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Abstract

A class of memoryless feedback controls is designed to asymp-
totically stabilize a class of imperfectly known, nonlinear, de-
scriptor systems with time-delays. Each descriptor system,
consisting of dynamic and static subsystems, contains discrete
and distributed delays, and each dynamic subsystem is a time-
delay system of the retarded type. A deterministic methodol-
ogy based on Lyapunov theory and Lyapunov-Krasovskiĭ func-
tionals is utilized and feedback controllers are synthesized that
will ensure, under appropriate hypotheses and satisfaction of
appropriate stability criteria, a uniform asymptotic stability
property for the prescribed class of hereditary descriptor sys-
tems.

1 Introduction

There have been a few recent research investigations on de-
scriptor systems using a deterministic approach, see, for ex-
ample [3]-[7]. The work discussed in [4]-[5] and [7]-[8] only
considered linear descriptor systems, and only [5] and [7]-
[8] studied systems with uncertainty. The paper published in
[3], investigated a nonlinear descriptor control system, but no
uncertainty was considered and the systems were delay-free.
Also, the class of descriptor systems investigated in [4] and [8]
consisted of dynamic subsystems modelled as linear time-delay
systems of the retarded type. To the authors’ knowledge, there
appears to be no studies on uncertainnonlineardescriptor sys-
tems with discrete and distributed time-delays.

The main objective of this paper is to design, using a determin-
istic approach, a class of robust memoryless feedback controls
for uncertain nonlinear descriptor systems, subject to time-
delays (discrete and distributed), in order to achieve a uniform
asymptotic stability property. There are some advantages of
using memoryless controls, namely past history of the states
do not need to be stored. Therefore, for certain applications,
memoryless controls may be more suitable. With respect to the
imperfectly known systems, only uncertainty in the dynamic
subsystem is considered in this investigation. Also, paramet-
ric uncertainty is not considered in this paper; instead,a pri-
ori bounding knowledge of the system uncertainty, in terms

of growth conditions with respect to its arguments, is assumed.
One feature of the controllers, employed to stabilize the class of
uncertain systems, is that the gains depend explicitly on upper
bounds of the uncertainty and, thus, robustness of the feedback
controls is a consequence. Utilizing feedback controllers with
memory, together with a deterministic methodology based on
Lyapunov theory and Lyapunov-Krasovskiĭ functionals, a sta-
bility criterion is proposed that will ensure the desired stability
property for the prescribed class of descriptor systems.

2 Class of descriptor systems

Consider a class of imperfectly known, hereditary, descriptor
systems modelled by

ẋ(t) = a(t, xt, yt, u(t)) (2.1)

0 = b(xt, yt, u(t)), (2.2)

where

a(t, xt, yt, u, µ) = a1(x1, x2, y1, y2) + I(t, τ1, a2(x1))
+ I(t, τ2, a3(y1)) +G1(x1)u
+ h1(t, x1, x2, x3, y1, y2, y3, u),

b(xt, yt, u, µ) = b1(x1, x2, y1, y2) + I(t, τ1, b2(x1))
+ I(t, τ2, b3(y1)) +G2(x1)u,

x1(t) = x(t), x2(t) = x(t− ρ1),

x3(t) = I(t, τ1, x1) :=
∫ t

t−τ1

x1(r) dr,

y1(t) = y(t), y2(t) = y(t− ρ2),

y3(t) = I(t, τ2, y1) :=
∫ t

t−τ2

y1(r) dr,

x(t) ∈ Rn, y(t) ∈ Rl, u(t) ∈ Rm is the control input, and
1 ≤ m ≤ ` ≤ n. The notationxt = xt(r) := x(t + r)
(r ∈ [−τ, 0], τ > 0) is introduced to denote the restric-

tion of x(·) to the interval[t − τ, t]. let Qp
A,τ :=

{
ψ ∈

W ([−τ, 0]; Rp) : ‖ψ‖W < A, with 0 < A < ∞
}

, where

W ([−τ, 0]; Rp) denotes the Banach Space of absolutely con-
tinuous functions with Square-integrate derivation with norm

