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e Outside a certain region in the regressor space, the weights
Abstract will automatically become zero. Hence, we automatically

get a finite bandwidth.
In local modelling, function estimates are computed from ob-

servations in a local neighborhood of the point of interest. A e Asymptotically (asN — oo, N being the number of ob-
central question is how to choose the size of the neighborhood. servations), the weights will (under certain assumptions)
Often this question has been tackled using asymptotic (in the converge to the weights obtained by local linear modelling
number of observations) arguments. The recently introduced with an asymptotically optimal kernel function (see [3]).
direct weight optimization approach is a non-asymptotic ap-

proach, minimizing an upper bound on the mean squared ere When the Lipschitz constardt = 0, i.e., when the true
ror. In this paper the approach is extended to also take a priori System function is affine, the function estimates obtained
known bounds on the function and its derivative into account. are the same as for a global “affine ARX” model.

It is shown that the result will sometimes, but not always, be

improved by this information. The proposed approach can prre, the approach is extended to also take a priori known
applied, e.g., to prediction of nonlinear dynamic systems apdunds on the function and its derivative into account. In prac-

model predictive control. tice, such bounds may be given by physical constraints, or by
practical experience and expert knowledge. It turns out that
1 Introduction the extension is very natural, and some theorems can be given

about when we actually benefit from the extra information.
Local modelling of different types have been of great mtereFr;[ Section 2, the basic problem is presented for the univari-

for a long time in system identification and statistics. A lo- . : .

cal model or method for function approximation or predictioﬁte case, z_and n Sect|0_ns 3 "’“?d 4 the DWQ approach is out-
computes the estimate using information from observations.Llrﬂe.d' Sgchon 5 deals with mu|t|v§r|atg functpns. An example
a local neighborhood of the point of interest. Many of the gifs glvenm Section 6, and conclusions in Section 7.
ferent nonlinear black-box methods are of this type, such as

radial basis neural networks, multiple-model approaches efc. Basic problem

(see, e.g., [5,11]). In statistics, local methods such as kernel ) .
methods [6, 14], local polynomial modelling [3], and trees [2fEt US consider the problem of estimating the vaflieo) of an
have been popular. unknown functionf : R — R at a given pointpg, given a set

of input-output pairg (¢, yx) } o, coming from the relation
A central question in local modelling is thEandwidthques-

tion: how to select the size of the neighborhood. This becomes yr = f(pr) + ek 1)

a bias/variance trade-off, which has been studied extensively in

the statistics literature, and many solutions based on asymptétssume that the functiofi is continuously differentiable, and
(in the number of observations) arguments have been propogbdt there are known positive constardtsd, A, and known

In this paper, alirect weight optimizatioDWO) approach constantss, b such that

is considered. This approach is a non-asymptotic approach, / /
where the weights of a linear (or affine) estimator are deter- [ len) = f2)l < Llgr = 2] Vo2 €R - (2)
mined by minimizing a uniform upper bound on the mean [f (o) —al <0, ©)
squared error (MSE) over function classes having a Lipschitz If (po) — b < A. 4)
bound L on the derivative. It turns out that the optimization

problem can be formulated as a quadratic program (QP) owhere f’ is the derivative off. Denote the class of functions
second-order cone program (SOCP). The basic idea was [g@isfying these assumptions By(L, 5, A)*.

sented in [8, 9] (see also [10] for an early contribution in the— . . .
. . . The function class also depends®andb, but for notational convenience,
same direction), where it was also shown that the approach figSiependency is not written out explicitly.




The noise terms:;, are independent random variables witd The DWO approach
Ee, = 0 andEe? = o} whereoy, are assumed to be positive
constants, given a priori. For simplicity, only constant varianGl Class? = F5(L, 6, A)

s, S . P
(i-e.,03 = o%) will be considered in this paper. We also assum& ;s again consider the affine estimator (9) and the function
thate; andy; are independent for ajl k. The notation classF, (L, d, A) for finite §, A. For this estimator and class,
the worst-case MSE (10) has the following upper bound:

Pk = Pk — Po (5)
V(fQ([U 67 A)a wo, ’LU) S UO(wOa w)
andX = (¢1,...,¢n) will also be used. N N N
There are some particular cases that deserve special attention: ( wo + a (Z Wy, — 1) +0b Z WgPk| + 0 Z wg —1
k=1 k=1 k=1

o If 6 — +oo then the limit class

N
> widk

[ 2 N
_ + A 2 + §;|wkﬁi> +02kz_:1w,€ (12)
Fo(L,A) £ Fo(L,00,A) = | ] Fa(L,8,4)[5-, (6)
t=1 This is true, since for any functioh € F»(L, §, A) the estima-

