller, and let only nonlinear H∞
velocity controller obtained from Eq.(16) remain operational.
The trim condition for hovering mode is Σo=Ω0=0, and let the
initial conditions for the perturbation be [u(0) v(0) w(0)]=[100
100 100] (ft/sec) and [p(0) q(0) r(0)]=[0.1 0.1 0.1] (rad/sec).
The RMS time responses of the corresponding six DOF
motion for u=uc case is plotted (solid line). As expected, the
uncontrolled attitude loop is divergent, but the velocity loop is
convergent under the nonlinear H ∞  control, being not
influenced by the divergent attitude dynamics. For u=ua case,
it is difficult for pitch blade deflections to create such control
forces and moments that only control velocities but not for
body rates. The fact can be observed in the linear control
matrix B that all control variable deflections affect all
velocities u, v, w and body rates p, q, r. Hence, we let control
variable deflections θ0,θ1s, θ1c, and 

T0θ only track control
forces Fx, Fy, Fz, and disconnect the hovering attitude
controller, hence only nonlinear H ∞  velocity controller
remains operational. On the other hand, for the trim condition
Σo=Ω0=0, the control surface matrix A can be calculated from
Eq.(20) as follows

0.0676 0 0 0
-0.0043 0 0 0.03
0.9977 0.0000 0.0000 0

0 0.0001 -0.0067 0.0054
-0.0107 -0.0067 0.0001 0
-0.0000 -0.0000 -0.0005 -0.0358

A

 
 
 
 −
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Figure 3 State responses of hovering control. Solid lines
denote normal hovering control. Dashed lines denote
variables θ1c and θ0T failing to work
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One can find that forces are mainly produced by CT and

TTC , while β1c and β1s almost have no effect to them.

Therefore, only CT and 
TTC are chosen to track required

forces. We assume that β1c and β1s are fixed at trim
condition –0.008 and 0.0042, respectively. The ρu and WE are
set as following:
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where the symbol * here denotes that we don’t care the value.
It is noticed that the control variable deflections θ0,θ1s, θ1c are
transformed from β0, β1c, β1s in Eq.(24). It means that even β1c

and β1s are fixed, θ1s and θ1c will not be constant.
The decoupling control verification for control input of

u=ua case shows in Fig.4 where initial condition are Σ=[U V
W]T =[20 20 20] (m/sec), and Ω=[P Q R]T =[0.5 0.5 0.5]
(rad/sec). This decoupling phenomenon can be observed from

velocities are stabilized and body rates are divergent. It is
noticed that the decoupling effect in nonlinear H∞ hovering
control has not the assumption of small perturbation. The
initial condition is far from the equilibrium states. This
decoupling property is different to linear flight control design
wherein longitudinal control can be decoupled from lateral
control when vehicle's perturbation is small, especially body
rates.

While the separation principle is valid only during the 3
sec shown in Fig. 5. The induced forces from divergent body
rates exceed the control forces created by control variable
deflections. It can be realized that the control variable
deflection θ0, θ1s, θ1c, θ0T are all saturated for t>3.5 sec. It
implies that actuator restrains decoupling control ability. The
decrease of ΩT, which is dependent on the increase of θ0. One
can notice t>4.35 sec that the helicopter will tend to crash

with a too low ΩT because of the long time saturation of
collective pitch. Another limitation of actuator to separation
principle is the convergent rate. For u=uc case, velocities
converge at about 0.15 sec and body rates remain around
steady state condition, but there is slow convergent rate for
u=ua case. However, the responses still show the tendency of
separation property for nonlinear H∞ hovering control.

6 Conclusions

In this paper helicopter hovering controllers were
designed under the complete six degree-of-freedom equations
of motion without the assumption of small perturbation. The
key feature of this paper is the practical discussion on how to
implement blade pitch angles from the nonlinear H ∞

command. Regulation and separation principle of nonlinear
H∞ hovering control were validated via control surface
inverse algorithm (CSIA). The separation principle is valid no
more than actuators being working. In ideal case, if actuators
could output arbitrarily, the separation principle of nonlinear
H∞ hovering control would be always valid.
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