‖ψ‖W =
{
‖ψ(0)‖2 +

∫ 0

−τ

‖ψ(θ)‖2 dθ
} 1

2

. It is assumed that

the system (2.1-2.2) is subject to initial condition

xt0(θ) = ψx(θ), yt0(θ) = ψy(θ), θ ∈ [−T, 0], (2.3)



with T = max[ρ1, ρ2, τ1, τ2], andψx ∈ Qn
A,T ; ψy ∈ Ql

A,T .
The discrete and distributed delays, represented byρ1, ρ2 and
τ1, τ2, respectively, are assumed to be bounded. It is assumed
that the vector fieldsa1 ∈ C1(Rn × Rn × R` × R`; Rn),
b1 ∈ C1(Rn × Rn × R` × R`; R`), a2 ∈ C1(Rn; Rn),
b2 ∈ C1(Rn; R`), a3 ∈ C1(R`; Rn), andb3 ∈ C1(R`; R`)
are known and satisfya1(0, 0, 0, 0) = 0, b1(0, 0, 0, 0) = 0,
a2(0) = a3(0) = 0, b2(0) = b3(0) = 0, G1(x1) ∈
L(Rm; Rn) andG2(x1) ∈ L(Rm; R`) are known. The un-
certainty in the system is represented by the nonlinear function
h1 ∈ C(R×Rn×Rn×Rn×R`×R`×R`×Rm×R+

0 ; Rn).
For notational simplicity, letξ = [ξ1 ξ2]T := [x1 y1]T and
η = [η1 η2]T := [x2 y2]T. It is well known that, for
(x1, x2, y1, y2) 7→ f(x1, x2, y1, y2),

f(x1, x2, y1, y2) =
∫ 1

0

(∂x1f)(αx1, αx2, αy1, αy2) dαx1

+
∫ 1

0

(∂x2f)(αx1, αx2, αy1, αy2) dαx2

+
∫ 1

0

(∂y1f)(αx1, αx2, αy1, αy2) dαy1

+
∫ 1

0

(∂y2f)(αx1, αx2, αy1, αy2) dαy2.

Thus,a1(x1, x2, y1, y2) can be expressed in the form∫ 1

0

A
(ξ)
1 (αξ, αη) dαξ +

∫ 1

0

A
(η)
1 (αξ, αη) dαη,

where

A
(ξ)
1 (ξ, η):=

[
(∂ξ1a1)(ξ1, η1, ξ2, η2) (∂ξ2a1)(ξ1, η1, ξ2, η2)

]
,

A
(η)
1 (ξ, η):=

[
(∂η1a1)(ξ1, η1, ξ2, η2) (∂η2a1)(ξ1, η1, ξ2, η2)

]
.

Also, in view of the continuity conditions ona2,
I(t, τ1, f2(x1)) can be expressed in the form∫ t

t−τ1

∫ 1

0

(∂ξ1a2)(αξ1(r)) dαξ1(r) dr

=
∫ 1

0

I(t, τ1, (∂ξ1a2)(αξ1)ξ1) dα

and, in addition,

I(t, τ2, a3(ξ2)) =
∫ 1

0

I(t, τ2, (∂ξ2a3)(αξ2)ξ2) dα.

Similarly, b1(x1, x2, y1, y2) can be replaced by∫ 1

0

B
(ξ)
1 (αξ, αη) dαξ +

∫ 1

0

B
(η)
1 (αξ, αη) dαη,

where

B
(ξ)
1 (ξ, η):=

[
(∂ξ1b1)(ξ1, η1, ξ2, η2) (∂ξ2b1)(ξ1, η1, ξ2, η2)

]
,

B
(η)
1 (ξ, η):=

[
(∂η1b1)(ξ1, η1, ξ2, η2) (∂η2b1)(ξ1, η1, ξ2, η2)

]
,

and

I(t, τ1, b2(ξ1)) =
∫ 1

0

I(t, τ1, (∂ξ1b2)(αξ1)ξ1) dα,

I(t, τ2, b3(ξ2)) =
∫ 1

0

I(t, τ2(∂ξ2b3)(αξ2)ξ2) dα.