. L ) _tion error may be represented as follows
describes the situation where we have no direct a priori
information on function valug (¢o). . a N
f(po) = (o) = wo +a Zwk -1 +bzwk<ﬁk
e Ifboth§ — +oo andA — +oo then the limit class k=1 k=1
N

N
Fo(L) & Fo(L,00) = U Fo(L, A)| Ay @ + (F(po) —a) (; Wk — 1) + (f'(¢0) = b) ;wk@k

t=1 N

N
y -
represents a set of continuously differentiable functions T Zwk(f(@k) = fw0) = f'(0)Pr) + Z“’kek
meeting the only condition (2). This case was studied pre- k=1 k=1

viously in [8, 9]. (13)
Due to a well known lemma, the inequality
A common approach for the given estimation problem is to use , ~ L,
alinear estimator [F(r) = F(po) = F(po)Prl < 50 (14)

follows from (2). Now, the MSE (11) satisfies
N N
wo +a (Zwk — 1) —i—bzwk@c
k=1 k=1
N N
Z wy — 1 Z WE Pk
k=1 k=1

N
Flpo) = wi (8)
k=1 MSE(f,w,w) < <

The problem then reduces to finding good weights accord-
ing to some criterion. In the following, we will consider the

!
. ) . — bl -
slightly more general class affine estimators +1£ (o) — 0l

+1f(¢0) —al -

N 2 N
N wal - N — ! > 0,2 w2
Floo) =+ 3w ©) + ;| k- () = fleo) = f (@0)<Pk|> + kz::l k
k=1 (15)

The performance of an estimatgty,) will be evaluated by from which the upper bound (12) follows directly.

theworst-case mean squared error (MS#&fined by Note that the upper bourtd, (wo, w) is easily minimized with
respect tav, for anyw € R . Indeed,

V(‘F7w07w) = sup MSE(fa wo,U)) (10) N N
feF
arg min Uy (wp, w) = —a (Z wg — 1) — wak{Ek (16)
wherew = (wy ... wN)T and k=1 k=1

Thus, we arrive at the following consequence: For the func-
MSE(f,wo,w) = E[(f(po) — f(p0))?|X] (11) tion classF»(L,d,A), the affine estimator (9) minimizing
Uy (wp, w) may be sought among the estimators satisfying
In Section 3, upper bounds dn(F, wy,w) are given for the N N N
different function classes defined above. As it turns out, the _ _ 1= > N
upper bounds can then be minimized using quadratic prograﬁi%) ,; ORiha (kz_:l or 1) bkz::l Wik, w € R
ming (QP), yielding optimal (in this sense) estimators. a7



For this kind of estimators/ (F»(L, §, A), wp, w) has the fol- N _ N _ LN N 2
lowing upper bound, which follows directly from (12) and (16): = wo+bzwk<ﬂk +A ZkaOk + §Z|wk|¢’i
k=1 k=1 k=1
V(]:2<L565 A),wo,’UJ) S Uo(’u)) N
N N ;N 2 +022wi (22)
=) w1+ A wkBk|+ oY il Bh k=1
) S A S R S

N By minimizing the upper bound with respect g, it can be
+ o2 Z w? (18) seen that the minimizing estimator will be in the form (20), and
k=1 thatw can be found by minimizing (21) under assumption (19).

Let us take a closer look at (13), and particularly the term Analogously to Theorem 3.1, we can study what happens when

Ais large.
N
(f(0) —a) Zw’f _1 Theorem 3.2. Suppose thap, # 0, k = 1,..., N, and that
— there are two indiceg; andk, such thatp,, # ¢r,. Given

b€ RandL € (0,400), there exists &\ € (0,+occ) such
that for anyA > Ay, the minimum of the upper bourid (w)
adl?/en by(21), subject to the constrair{tL9), is attained on the
subspace

It is easy to see, that § — oo, this term is unbounded —
and hence the MSE might be arbitrarily large — unless we h
fo:l wy, = 1. In fact, we can show the following theorem:

Theorem 3.1. Assume tha, # 0, k = 1,...,N. Given N N

a,b € RandL,A € (0,+00), there exists @, € (0, +00) we=1, > wifr =0 (23)
such that for anyd > §p, the minimum of the upper bound k=1 k=1

Uy (w) given by(18) with respect tav € RY is attained on the and does not depend @ror A. In other words, given a suffi-
subspace ciently largeA, the affine estimatof9) minimizingU; (wo, w)

N can be found in the forrt8) by minimizing the upper bound
> wp =1 (19) ,
k=1 L ~2 2 o 2
and does not depend anor 4. In other words, given a suffi- Ua(w) = 9 Z wlék | +o Zwk (24)
ciently larged, the affine estimatof9) minimizingUs (wo, w) k=1 =1
can be found in the form subject to constraint23).

