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)URP������LW�IROORZV�WKDW�LQ�WKH�FRPPRQ�FDVH��LQ�RUGHU�WR�GHULYH�WKH�RSWLPDO�VPRRWKLQJ�HVWLPDWH�LW�LV�QHFHVVDU\��ILUVW��WR�ILQG�WKH�RSWLPDO�HVWLPDWH�YHFWRU ��Ö W[ ��DQG�WKHQ��XVLQJ�WKH�YHFWRU� ��Ö W[ DV�WKH� Q � GLPHQVLRQDO�PHDVXUHPHQW��SURFHVV�LW�ZLWK�WKH�XVH�RI�WKH�DOJRULWKP��������7KH�HIILFLHQF\�RI�VPRRWKLQJ�LQ�GHWHUPLQJJUDYLW\�DQRPDO\,Q�RUGHU�WR�FRPSDUH�WKH�HIILFLHQF\�RI�ILOWHULQJ�DQG�VPRRWKLQJ�DOJRULWKPV�XVHG�LQ�WKH�SURFHVVLQJ�RI�VDWHOOLWH�PHDVXUHPHQWV�RI�DOWLWXGH�DQG�YHUWLFDO�YHORFLW\�LQ�DHURJUDYLPHWU\��DQG�DOVR�WR�VWXG\�WKH�HIILFLHQF\�RI�WKHLU�LQWHJUDWHG�SURFHVVLQJ� LW�LV�QHFHVVDU\�WR�VSHFLI\�VRPH�VWRFKDVWLF�PRGHOV�IRU�*$�DQG�HUURUV�RI�WKH�VDWHOOLWH�PHDVXUHPHQWV��7KH�SUHYLRXV�LQYHVWLJDWLRQV�VKRZHG�WKDW�WKH�HUURUV�RI�WKH�VDWHOOLWH�PHDVXUHPHQWV�RI�DOWLWXGH�DQG�YHUWLFDO�YHORFLW\�FDQ�EH�GHVFULEHG�DV�WKH�ZKLWH�QRLVHV�ZLWK WKH�LQWHQVLWLHV��]95  �����P�V��V��DQG� K5  ������P��V��UHVSHFWLYHO\�>�@��DQG�WKH�LQVWUXPHQWDO�HUURUV�RI�WKH�JUDYLPHWHU�XVHG�DV�WKH�ZKLWH�QRLVH�ZLWK�WKH�LQWHQVLW\�� ��P*DO��V�>�@��*UDYLW\�DQRPDOLHV�FDQ�EH�GHVFULEHG�E\�D�SURFHVV�ZLWK�WKH�VSHFWUDO�GHQVLW\�>�@

��� ���a�a ������ D�Z D�ZVD Z JJ6 � ����
ZKHUH�WKH� JaV LV�WKH�*$�URRW�PHDQ�VTXDUH��506��YDOXH��D LV�WKH�YDOXH�UHYHUVH�WR�WKH�FRUUHODWLRQ�LQWHUYDO��,W�LV�QRW�GLIILFXOW�WR�VKRZ�WKDW�WKLV�SURFHVV�FDQ�EH�GHVFULEHG�E\�XVLQJ�D�WKLUG�RUGHU�VKDSLQJ�ILOWHU�ZLWK�FRQVWDQW�FRHIILFLHQWV��ZLWK�VFDODU�IRUFLQJ�QRLVH�DUULYLQJ�DW�LWV�LQSXW�



8QGHU�WKH�DVVXPSWLRQV�PDGH�WKH�SUREOHP�UHGXFHV�WR�HVWLPDWLRQ�RI�WKH�ILYH�GLPHQVLRQDO�YHFWRU� [ ZLWK�WKH�FRPSRQHQWV� 7] [[[9K[ ������ ���GG ��+HUH�WKH�ILUVW�WZR�HTXDWLRQV�KDYH�WKH�IRUP
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JJ] ] ZTJ9 9K � G G G �� ����
ZKHUH� JZ LV�WKH�ZKLWH�QRLVH�WKDW�GHVFULEHV�WKH�JUDYLPHWHU�HUURUV��ZKLOH�WKH�RWKHU�WKUHH�HTXDWLRQV�FRUUHVSRQG�WR�WKHVKDSLQJ�ILOWHU�IRU�WKH�HTXDWLRQ� Ja ��7KH�HTXDWLRQV�IRU�WKH�GLIIHUHQWLDO�PHDVXUHPHQWV�RI�FRRUGLQDWHV�DQG�YHORFLW\�ZLOO�KDYH�WKH�IRUP� ������ WYW[W\ LLL � �� ��� L � ����
$Q\�FRPSRQHQW�RI�WKH�YHFWRU� [ ��FDQ�EH�HVWLPDWHG��EXW�RI�WKH�PRVW�LQWHUHVW�LV�WKH�DQRPDO\�YDOXH�LWVHOI��&RYDULDQFH�PDWULFHV�IRU�ILOWHULQJ�DQG�VPRRWKLQJ�SUREOHPV�ZHUH�FDOFXODWHG�IRU�WKH�PRGHOV�XVHG��,Q�FDOFXODWLRQV�LW�ZDV�DVVXPHG�WKDW�JaV  ��P*DO��,Q�VR�GRLQJ��WKH YDOXHV�RI�WKH�GHULYDWLYH�IRU�*$�ZHUH�DVVXPHG�WR�EH�GLIIHUHQW�� �P*DO�NP����DQG����P*DO�NP��ZLWK�WKH�FRUUHVSRQGLQJ�FRUUHODWLRQ�LQWHUYDOV� D�� � ���NP�������DQG�����NP��7KH�YHORFLW\�ZDV�DVVXPHG�WR�EH�HTXDO�WR�9  ��P�V��ZKLFK�LV�W\SLFDO�RI�DQ�DHURJUDYLPHWULF�VXUYH\��7DEOH���SUHVHQWV�WKH�FDOFXODWLRQ�UHVXOWV�DV�506�HUURUV�LQ�ILOWHULQJ�DQG�VPRRWKLQJ�GHWHUPLQHG�ZLWK�WKH�XVH�RI�WKH�GLDJRQDO�HOHPHQWV�RI�WKH�FRYDULDQFH�PDWULFHV��

9DOXH�RI�GHULYDWLYH��P*DO�NP7\SH�RI�616�PHDVXUHPHQWV � � ��
9HORFLW\ ������� �������� ��������
$OWLWXGH ������� ������� �������
9HORFLW\�DQG�DOWLWXGH ������� ������� �������
7�D�E�O�H����506�HUURUV�LQ�*$�ILOWHULQJ��QXPHUDWRU��DQG�VPRRWKLQJ��GHQRPLQDWRU���P*DO��IRU�9 ��P�V

7KH� UHVXOWV� SUHVHQWHG� LQ� WKH� 7DEOH� DOORZ� WKH� IROORZLQJ�FRQFOXVLRQV�x WKH� DFFXUDF\� RI� JUDYLW\� HVWLPDWLRQ� LQ� WKH� VROXWLRQ� RI� WKH�VPRRWKLQJ� SUREOHP� LV� �±�� WLPHV KLJKHU� WKDQ� WKH� DFFXUDF\�DFKLHYHG�LQ�WKH�VROXWLRQ�RI�WKH�ILOWHULQJ�SUREOHP�x LW�LV�RQO\�ZLWK�WKH�XVH�RI�DOWLWXGH�PHDVXUHPHQWV�IRU�VPRRWKLQJ�PRGH�WKDW�WKH�JUDYLW\�HVWLPDWLRQ�DFFXUDF\�FDQ�EH�HQVXUHG�DW�WKH�VWDWH�RI�WKH�DUW�OHYHO�RI���P*DO�

x LQWHJUDWHG�SURFHVVLQJ�RI�FRRUGLQDWH�DQG�YHORFLW\�PHDVXUHPHQWV�IURP�WKH�616�GRHV�QRW�VXIILFLHQWO\�LQFUHDVH�WKH�DFFXUDF\�RI�*$�GHWHUPLQDWLRQ�DV�FRPSDUHG�WR�WKH�FDVH�WKDW�RQO\�DOWLWXGH�LV�XVHG�,W�VKRXOG�DOVR�EH�QRWHG�WKDW�WKH�FDOFXODWLRQ�UHVXOWV�ZHUH�SUDFWLFDOO\�WKH�VDPH�LUUHVSHFWLYH�WKH�ZKLWH�QRLVH�WKDW�GHVFULEHV�LQVWUXPHQWDO�HUURUV�RI�WKH�JUDYLPHWHU�ZDV�SUHVHQW�RU�QRW�)URP�WKH�SUHFHGLQJ�LW IROORZV��WKDW�WKH�LQYHVWLJDWLRQ�RI�ILOWHULQJ�DQG�VPRRWKLQJ�PD\�EH�IXUWKHU�UHGXFHG�WR�WKH�VROXWLRQ�RI�WKH�SUREOHP�IRU�WKH�FDVH�RI�VFDODU�PHDVXUHPHQWV�RI�WKH�DOWLWXGH��QHJOHFWLQJ�WKH�FRQWULEXWLRQ�IURP�WKH�LQVWUXPHQWDO�HUURUV�RI�WKH�JUDYLPHWHU�
��6LPSOLILFDWLRQ�RI�WKH�SUREOHP,W�LV�FOHDU�WKDW�WKH�SRWHQWLDO�DFFXUDF\�GHULYHG��DV�ZHOO�DV�WKH�VWUXFWXUH�RI�WKH�DOJRULWKPV�GHSHQG�RQ�WKH�W\SH�RI�WKH�PRGHOV�XVHG�IRU�PHDVXUHPHQW�HUURUV�DQG�*$��7KH�PRGHOV�GHVFULELQJ�PHDVXUHPHQW�HUURUV�ZHUH�GHULYHG�IURP�WKH�DQDO\VLV�RI�WKH�UHDO�GDWD�>�@��0RGHO������LV�ZLGHO\�XVHG�LQ�WKH�SUREOHPV�WKDW�UHTXLUH�VWRFKDVWLF�GHVFULSWLRQ�RI�*$�>�@��$W�WKH�VDPH�WLPH�LW�PDNHV WKH DOJRULWKPV PRUH FRPSOLFDWHG LQ�FRPSDULVRQ�ZLWK�WKH�FDVH�ZKHQ�D�VLPSOHU�PRGHO�LV�XVHG�WR�GHVFULEH�*$� 7R�ILQG�RXW�LI�LW LV�SRVVLEOH�WR�XVH�D�VLPSOHU�GHVFULSWLRQ�IRU�*$�LQ�WKH�SUREOHP�XQGHU�FRQVLGHUDWLRQ��LW�LV�UHDVRQDEOH�WR�XVH�WKH�DSSURDFK�SURSRVHG�LQ >�@�IRU�FRQVWUXFWLQJ�DOJRULWKPV�WKDW�SURYLGH�DFFXUDF\�FORVH�SRWHQWLDO��$FFRUGLQJ�WR�WKLV�DSSURDFK�WKH�WUDQVIHU�IXQFWLRQ�RI WKH�RSWLPDO�DOJRULWKP�LV�PDLQO\�GHWHUPLQHG�E\�WKH�FURVVSRLQW�RI�VSHFWUDO�GHQVLWLHV�RI�WKH�VLJQDO�HVWLPDWHG�DQG�PHDVXUHPHQW�HUURUV DQG�WKH�LQFOLQDWLRQ�RI�WKHVH�GHQVLWLHV��7KH�DQDO\VLV�RI�HTXDWLRQ������VKRZV�WKDW�LI� D!!Z ��WKH�IROORZLQJ�DSSUR[LPDWLRQ�KROGV�JRRG�IRU�LW