Hence, the descriptor system can be expressed as

ξ̇1(t) =
∫ 1

0

A
(ξ)
1 (αξ, αη) dαξ +

∫ 1

0

A
(η)
1 (αξ, αη) dαη

+
∫ 1

0

I(t, τ1, (∂ξ1a2)(αξ1)ξ1) dα

+
∫ 1

0

I(t, τ2, (∂ξ2a3)(αξ2)ξ2) dα

+G1(ξ1(t))u(t)
+ h1(t, ξ1(t), η1(t), ζ1(t), ξ2(t), η2(t), ζ2(t), u(t)),

0 =
∫ 1

0

B
(ξ)
1 (αξ, αη) dαξ +

∫ 1

0

B
(η)
1 (αξ, αη) dαη

+
∫ 1

0

I(t, τ1, (∂ξ1b2)(αξ1)ξ1) dα

+
∫ 1

0

I(t, τ2, (∂ξ2b3)(αξ2)ξ2) dα

+G2(ξ1(t))u(t),

whereζ1 := x3 andζ2 := y3.

3 Design objective and class of feedback control

First, some appropriate hypotheses are introduced. The Eu-
clidean inner product (onRn or R` as appropriate) and
the induced norm are denoted by〈·, ·〉 and ‖·‖, respec-

tively. Let χ(1)
i (ξ1) :=

〈
g
(1)
i (ξ1), P1ξ1

〉
and χ(2)

i (ξ) :=〈
g
(2)
i (ξ1), P2ξ1 + P3ξ2

〉
, whereg(1)

i , g
(2)
i denote theith com-

ponents ofG1 andG2 respectively.

H1: There existp : R × Rn × Rn × Rn → Rn and
q : R × Rn × Rn × Rn → Rm such that

h1(t, ξ, η, ζ, u) = q(t, ξ, η, ζ, u) +G1(ξ1)p(t, ξ, η, ζ, u),

and there exist real constants̄νi, α̂, βi, β̂, γi, γ̂,Γi, Γ̂, δi, δ̂,
∆i, ∆̂ ∈ R+

0 , such that

(i) |pi(t, ξ, η, ζ, u)| ≤ νi(t, ξ, η, ζ) + βi ‖ξ‖+ γi ‖η1‖
+ Γi ‖η2‖+ δi ‖ζ1‖+ ∆i ‖ζ2‖+ κi|ui|;

(ii) ‖q(t, ξ, η, ζ, u)‖ ≤
m∑

i=1

ν̂i(t, ξ, η, ζ)|χ(1)
i (ξ1)|+ α̂

+ β̂ ‖ξ‖+ γ̂ ‖η1‖+ Γ̂ ‖η2‖+ δ̂ ‖ζ1‖+ ∆̂ ‖ζ2‖,

whereνi : R×Rn+l×Rn+l×Rn+l → [0, ν̄i], ν̂i : R×Rn+l×
Rn+l × Rn+l → [0, ν̃i], κi ∈ [0, 1) for all i, andui, pi denote
theith components ofu andp, respectively.

Remark: The vector fieldsp, q are said to represent the



matchedandunmatchedcomponents, respectively, of the un-
certainty in the nonlinear dynamic time-delay subsystem.

H2: For allωi > 0 and0 ≤ Z̄i < 1, the following inequality
holds:
|χ(2)

i (ξ)| ≤ ωi ‖ξ‖+ Zi(ξ)|χ(1)
i (ξ1)|,

whereZi : Rn+l → [0, Z̄i], and
Zi ≤ Z̄i < 1− κi.

