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Abstract

The aim of this paper is to develop the design of a sensor and
improve its characteristics by using the control theory. The sen-
sor studied is a gyrometer. The gyrometer is an angular velocity
sensor used for the design of the instruments of navigation for
aeronautics. Its principle is based on the detection of Corio-
lis accelerations introduced by the mechanical vibrations. This
sensor brings into mechanical phenomena (vibrations of a res-
onator) and electromagnetic (excitation and detection of these
vibrations). The objective of the controller applied to this sys-
tem is to guarantee the stability of the sensor. The main objec-
tive is to respect the PID structure of real time implementation.
To solve this problem, this paper proposes to use a methodol-
ogy based on LMI.

1 Introduction

This paper presents the study of the mathematical model of a
vibrating gyrometer and its control using a multivariable PID
controller. The main interest of this paper is to purpose an
effective method to design a PID controller for a MIMO in-
dustrial system. The gyrometer is an angular velocity sensor
used for the design of the instruments of navigation for aero-
nautics. Its principle is based on the detection of Coriolis accel-
erations introduced by the mechanical vibrations. This sensor
brings into mechanical phenomena (vibrations of a resonator)
and electromagnetic (excitation and detection of these vibra-
tions). The objective of the controller applied to this system is
to guarantee the linearity of the sensor. The output signal must
be represented as follow:

’is = K1 (Q—FKo)

with constants Ky and K. K represents the scale factor, Kq
the bias and € the real rotate speed to measure. The difficulty
lies in the fact that, on the one hand, the various electric sig-
nals are oscillating and on the other hand, the control signals
and the signals of measurements are multiplexed. They can-
not coexist simultaneously. A continuous time controller has
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been tested by the company Thales Avionics. The choice of
PID structure respects the industrial constraint in order to use
the existing controller. To solve the problem of PID controller
design it is purposed to design an equivalent static output feed-
back controller.

The second section presents the algorithm used to design the
PID. The third section presents the physical principle of the gy-
rometer and its model used for the multivariable PID controller
design. The fourth section concerns numerical results.

2 PID controller design

Proportional Integral Derivative controllers are still widely
used in industrial process. Its popularity is due to its simplic-
ity, it needs only three parameters to tune. However, the three
PID parameters should be tune appropriately in order to satisfy
control performance.

The problem of design a multivariable PID controller is formu-
lated in a LMI framework (1).

Concerning the application proposed in this paper, the PID con-
troller is designed with experimental approach. The objective
is to achieve a better performance of the control than the initial
controller.

The method used in this paper concerns the feedback stabiliza-
tion. In this section, we just summarize the technic. For more
details the reader is invited to see (4).

The first step is to transform the PID controller to static output
feedback.

Consider the linear time invariant system:

i = Az + Bu,y = Cx @
and the following PID controller
t dy
u=Fy+F [ ydt+ F5— (2

where x(t) € R™ represents the state vector, u(t) € R' repre-
sents the control vector and y(t) € R™ represents the output
vector.



Fy, F5, F3 are matrices to be designed.

Lets consider z = [2{2]] the new state space vector where:
z1 =z and z, = fot ydt.

2= Az+ Bu

Yi = Cizi= 1,2,3

> = [01]

Qe

where A =
Oy = [CA Q]

8}3:[?}01:[00]

The control law u = F1 g1 + Foys + F3y3 + F3C Bu.
Suppose the matrix (I — F3CB) is invertible.

2yz )T C=[CYCICT]T

Q

F = [F‘lpgpg] = [(I — Fch)_lFl (I — FgCB)_lFQ (I —
Fch)_ng]

So the problem of PID controller design reduces so that of static
output feedback controller design apply of the following sys-
tem.

2=Az4+Bugy=Czu=Fy

The objective of static output feedback problem is to find F
such that u = F.y.

where the closed loop system & = (A + BFC)x is asymptoti-
cally stable.

Lemmal (2). System (1) is stabilizable via static output feed-
back if and only if there exist matrices P > 0 and F' satisfying
the following matrix inequality: A”P + PA — PBBTP +
(BTP+FC)I'(BTP+FC) <0

The solution is described by the following LMI algorithm de-
scribed in the paper (4).
Initial data: System’s state space realization (A4, B, C).

Step 1: Choose ()o > 0 and solve P for the Riccati equation:
ATP+ PA—PBBTP+Qy=0,P > 0.

Seti=1and X; = P.
Step 2: Solve the following optimization problem for P;, F’
and «;: Minimize «; subject to the constraint LMIs:

BTP; + FC

RT p. T
(BERAFOT ) co,p >0
I+ (CBF3)T + CBF; >0

Wheirei Y = ATPZ + PZA — AXZ_B_BT.Pz — P,BBTXZ +
X;BBT X, — o, P;. Denote by o} the minimized value of «;.

Step 3: If a; < 0, the matrix pair (P;, F') solves static output
feedback problem. Stop. Otherwise go to Step 4.

Step 4: Solve the optimization problem for P; and F: Min-
imize ¢r(P;) subject to the constraint following LMIs with
a; = a (tr stands for the trace of a square matrix):

BTPZ‘ + FC

RT p. N\T
(B P’_J}FC) <0,P, >0
I+ (CBF3)T +CBF; >0

Whe_re_ Y = /_ITPz + PZA — XzBBTPZ — PZBBTXZ +
X;BBTX; — a;P;. Denote by P} the optimal value of P;.

Step 5: If || X;B—P; B|| < e, where ¢ is a prescribes tolerance,
go to Step 6; otherwise set¢ = ¢ + 1, X; = P;*, and go to Step
2.

Step 6: It cannot be decided by this algorithm whether static
output feedback problem is solvable. Stop.