N N N
f(po) = Zwky’f — bzwk@ , Zw’f =1 (20) Proof. Similar to the proof of Theorem 3.1. See [7]. O
k=1 k=1 k=1

with the weights(ws . . ., wy) minimizing the simpler upper 3-3 Class? = 75(L)

bound For classF,(L), following a similar line of argument as for
N L N 2 N Fo(L, A), we can see that a finite MSE can be guaranteed only
U (w) = (A > wik| + 5 > wﬂ(ﬁﬁ) +0°> wp  if the weightsw satisfy (23). Under this requirement, on the
k=1 k=1 k=1 other hand, we get the following upper bound on the worst-

case MSE:

subject to the constrair(@L9). V(F(L) ) < Us( )
5 , Wo, w) < Ug(wo, w

Proof. The proofis found in [7], and is based on assuming that I N 2 N (25)
(19) is not satisfied. Under this assumption, one can explicitly = <|wo| +3 Z wﬂﬁ) +0? Z wi
construct &, such that for any > 4y, the minimal value of k=1 k=1

(18) is strictly larger than the minimum of (21) subject to thﬁence, by minimizing the upper bound with respecito we

constraint (19). will obtain a minimizing estimator in the form (8), whetiecan

be found by minimizing (24) subject to the constraints (23).
3.2 ClassF = F»(L,A)

Let us now turn to clas® (L, A), i.e., the casé — oo. From 4 QP formulation

the remark just before Theorem 3.1, it follows that the MSE Section 3, it was pointed out how the weights and
7 wk

cannot be bounded above unlgﬁ’:1 wg = 1. On the other : . A :
hand, if this requirement is satisfied, we get the following u f the affine estimator (9) could be chosen by minimizing dif-

per bound on the worst-case MSE, which can be shown an %r_ent expressions, in order to get estimators with a guaranteed
gously to (12): ' upper bound on the worst-case MSE. In this section we will

show that these minimization problems can be formulated as
V(Fa(L, A), wp, w) < Uy (wo, w) convex quadratic programs (QR3ee [1]).



To begin with, let us consider the function cla&s(L,d, A) dimension. The extension to this case is immediate. In this
and the problem of finding the affine estimator minimizingection, we will describe some of the aspects of this kind of ex-
(18). tension. In the following|| - || will denote the Euclidean norm,

: - : db” denotes the t lof
Theorem 4.1. Given the positive numbefsA, L, consider the an enotes the franspose

following minimization problem: We now consider the problem of estimating the vafie,) of
) an unknown multivariate, continuously differentiable function
. L., LA f : R™ — R at a given pointpy, given a set of input-output
mimn 08a + Asp + 9 Z Prsk | +o Z Sk pairs{(¢k, yx) }o_,, coming from the relation
k=1 k=1

N Yk = f(pr) +ex (28)
subj.to s, >+ (Z Wy — 1) (26)
k=1 Instead of the assumptions (2)-(4), we make the following as-
N sumptions:
sp > £ Z Wi Pk
k=1 [V f(p1) = V()| < Llpr — @2l V1,92 € R™ (29)
Sk > twg, k=1,...,N |f(0) —al <6, (30)
wherew = (wy,...,wy) ands = (Sq, S, S1,-.-,8n). Then IVF (o) = bl < A. (31)
w* is a minimizer of(18)if and only if there is a vectas* such
that (w*, s*) is a minimizer of(26). With some abuse of notation, we I&:(L, 0, A), Fo(L, A),

and F,(L) denote also their multivariate counterparts. For
Proof. Given a feasible solutiow to (18), we can getafeasiblef2(Lv 4,A) and an affine estimator (9), the worst-case MSE
solution to (26) with the same value of the objective functiof-0) has the 'followmg upper bound, which is similar to the uni-
by using the same and variate case:

N V(fQ(L,(57A),w()7’LU) S U()(’UJ(),’LU)
Sa = Zwk -1 N N
k=1 :<w0+a<2wk—1>+bTZwk6k
N (27) k=1 k=1
sp = Wk Pk N N XN 2
B k=1 - +0 Zwkfl +A Zwk@c +22|wk||@k||2>
S}.C—|’LU}.C|7 k=1,....N h—1 h—1 1