It is desired that a robust memoryless feedback control func-
tion, x(t) 7→ c(x, y), be designed so that the uncertain de-
scriptor system has the property that a prescribed compact
nonempty set, containing0 ∈ Rn is uniformly asymptotically
stable, for definition, see [1].

The design of the feedback controls emulates the work in [1].
Here the class of feedback controls consists the functionsx 7→
c(x, y) = [c1(x, y) . . . cm(x, y)]T with the following structure:

ci(x, y) := −(1− κi − Z̄i)−1

[
µi(γi + Γi + τ1δi + τ2∆i)

+
πi

2(ξ)

πi(ξ)|χ(1)
i (ξ1)|+ λi ‖ξ‖2

]
χ

(1)
i (ξ1), (3.1)

where

x 7→ πi(ξ) := ν̄i +
(
βi + ν̃i ‖P1‖

+
1
2
(γi + Γi + τ1δi + τ2∆i)

)
‖ξ‖,

andµi > 0, λi > 0, ai ≥ 0 are design parameters.

4 Stabilization of the feedback controlled
descriptor system

For this particular problem, the methodology is based on
Lyapunov-Krasovskiĭ functionals and a Lyapunov analysis.
Consider the Lyapunov-Krasovskiĭ functionals: v0(φ(0)) :=
〈φ(0), EPφ(0)〉 , and

v1(φ) := v0(φ(0)) +
∫ 0

−ρ1

〈φ1(s), R1φ1(s)〉 ds

+
∫ 0

−ρ2

〈φ2(s), R2φ2(s)〉 ds,

where φ =
[
φ1 φ2

]T
, φ1, φ2 ∈ C([−T, 0]; Rn), and

E =
[
In O
O O`

]
, P =

[
P1 O
P2 P3

]
, with In denoting the

n × n identity matrix andO` denoting thè × ` zero matrix.
The particular structure ofv0 has previously been utilized for
linear hereditary systems of the neutral type in [2]. Here, it is
assumed thatR1, P1 ∈ Rn×n are symmetric and positive def-
inite, and also,R2 ∈ R`×` is symmetric and positive definite.
Noting that〈φ(0), EPφ(0)〉 = 〈φ1(0), P1φ1(0)〉, it follows
that, along solutions to the descriptor system (2.1-2.2),

v̇1(ξt) =
〈
ξ̇1(t), P1ξ1(t)

〉
+

〈
ξ1(t), P1ξ̇1(t)

〉
+ 〈ξ(t), Rξ(t)〉 − 〈η(t), Rη(t)〉 ,

whereR = diag(R1, R2). SinceP1 is symmetric, then〈
ξ̇1, P1ξ1

〉
+

〈
ξ1, P1ξ̇1

〉
=

〈[
ξ̇1
0

]
, P ξ

〉
+

〈
Pξ,

[
ξ̇1
0

]〉
.

(4.1)
Hence, along solutions to (2.1-2.2) and utilizing (4.1), it is eas-
ily shown that

v̇1(ξt) =
∫ 1

0

〈[
ξ(t)
η(t)

]
, L(αξ(t), αη(t))

[
ξ(t)
η(t)

]〉
dα

+ 2
∫ 1

0

∫ t

t−τ1

〈M(αξ1(r))ξ(r), P ξ(t)〉 dr dα

+ 2
∫ 1

0

∫ t

t−τ2

〈N(αξ2(r))ξ(r), P ξ(t)〉 dr dα

+ 2〈G(ξ1(t))u(t)
+ h(t, ξ1(t), ξ2(t), η1(t), η2(t), ζ1(t), ζ2(t), u(t)), P ξ(t)〉,

(4.2)

where

L(ξ, η) :=


L1 +R1 L2 L3 L4

LT
2 L5 +R2 L6 L7

LT
3 LT

6 −R1 0
LT

4 LT
7 0 −R2

 ,

L1 = (∂ξ1a1)T(ξ, η)P1 + P1(∂ξ1a1)(ξ, η)