��a ��� Z|Z T6J � ����
7KH�ODWWHU�FRUUHVSRQGV�WR�WKH�GHVFULSWLRQ�RI�*$�LQ�WKH�IRUP�RI�WKH�VHFRQG�LQWHJUDO�RI�WKH�ZKLWH�QRLVH�ZLWK�WKH�LQWHQVLW\�VLPLODU�WR�WKDW�RI�WKH�IRUFLQJ�QRLVH�LQ�WKH�PRGHO�������L�H����a�� �� JT VD �,W�PD\�EH�VKRZQ�WKDW�IRU�WKH�DVVXPSWLRQ�PDGH��9 ��P�V�]95  �����f�V��V�� K5  ������P��V��WKH�GHQVLW\������LQ�WKH�YLFLQLW\�RI�LWV�FURVVSRLQW�ZLWK� ]95�Z �� K5�Z LV�DSSUR[LPDWHG�UDWKHU�DFFXUDWHO\�E\�(T��������VHH�)LJ������
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DQG�PDWUL[� > @���� + LQ�������L�H���PHDVXUHPHQWV�DUH������ � WYW[W\ � � ����
7KH�LQYHVWLJDWLRQ�RI�HIILFLHQF\�RI�ILOWHULQJ�DQG�VPRRWKLQJ�DOJRULWKPV�FRUUHVSRQGLQJ�WR����������� SURYHG�WR�EH�KLJKO\�HIILFLHQW��,W�WXUQHG�RXW��LQ�SDUWLFXODU��WKDW�WKHLU�DFFXUDF\�LV�FORVH�WR�SRWHQWLDO�LQ�WKH�FRQGLWLRQV�ZKHQ�WKH�UHDO�PRGHO�IRU�*$ LV�VXSSRVHG�WR�EH�PRUH�FRPSOLFDWHG�DQG�VLPLODU�WR�PRGHO������8VLQJ�VLPSOLILHG�PRGHOV�PDNHV�LW�SRVVLEOH�WR�GHULYH�LQ�H[SOLFLW�IRUP�DQDO\WLF�H[SUHVVLRQV�IRU�WKH�FRYDULDQFH�PDWULFHV� 3 DQG�V3 ��7KDW�PDNHV�WKH�DQDO\VLV�RI�WKH�*$�HVWLPDWLRQ�SRWHQWLDO�DFFXUDF\�IRU�WKH�VWHDG\�VWDWH�PRGH�RI�ILOWHULQJ�DQG�VPRRWKLQJ�HDVLHU�>�@��%HVLGHV�WKH�H[SOLFLW�H[SUHVVLRQ�FDQ�EH�REWDLQHG�IRU�WUDQVIHU�IXQFWLRQV�FRUUHVSRQGLQJ�WR�WKHVH�VLPSOLILHG�PRGHOV��)XUWKHU�OHW�XV�VHH�WR�ZKDW�WKH�ILOWHULQJ�DQG�VPRRWKLQJ�SURFHGXUHV�LQ�WKHVH�FRQGLWLRQV�DUH�UHGXFHG�DQG�ZKDW�WKHLU�

VSHFLILF�IHDWXUHV�DUH�
��$QDO\VLV�RI�WKH�SHFXOLDULWLHV�RI�RSWLPDO�ILOWHULQJ�DQG�VPRRWKLQJ�DOJRULWKPV�LQ�GHWHUPLQLQJ�JUDYLW\�DQRPDOLHV
,W�FDQ�EH�VKRZQ�WKDW�IRU�PRGHO����������� WKH�WUDQVIHU�IXQFWLRQV ����������WKDW�GHILQH ILOWHULQJ�DQG�VPRRWKLQJ�DOJRULWKPV�IRU�VWHDG\�VWDWH�PRGH�KDYH�WKH�IROORZLQJ�IRUP
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