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ear programming.

Further insights can be gained by regarding the learning of
feedforward neural networks as a parameter estimation prob-
lem. Following this approach, training algorithms based on the
Learning for feedforward neural networks can be regarded@adended Kalman filter (EKF) have been proposed (see, e.g.,
a nonlinear parameter estimation problem with the objective[gf, 8, 9, 10, 11, 12]) that show faster convergence than BP.
finding the optimal weights that provide the best fitting of gowever, the advantages of EKF-based training are obtained
given training set. The extended Kalman filter is well-suitegh {1 expense of a notable computational burden (as matrix

to accomplishing this task, as it is a recursive state es“"?ﬁ\'/ersions are required) and a large amount of memory.
tion method for nonlinear systems. Such a training can be per- '

formed also in batch mode. In this paper the algorithm is codR@écursive methods have been developed such that the data
in an efficient way and its performance is compared with a vavailable at each step are used to optimize the weights. Clearly,
riety of widespread training methods. Simulation results shQwjcp, approaches are well-suited to dealing on line with a large
that the latter are outperformed by EKF-based parameters 8Riount of data on line but may suffer from poor performance.

timization. . - . . .
Computational efficiency can improved by using Lagrangian

techniques [13]. In this context, the EKF provides a nice

framework to perform optimization incrementally (i.e., one

After the development of backpropagation (BP) [1], plenty ¢fata block at a time), with advantages with respect to BP [14].

algorithms have been proposed to optimize the parametermn[his paper, optimization of parameters in feedforward neu-

feedforward neural networks. Although BP has been success- . . .
o . : ) ral networks is investigated following an EKF-based approach.
fully applied in a variety of areas, its convergence is slow, thus

making high-dimensional problems intractable. Its slowness i8¢ Paper is organized as follows. Section 2 is focused on the

to be ascribed to the use of the steepest-descent method, whRIfoximation properties of neural networks. The basic algo-

performs poorly in terms of convergence in high-dimensionéthm to perform EKF learning is presented in Section 3, as well

settings [2], and to the fixed, arbitrarily chosen step lengths a batch-mode EKF learning. Section 4 includes simulation

For these reasons, algorithms using also the second derivati¢gsilts, showinh that the proposed approach outperforms back-

have been developed (see, e.g., [3]) and modifications to BRpagation and other well-known training algorithms. The

have bgen proposed (see, e.g., the gccel_eratlon t(_achplqye BSBelusions are drawn in Section 5.

sented in [4] and the approach described in [5], which is aimed

at restoring the dependence of the learning rate on time). The . . i

determination of the search direction and of the step length &y ON thek approximation properties of neural
networks

Abstract

1 Introduction

A. Alessandri and M. Sanguineti were partially supported by the MIUR Projeg{/e considerfeedforward neural networkein the fO||0Wing,
“New Techniques for the Identification and Adaptive Control of Industrial Syé- . N . .
tems” and by the CNR-Agenzia 2000 Project “New Algorithms and MethodOr the sake of brevity, often called “neural networks” or sim-

ologies for the Approximate Solution of Nonlinear Functional Optimizatio « ” : ;
Problems in a Stochastic Environment.” E)Iy. ngtworks, ) composed of. layers, V'Vlth Vs computatlon.al
units in the layer (s = 1, ..., L). The input—output mapping



of the ¢-th unit of thes-th layer is given by 3 EKF-based parameters optimization for neu-
ral networks

vs1

Ya(s) Z Wpq(8)Yp(s — 1) +woq(s)| A general EKF-based weights optimization algorithm can be
p=1

described as follows.
s = 1,...,L;q=1,...,v4 D

whereg : R — R is calledactivation function The coefficients EKF Algorithm . The estimateiv, of the network weights at
wpq () and the so-callebiaseswy, (s) are lumped togethertime ¢t = 1,2, ... is given by
into the weights vectorg® . We let

W, = W+ K Y- (W) ] (4)
w £ col (w', w?, ... wh) e WCR",
where
where 9
L H - Y (w, u) )
n = ZZ/S+1 (VS + 1) 8@ w=w, ,,u=u,

j = o K, = PH] (H,P.H] + R)"" (6)

is the total number of weights. The function implemented by a o
Py =P — KiHy Py + Qy, (7)

feedforward neural network with weights vecter is denoted
by 7 (w,u), 7 : R" x R™ — RP , whereu € U C R™ is the

- Py, and R; are symmetric positive definite matrice®, is
network input vector.

a symmetric positive semidefinite matrix, and (4) is initialized
The data set consists of input/output paifs,,y,),t = Withagivenw,.