+ (∂ξ1b1)
T(ξ, η)P2 + PT

2 (∂ξ1b1)(ξ, η),

L2 = P1(∂ξ2a1)(ξ, η) + PT
2 (∂ξ2b1)(ξ, η)+(∂ξ1b1)

T(ξ, η)P3,

L3 = P1(∂η1a1)(ξ, η) + PT
2 (∂η1b1)(ξ, η),

L4 = P1(∂η2a1)(ξ, η) + PT
2 (∂η2b1)(ξ, η),

L5 = (∂ξ2b1)
T(ξ, η)P3 + PT

3 (∂ξ2b1)(ξ, η),

L6 = PT
3 (∂η1b1)(ξ, η), L7 = PT

3 (∂η2b1)(ξ, η),

M(αξ1) :=
[

(∂ξ1a2)(αξ1) 0
(∂ξ1b2)(αξ1) 0

]
,

N(αξ2) :=
[

0 (∂ξ2a3)(αξ2)
0 (∂ξ2b3)(αξ2)

]
,

G(ξ1) :=
[
G1(ξ1)
G2(ξ1)

]
,

h(t, ξ1, η1, ζ1, ξ2, η2, ζ2, u):=
[
h1(t, ξ1, η1, ζ1, ξ2, η2, ζ2, u)

0

]
.

Let J =
[
J1 O
O J2

]
, K =

[
K1 O
O K2

]
be symmetric ma-

trices, withJ1, J2, K1, K2 > 0, and consider the functional

v2(ξt) :=
∫ 1

0

{ ∫ τ1

0

∫ t

t−s

〈ξ(r), X(αξ1(r))ξ(r)〉 dr ds

+
∫ τ2

0

∫ t

t−s

〈ξ(r), Y (αξ2(r))ξ(r)〉 dr ds
}

dα,



where

X(αξ1) = MT(αξ1)PJ−1PTM(αξ1)

=
[
X1(αξ1) O

O O

]
,

X1(αξ1) :=
(

(∂ξ1a2)T(αξ1)P1

+ (∂ξ1b2)
T(αξ1)P2

)
J−1

1

(
(P1(∂ξ1a2)(αξ1)

+ PT
2 (∂ξ1b2)(αξ1)

)
+ (∂ξ1b2)

T(αξ1)P3J
−1
2 PT

3 (∂ξ1b2)(αξ1),

Y (αξ2) = NT(αξ2)PK−1PTN(αξ2)

=
[
O O
O Y2(αξ2)

]
,

and

Y2(αξ2) :=
(

(∂ξ2a3)T(αξ2)P1

+ (∂ξ2b3)
T(αξ2)P2

)
K−1

1

(
P1(∂ξ2a3)(αξ2)

+ PT
2 (∂ξ2b3)(αξ2)

)
+ (∂ξ2b3)

T(αξ2)P3K
−1
2 PT

3 (∂ξ2b3)(αξ2).

Then, clearly,

v̇2(ξt) =
∫ 1

0

{
〈ξ(t), (τ1X(αξ1(t)) + τ2Y (αξ2(t)))ξ(t)〉

−
∫ t

t−τ1

〈ξ(r), X(αξ1(r))ξ(r)〉 dr

−
∫ t

t−τ2

〈ξ(r), Y (αξ2(r))ξ(r)〉 dr
}

dα. (4.3)

Define

v(ξt) := v1(ξt) + v2(ξt)