The properties of solution series o and P;* are given in (2).

This technique can be used to design multivariable PID with
H, or H, approach.

3 Maodelling of gyrometer
3.1 physical description

There exits many technics to perform gyroscope. One of them
is based on the Coriolis effect. The gyroscope consists of an
elastic body such that one of its resonant modes is excited
to constant amplitude vibrations (drive mode). Inducing rate
about a particular body-fixed axis excites a different resonant
mode into vibration (output mode). Generally, the rate by
which the energy transfers from the first to the second mode
is a measure of the induced rate. In an open-loop mode, the
amplitude of the second mode is a measure to the rate, while in
a closed-loop mode the rebalancing force is that measure. Elec-
trostatic forces are the most commonly used actuation forces to
excite the first mode vibrations. The second mode sensing is
mostly done by capacitive or piezoresistive sensing. For this
application, the vibrating gyroscope employs inductance sens-
ing for the second mode vibrations.

Fig. 1 shows a schematic view of the gyroscope. It is com-
posed of an elastic hollow cylinder, and a set of coils distributed
around the cylinder. A permanent magnetic field is induced by
a d.c. current exciting the polarization coils.



Fig. 1. Gyroscope structure: polarization coils (1 to 8)
excitation coils (1,3,5,7), rebalancing coils (2,4,6,8)

By applying an alternating current to the excitation coils, a first
mechanical mode of the elastic cylinder is excited into vibra-
tions (fig. 2).

Fig. 2. Oscillatory motion of mass

The oscillation of the cylinder is an elliptical motion, that vi-
brates at the frequency of the magnetic field. If the cylinder
is subjected to revolutions around z-axis with an angular rate
Q(t), the elliptical motion is driven with the cylinder, with an
opposite and lower speed ¢(t) = —% (t), where k. depends
on the gyroscope geometry (see fig. 3).

Fig. 3. elliptical motion during rotation

X(0,t) = zo(t) cos(2(0 — ¢)) is the displacement of the cylin-
der in the radial direction. Projecting X (6, t) on the body-fixed
axis zq, and x5 gives (see fig. 4)

X(0,t) = x1(t) cos(20) + z2(t) sin(26)

with

Fig. 4. Projection of the elliptical motion
on the body-fixed axis

z1(t) and z(t) represent the amplitudes of the resulting os-
cillatory motion in two fixed points belonging to the cylin-
der. They induce electromagnetic currents in coils. To main-
tain constant the elliptical motion (i.e. (t) = 0) needs to
generate a second vibratory mode along z; and x5 axes (fig.
5). In closed-loop mode, the electromagnetic counterbalancing
forces F, and F> are such that z» (¢) = 0.

Fig. 5. Counterbalancing forces Fy and F»

3.2 Mathematical model used for the gyrometer

The state space representation is given by (3)
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where

e M mass of cylinder,
e K coefficient for the stiffness,

e A Damping ratio,

M, mass of Coriolis,

K, coefficient that depends on longitudinal position of
plan of excitation/detection,

Gz gain for the excitation,
o (4. gain for the detection.
The model defined above has two inputs and two outputs. Fur-

thermore, it is nonlinear and from the rotate speed, a coupling
between the axes 1 and 2 appeared.

GdetGemCKQP QMCQp
— _JdetTexc P p ol
Ui(p) Mp?2+ Ap+ K 1p) + Mp? +Ap+KU2(p)
and
o GdetGemCK-zzp QMCQp
UQ(p)_MpQ—FAp—l—KIQ(p) Mp2+Ap+KU1(p)
Ui(p)

The Bode plot for functions H;(p) = is given on figure

(6).

Ii(p)

Fig. 6 Bode plot for asubsystem

fo represents the frequency of resonance for the considered
system. The properties which are consided take place around
this frequency. To highlight those properties and to be able to
control the system around f,, we purpose to shift the model in
low frequency. To do this, we uses the complex signal with the
help of Hilbert transform.

3.3 Low frequency mathematical model

The various signals in the system can be written as:

x = X cos (wot + D) (4)

It is possible to introduce the analytical signal described by (5).

z = Xelwot 5)

where X = Xe/® represents the complex envelope of the sig-
nal.

By simplifying by e/~ and separating the imaginary part and
the real part, we obtain the state space following representation.

X = AX+BI

U = CX

with
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4 Experimental results

In this section, we present the experiment results obtained by
using the algorithm described in the previous section. We ap-
ply a step of speed to the gyrometer and stabilize the system
by injection of currents in two directions. The current injection
is controlled by the controller designed with the help of the
method presented in this paper. The step of speed for this sen-
sor is considered as perturbation. We solve the problem with
the help of LMI Control Toolbox (Matlab) (3).
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Fig. 7 Experimental results

The simplicity of the controller is interesting for real time im-

plementation. The application proposed above concerns an
industrial experiment. The main objective is to conserve the
structure of real time implementation and to improve the con-
troller performance.

5 Conclusion

This paper develops the control theory contribution to design a
sensor applied to the aeronautic system. The two main prob-
lems are the multiplexing to avoid the magnetic coupling and
the high quality factor of the cylinder. To overcome these prob-
lems, we propose to establish the model of the system in low
frequency by the use of a Hilbert transform. An algorithm
based on LMI technique have been proposed to solve a mul-
tivariable PID controller design in an industrial context. The
main problem is to propose a methodology in order to keep
the same real time structure. The results obtain by using this
method are implemented with success in FPGA component.

The perspectives of this work concern the anlysis of robustness
of the stability from two point of view. The first one is the ex-
perimental analysis of robustness and the second point of view
is the mathematical analysis.
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