1,2,...,whereu, € U C R™ andy, € Y C R” represent O
the input and the desired output of a general neural network

at the timet, respectively (henceyy = m and vy = p). If  The extended Kalman filter is the Kalman filter of an approxi-
one assumes the data to be generated by a sufficiently SmQtie model of the nonlinear system linearized around the last
function f : R™ — R”, i.e., Y, = f(u,) (suitable SMOOth- egtimate [17, 18, 19]. In the Kalman filter it is feasible to
ness hypotheses ofi can be assumed according to the proceggry oyt the off-line computation of error covariance (i.8,)
generating the data), then the approximation properties of feggly gain (i.e.,K; ) matrices; on the contrary, for the extended
forward neural networks guarantee the existence of a weigptgiman filter H, is a function ofi, _, andu, , which requires

vectorw* € W C R" such that the on-line computation of such matrices.

f(u) =y(w",u)+n, YVuel, )

Remark. The matrix @; is usually taken equal either to the
where? is the network approximation error abdC R (see, null matrix or to I, with a smalle. The choice ofR, turns
e.g., [15, 16]). Now, let), be the error made in approximatingout to be more critical, as it represents the amount of the ap-
[ by the neural network implementing the mappingor the proximation error. Clearly, at first, it is difficult to figure it out
inputw,. Such a network can be represented as since it depends on the structure of the networks with the initial

choice of the weights, i.eip, . In order to overcome this issue,
{ gtf ;(% w) 1 t=1,2,..., (38) the matrix R; is chosen quite large and tuned on-line (see, for
st LAt T example, [9], p. 962, formulas (34)—(36)).

where the network weights play the role of a constant stat&F-pased optimization can be used also in a batch mode.
equal to the “ideal” network weights vectar*, i.e., w;, = Batch training overcomes the issues arising with large data set
Wy = ... = Wp 2 w* , andn, € K C RP is a noise vector. by dividing the patterns into data batches of fixed length and by
The fictitious dynamic equations (3) allow one to regard supéraining the network with each batch at a time [20]. The pro-
vised learning of feedforward neural networks as the problgmsed approach includes both standard EKF and batch-mode
of estimating the state of a nonlinear system. The measuremeatning and is well-suited to dealing with large amount of data.
equation defines the nonlinear relationship among inputs, oAtcording to recent results [21], we propose to shift the data
puts, and weights according to the functipimplemented by batch of d steps, in general, withi < N, as shown in Fig.

the network. From now on we suppose that the network activia-Full batch training may be obtained by choosihgqual to

tion function in (1) belongs to the class! (R). N.

The representation (3) will be used in the following as the deet us now consider a temporal window movidgtages at a
parture point to derive a training algorithm as a recursive staieme, wherel < d < N. Given a fixed number of iterations,
estimator for the system representing the network. sayt, t = 1,2,..., N +t — 1 input/output patterns of the
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Figure 1: Thel-step batch-mode training.
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Figure 2: Comparison between the one-step and\tretep batch-mode training.

data set are exploredif = 1and N(t + 1) — 1if d = N. ¢, N input/output pairs are processed instead of one, more
In a general case , the amount of patterns processed at sepcomputation is involved as the matrix to invert is of dimension
equaltoN +dt — 1 (see Fig. 2). (pN)? instead ofp?. This, however, makes efficient coding
Let crucial as larger matrices are involved in the computation.

A generalization of the previous algorithm consists in repeating

¥ (M’ yt—N+1)
the weight and covariance updates by using the same batch of

. Al 2w ns) o N _ : _
G (& @th%»l) = . €R (8) input/output patterns. Following [22] for the sake of compari-
- (w' u) son with alternative training methods, the repetitions are called
-t epochs Such a training method is called Iterated Batch-mode
where uf ., 2 ol (Qtherut . ut> c UN EKF (IBEKF) learning and corresponds to the procedure given

A below.
(recall thaty, € U < R™). Similarly, let y!_ Nil —
col (gth+l’gth+27 e »Qt) .

Thus, the extension of the EKF training to the gendratep
case may be expressed as follows.

Iterated Batch-mode EKF (IBEKF) Algorithm . The esti-
matew,, t = N, N + 1,... of the network weights is given

by
Batch-mode EKF (BEKF) Algorithm . The estimatey, , ¢t = Wy =W,
N, N +1,... of the network weights is given by for i=1,2,...,Ng
NN (t—N)+N—-1 ~_ 0G(w,u)
Wy =Wy g + Ky [yd(t N) Hj = Tow  |ya w1
d(t—N)+N-1 — T =i'=T Zd(t—N
W, 4,U 9 _
=G (@1, Uy ) © Kj = P (HP/HT +R;) ™
where Piy1=P; — K;HIPT + Q;
0 (t—N)+N-1
Ht:M (10) H_1_w +K; [yd(t N;
aw w=w, ,,u= pdt-N)+N-1
w=w, Yae—N) e (ﬂ) ud(tfx)Jerl)}
Ki = PHT (H,PHT + Rt) ! (11) P — v Td(E=N)
Prrr = Pr — KeHPL + Qs (12)

Py and R, are symmetric positive definite matrice®, is
a symmetric positive semidefinite matrix, and (9) is initialized
where P, and R; are symmetric positive definite matrices,
O Q; is a symmetric positive semidefinite matriXg is the num-
ber of epochs, and the algorithm is initialized with a given
Note that algorithm BEKF exactly corresponds to the EKE,_; and j = 1.
training if d and N are both taken equal to 1. As, at each time

with a givenw,,_; .