+Aρ1

∫ t

t−ρ1

‖ξ(r)‖2 dr +Aρ2

∫ t

t−ρ2

‖ξ(r)‖2 dr

+Bτ1

∫ τ1

0

∫ t

t−s

‖ξ(r)‖2 dr ds

+Bτ2

∫ τ2

0

∫ t

t−s

‖ξ(r)‖2 dr ds,

where

Aρ1 := γ̂ ‖P1‖+
1
2

m∑
i=1

µ−1
i γi,

Aρ2 := Γ̂ ‖P1‖+
1
2

m∑
i=1

µ−1
i Γi,

Bτ1 := δ̂ ‖P1‖+
1
2

m∑
i=1

µ−1
i δi,

Bτ2 := ∆̂ ‖P1‖+
1
2

m∑
i=1

µ−1
i ∆i,

then, using the inequality

−
〈
x,K−1x

〉
+ 2 〈x, y〉 ≤ 〈y,Ky〉 ,

for any symmetricK > 0 and for allx andy, and invoking
(4.2-4.3), a straightforward analysis shows that, along solutions
to (2.1-2.2),

v̇(ξt) ≤
∫ 1

0

〈 [
ξ(t)
η(t)

]
,
(
L(αξ(t), αη(t)) +W (αξ(t))

)
[
ξ(t)
η(t)

]〉
dα+ 2

〈
G(ξ1(t))u(t)

+ h(t, ξ1(t), ξ2(t), η1(t), η2(t), ζ1(t), ζ2(t), u(t)), P ξ(t)〉

+ (Aρ1 +Aρ2 + τ1Bτ1 + τ2Bτ2) ‖ξ(t)‖
2

−Aρ1 ‖η1(t)‖
2 −Aρ2 ‖η2(t)‖

2

−Bτ1

∫ t

t−τ1

‖ξ(r)‖2 dr −Bτ2

∫ t

t−τ2

‖ξ(r)‖2 dr,

where

W (ξ) :=


W1(ξ1) O O O
O W2(ξ2) O O
O O O O
O O O O

 ,
W1(ξ1) := τ1(J1 +X1(ξ1)) + τ2K1,

W2(ξ2) := τ2(K2 + Y2(ξ2)) + τ1J2.

It is supposed the following hypothesis holds.

H3: (i) There exist matricesP andR, with R1, R2 > 0,
symmetric matricesJ, K, with J1, J2, K1, K2 > 0, and a
symmetric matrix-valued function(ξ, η) 7→ Q(ξ, η), satisfying
Q(ξ, η) > 0 for all (ξ, η), such that

L(ξ, η) +W (ξ) +Q(ξ, η) ≤ 0, ∀ (ξ, η).

(ii) There exist a constant matrix̃Q = Q̃T ∈ R2n×2n such that
Q(ξ, η) ≥ Q̃ > 0.
In view of H1 and H3, it follows that

v̇(ξt) ≤ −σmin(Q̃) ‖ξ(t)‖2 − σmin(Q̃) ‖η(t)‖2

+ 2
m∑

i=1

[
(ui(t, ξ, η, ζ) + pi(t, ξ, η, ζ, u))χ

(1)
i (ξ1)

+ ui(t, ξ, η, ζ)χ
(2)
i (ξ)

]
+ 2 〈q(t, ξ, η, ζ, u), P1ξ1〉

+ (Aρ1 +Aρ2 + τ1Bτ1 + τ2Bτ2) ‖ξ(t)‖
2

−Aρ1 ‖η1(t)‖
2 −Aρ2 ‖η2(t)‖

2

−Bτ1

∫ t

t−τ1

‖ξ(r)‖2 dr −Bτ2

∫ t

t−τ2

‖ξ(r)‖2 dr, (4.4)



then, invoking H1-H2, using feedback control (3.1), we have:

2
m∑

i=1

[
(ui(t, ξ, η, ζ) + pi(t, ξ, η, ζ, u))χ

(1)
i (ξ1)

+ ui(t, ξ, η, ζ)χ
(2)
i (ξ)