. . . . N
Hence (26) is a relaxation of (18), and it suffices to show that g Z w? (32)
k=1

for a minimizer(w*, s*) of (26), (27) will hold. Suppose, e.g.,
thats; > |wy|. Then, without changing any other variables,

the value of the objective function can be reduced by decreg\ss- in the univariate case, we can immediately eliminae

ing s7. This can be seen by observing that the coefficient befcbre minimizing (32) for an arbitrarys, giving that the affine

s7 is non-negative in the first sum of the objective function, and .. AT '
o o . estimator minimizingV (F,(L, d, A), wg, w) may be sought

positive in the second sum of the objective function, so decreas- : sV

: . mong the estimators satisfying

ing s7 will decrease at least one of these sums, and hence e

objective function. Hences; = |wy|. By similar arguments, N N N

one can show that the other equalities of (27) will also hold atf (po) = Z WEYE — a Z we—1] =" Z wp Pk (33)

the optimum, and the theorem is proven. O k=1 k=1 k=1

Remark 4.1. Note that (26) is a convex QP and can therefoifeor this kind of estimators, the worst-case MSE (10) over the
be solved efficiently. classF» (L, d, A) has the following upper bound:

Starting from Theorem 4.1, we can now formulate QP:s for af (F2(L, §, A), wo, w) < Up(w)

the other cases mentioned in Section 3. Since the constraints N N N 2
(19) and (23) are all linear in, they can just be added to the — (5 Zwk —1l+A wePr|| + = Z Iwk||@k||2>
‘ 2
QP. k=1 k=1 k=1
N
. . . . . 2 2
5 Estimating multivariate functions +0° Y wi (34)
k=1

In this paper, we have so far assumed that the function to be
estimated has a scalar argument. In most applications, in Beo-far, the differences to the univariate case have been small
ticular to dynamic systems, the regressors will have a higherd obvious. However, when trying to transform the problem



of minimizing (34) into a standard convex optimization probandb of the functionf(yg) andV f (o), respectively, and the
lem, it turns out that it is impossible to formulate it as a QPoundss andA according to (30) and (31). For simplicity, let

problem. What prohibits this is the term a andb be the true values, = f(¢o) andb = V f (o).
and (37). Solving the SOCP can be done usirgMip [4]

N

> widk

k=1

o ) o and SDuMI [13]. Naturally, differenty and A values should

which is the norm of a linear combination of vectors. Insteaai\,e different estimates. Figure 1(a) shof\(sao) for some dif-
we can formulate the problem asecond-order cone programserent values o andA. In Figure 1(b) the part of the estimate
(SOCP) which is another standard class of convex optimizgpming from the a priori knowledge of the function value (i.e.,
tion problems (see [1]). To do this, we introduce some slagke second term of (33)) is plotted. As we can see, for small
variabless = (s; ... sy)T andt = (¢, t, t.)T, and get values ofs, the estimate is based entirely on this information,
while for large values, the a priori knowledge is not used at all,

Now we can use the estimator in (33), for which the appropri-

A (35) ate weights are obtained by solving the SOCP given by (36)

min %,

w,s,t in agreement with Theorem 3.1. In Figure 1(c), the part of the
N 2 N f (o) coming from the knowledge d¥ f(¢o) (the third term
subj. to | 6te + Aty + L Z 5kl12s5 | + o2 Z $2 <t, qf (33)) is used. For this example, we can see that this informa-
24 Pt tion is not used very much, but that it gives a certain contribu-
N tion for small values ofA (as long a9 is large enough, so that
Z wy — 1| < t, we do not only use the information abat(y)).
k=1

Finally, Figure 2 shows the optimal value of the criterion func-
tion, which decreases both with decreasingnd A, just as
= (36)  should be expected.

N
> widk
k=1

|wk|§sk7 kzl,...,N

7 Conclusions

This problem is in standard SOCP form, except for the fir%
guadratic constraint. However, straightforward calculatiorpﬁ
show that this constraint is equivalent to

this paper, a direct weight optimization approach for local
odelling has been presented. It was shown that the approach
is easily extended to the case when a priori bounds on the func-
tion and its derivative are known. Theorems 3.1 and 3.2 how-
ever showed that when the bounds are very wide, the extra in-
formation may not be enough to improve the solution.

P (&a + AL+ LN ||<Zlc||28k)
11—t L . .
The application of these methods to dynamical systems with
thus completing the problem reformulation. the regressorg;, being built up by past inputs and outputs

, is straightforward. The method can be used as an alterna-
For the other function classes, (L, A) andF5(L), the exten- e 1o pyilding non-linear black-box models in a “Model-On-

sion to the multivariate case is done completely similarly. Th§amand” fashion and applied to, for example, model predictive
minimization problem forF, (L, A) will also yield a SOCP

. AR A v control. See [12] for such ideas.
while the minimization problem fof (L) will still be possi-

ble to express as a QP, since the term (35) vanishes.
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