end

Wy = WNpt1

O



Algorithm | Mean Error | Mean Time (s) | Mean Err - Time (s) |

trainb 7.0494.1072 4,979 3.51.1071
trainbfg 9.7237-1073 6.143 5.91-10~2
traincgb 1.8239.1072 5.138 9.62-1072
traincgf 1.3644-10~2 5.035 6.90-102
trainekf 2.5044.10~1 1.384 3411071
traingda | 5.7891.102 2.298 1.33-10°1
traingdx 7.1620-102 2.301 1.64-1071
trainlm 5.5580-10~3 4.097 2.27-1072
trainoss 1.0452.10~2 4.907 5.17-1072
trainrp 3.8550-10~2 2.311 8.92-1072
trainscg 1.1021-1072 3.916 4.31.1072

Table 1: Predictions with a 6—neuron one-hidden-layer neural networkdwiti0, N = 10, andNg = 10

Algorithm | Mean Error | Mean Time (s) | Mean Err - Time (s) |

trainb 5.6550-102 4.997 2.83-1071
trainbfg 1.3295.1072 6.640 8.86-102
traincgb 1.7554-10~2 5.128 9.01-10?
traincgf 1.0989.10~2 5.030 5.68-10~2
trainekf 1.3101-107% 2.164 2.91.107%
traingda | 4.3441.102 2.330 1.01.1071
traingdx 4.9537.10~2 2.270 1.13-1071
trainim 8.4738.1073 6.755 5.67-102
trainoss 8.9392:1073 4.841 4.31-1072
trainrp 3.6963-102 2.350 8.70-102
trainscg 1.2280-10~2 3.991 4.90-1072

Table 2: Predictions with a 9—neuron one-hidden-layer neural networkdwiti0, N = 10, andNg = 10

IBEKF reduces to BEKF algorithm ifVy = 1. Itis worth to a quite standard benchmark. The discrete-time Mackey-Glass
remark that IBEKF training method turns out to be the result series is given by the following delay-difference equation:

the application of the so-called Iterated Extended Kalman filter To_ s

to the problem considered (see, e.g., [23]). The use of iteratétt! = (I—c)z+e L+ (@)® t=r7+1...

Kalman filtering technigues to solve nonlinear programming T (13)

problems is discussed in [14]. where 7 > 1 is an integer. The training data were generated
using the parameters = 0.1, ¢ = 0.2, 7 = 30 and choosing

4 Numerical results the initial values ofx; uniformly distributed between 0 and

0.4. We arranged for data sets made of 100 series, each with
In this section, a problem of prediction for a chaotic time s@000 samples. The first 1000 time steps of each series were
ries is considered to evaluate the effectiveness of EKF leaomitted. The succeeding 500 time steps were used for training,
ing (trainek in comparison with other widely used train-the remaining 500 for testing. The prediction is constructed
ing algorithms (see [22]): batch training with weight anddy assuming that the next valug; depends on a vector of
bias learning rulestfainb), BFGS quasi-Newton backpropa-constant length given by the previols- 1 samples, that is
gation ¢rainbfg), Powell-Beale conjugate gradient backprop-
agation fraincgb), Fletcher-Powell conjugate gradient back-

propagation tfaincgf), gradient descent with adaptive learnyhere/ was chosen equal ta Tables 1 and 2 summarize the
ing rate backpropagatiotrgingda), gradient descent with mo- simulation results. Each entry in the tables is averaged over
mentum and adaptive backpropagatitmifgdy), Levenberg- 100 different tests, where time series with different initial con-
Marquardt backpropagatiorirginlm), one-step secant back-ditions (uniformly distributed between 0 and 0.4) and random
propagation tfainosg, resilient backpropagationtréinrp), initial weights are used in each trial. All training algorithms
scaled conjugate gradient backpropagatimairfscg. In the used for comparison are available from the Matlab Neural Tool-
tests, we considered the Mackey-Glass series [24], whichbx [24].

Tt41 < [xt, Tt—1,Tt—2y--- 7$t—l]7 (14)
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Figure 3: Mackey-Glass series predictions with a 9—neuron one-hidden-layer neural network for the four best training methods.
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As can be seen in Tables 1 and tainekf outperforms all [9] Y. liguni, H. Sakai, and H. Tokumaru, “A real-time learn-
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(see the “Mean Error” column) and computational load (see the the extended Kalman filter”]JEEE Trans. on Signal Pro-
“Mean Time” column). Moreover, as a high precision may re- ©€8Sing40, pp. 959-966, 1992.

quire too much computation, the efficiency may be more fairfy 3] g Schottky and D. Saad, “Statistical mechanics of EKF
evaluated by comparing the product of these performance in- |earning in neural networks”Journal of Physics A: Math-
dexes, which is given in the last column. The prediction capa- ematical and GeneraB2, pp. 1605-1621, 1999.

bilities obtained with the four best training methodsihek o ) )

trainbfg, trainlm, andtrainos9 with a 9-neuron one-hidden-[11] K. Nishiyama f’}nd K. Suzuki, H..—learning of layereed
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5 Conclusions [12] C.-S. Leung, A.-C. Tsoi, and L. W. Chan, “Two regular-
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