]
+ 2 〈q(t, ξ, η, ζ, u), P1ξ1〉

≤ 2
[
β̂ ‖P1‖+

m∑
i=1

(
λi + ωi(1− κi − Z̄i)−1

(
βi + ν̃i ‖P1‖

)
+ ω2

i (1− κi − Z̄i)−2µi

(
γi + Γi + τ1δi + τ2∆i

))]
‖ξ‖2

+
m∑

i=1

1
2
µ−1

i (γi ‖η1‖2 + Γi ‖η2‖2 +
δi
τ1
‖ζ1‖2 +

∆i

τ2
‖ζ2‖2)

+ 2

[
α̂ ‖P1‖+

m∑
i=1

ωi(1− κi − Z̄i)−1ν̄i

]
‖ξ‖

+ 2γ̂ ‖P1‖ ‖η1‖ ‖ξ‖+ 2Γ̂ ‖P1‖ ‖η2‖ ‖ξ‖+ 2δ̂ ‖P1‖ ‖ζ1‖ ‖ξ‖
+ 2∆̂ ‖P1‖ ‖ζ2‖ ‖ξ‖ . (4.5)

Therefore, from (4.4) and (4.5), the following result holds for
almost allt:

v̇(ξt)≤−
{
σmin(Q̃)− 2

m∑
i=1

λi− k
}
‖ξ(t)‖2− σmin(Q̃) ‖η(t)‖2

+ 2

[
α̂ ‖P1‖+

m∑
i=1

ωi(1− κi − Z̄i)−1ν̄i

]
‖ξ‖ ,

wherek := 2(β̂ + γ̂ + Γ̂ + τ1δ̂ + τ2∆̂) ‖P1‖+
m∑

i=1

(γi + Γi

+ τ1δi + τ2∆i)
(

1
2µi

+ 2ω2
i (1− κi − Z̄i)−2µi

)
+ 2

m∑
i=1

ωi(1− κi − Z̄i)−1(βi + ν̃i ‖P1‖).

Minimizing k with the design parameterµi, one obtains

µi = µ∗i :=
1− κi − Z̄i

2ωi

andk = 2(β̂ + γ̂ + Γ̂ + τ1δ̂ + τ2∆̂) ‖P1‖+ 2
m∑

i=1

ωi(1− κi

− Z̄i)−1(ν̃i ‖P1‖+ βi + γi + Γi + τ1δi + τ2∆i).
Suppose

k̂ := σmin(Q̃)− k > 0,

then design parametersλi such that
m∑

i=1

λi <
1
2
k̂, and

k̃ := k̂ − 2
m∑

i=1

λi > 0. Hence,

v̇(ξt) ≤− k̃ ‖ξ(t)‖2 + 2k1 ‖ξ‖ ,

wherek1 := α̂ ‖P1‖+
m∑

i=1

ωi(1− κi − Z̄i)−1ν̄i.

Theorem 4.1 Suppose HypothesesH1-H3 hold, and choosing
the design parameters to satisfyk̂ > 0, then the compact set
A ' Ã :=

{
x ∈ Rn; ‖x‖2 ≤ 2k1k̃

−1
}

, is a uniformly asymp-
totically stable set for the class of descriptor systems (2.1-2.2),
subject to (2.3), using the feedback controlu(t) = c(x, y),
whereci(x, y) are designed in (3.1).

5 Example

It is assumed that a plant has a system model described by

ẋ1(t) = 3x1(t) + y(t)

ẋ2(t) = −4(x2(t)− tan−1(x2(t)))−
1
2
x1(t− ρ1)

−
∫ t

t−τ1

sin(x2(s)) ds+ (x1(t) + x2(t))u(t)

+ h1

(
t, x(t), y(t), x(t− ρ1), y(t− ρ2),

I(x, τ1), I(y, τ2), u(t)
)

0 = −4y(t)− 1
2

(
x2(t) +

x2(t)
1 + x2

2(t)

)
− 1

2
y(t− ρ2)

+
1
2

∫ t

t−τ2

y(s)) ds,

where
x(t) = [x1(t) x2(t)]T ∈ R2, y(t) ∈ R1,

h1(t, x, y, x̄, ȳ, x̂, ŷ, u) = a(t)
x3

1(t)
1 + x2

1(t)

+
(
b1(t) sin(x̄2

1) + b2(t)x̄2

)(
x1 + x2

)
with x̄ = [x̄1 x̄2]T

represents uncertainty in the system andt 7→ a(t), t 7→ b1(t),
t 7→ b2(t) are unknown functions with|a(t)| ≤ ā, |b1(t)| ≤ b̄1
and |b2(t)| ≤ b̄2 for all t. In this example, it is assumed that
the discrete delays areρ1 = ρ2 = 1 and the distributed delays
areτ1 = 1

2 , τ2 = 1.

Now G1(x) =
[

0
x1 + x2

]
, Hypothesis 1 is satisfied with

ν̄ = b̄1, γi = b̄2, β̂i = ā and α̂ = ν̃ = βi = γ̂ = Γi =
Γ̂ = δi = δ̂ = ∆i = ∆̂ = κi = 0. SinceG2(.) ≡ 0, select
ωi = 1 andZ̄i = 0, then Hypothesis 2 is always satisfied since
χ

(2)
i (.) ≡ 0.

GivenP1 =
[

2 0
0 1

]
, P2 =

[
0 0

]
, P3 =

[
1

]
, R1 =[

4 0
0 1

]
, R2 =

[
1

]
andJ1 = K1 = I2, J2 = K2 = I1,

it can be shown that Hypothesis 3 is satisfied withQ̃ = 0.92.
Thus, with ā = 1/16, b̄1 = 1, b̄2 = 1/8, andλi = 1/10,
Theorem 4.1 holds for this example.
The feedback control for the system is designed to be

ci(x, y) = −
[

1
16

+
π2

i (x)

πi(x)|χ(1)
i (x)|+ 1

10 (x2
1 + x2

2)

]
χ

(1)
i (x),

whereπi(x) = 1+ 1
16 (x2

1+x
2
2+y

2)
1
2 andχ(1)

i (x) = x1x2+x2
2.



References

[1] Clarkson, I.D. and Goodall, D.P. 2001. Robust stabiliz-
ing feedback for a class of imperfectly known nonlinear
systems with multiple time-delays.IMA Journal of Math-
ematical Control and Information, 18, No. 3, 355-379.

[2] Fridman, E., 2001. New Lyapunov-Krasovskii function-
als for stability of linear retarded and neutral type sys-
tems.Systems and Control Letters, 21, 307-313.

[3] Fridman, E., 2001. A descriptor system approach to non-
linear singularly perturbed optimal control problem.Au-
tomatica, 37, 543-549.

[4] Fridman, E. and Shaked, U., 2002. A descriptor system
approach toH∞ control of linear time-delay systems.
IEEE Trans. on Automatic Control, 47, No. 2, 253-270.

[5] Takaba, K., Morihira, N. and Katayama, T. 1995. A gen-
eralized Lyapunov theorem for descriptor system.Sys-
tems and Control Letters, 24, 49-51.

[6] Von Wissel, D., Nikoukhah, R. and Campbell, S.L. 1996.
Descriptor predictive control: Tracking controllers for a
riderless bicycle.Proceeding Symposium on Modelling,
Analysis and Simulation, IMACS/IEEE-SMC Multicon-
ference on Computational Engineering in Systems Appli-
cations CESA’96, Lille, France, vol. 1, 292-297.

[7] Xu, S. and Yang, C. 2000.H∞ state feedback control
for discrete singular systems.IEEE Transactions on Au-
tomatic Control, 45, No. 7, 1405-1409.

[8] Xu, S., Van Dooren, P., Stefan, R. and Lam, J. 2002. Ro-
bust stability and stabilization for singular systems with
state delay and parameter uncertainty.IEEE Transactions
on Automatic Control, 47, No. 7, 1122-1128.


	Session Index
	Author Index



