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Abstract

This paper deals with generation of smooth paths for the navi-
gation of wheeled mobile robots by means of the iterative steer-
ing technique. A new motion planning primitive calledG3-
spline orη-spline is proposed. It is a seventh order polynomial
spline that permits the interpolation of an arbitrary sequence of
points with associated arbitrary direction, curvature and curva-
ture derivative. Adopting this path planning, the robot’s control
inputs can be obtained by means of a dynamic path inversion
procedure ensuring the continuity of velocities and accelera-
tions. This new spline depends on a vector with six parameters
(η) that can be used to finely shape the path. The paper includes
both theoretical results and path planning examples.

1 Introduction

The advisability of pursuing a path planning with continuous
curvatures for wheeled mobile robots (WMRs) was early indi-
cated by Nelson [8] who devised two primitives, quintic curves
for lane changing maneuvers and polar splines for symmetric
turns, to smoothly connect line segments. Subsequently, many
authors have worked on various planning schemes ensuring
continuous-curvature paths, for example [2], [3], [12], [4]. In
particular the authors have proposed in [9], [10] a continuous-
curvature path planning based on a new parameterized curve,
calledG2-spline. This motion primitive was adopted to achieve
a straightforward inversion-based control for the iterative steer-
ing of vision-based autonomous vehicles.

In this paper we propose a generalization of the quinticG2-
spline leading to theG3-spline, also calledη-spline. It is a sev-
enth order polynomial spline that permits the interpolation of
an arbitrary sequence of points with associated arbitrary direc-
tion (unit tangent vector), curvature and curvature derivative. In
such a way, not only the path curvature is continuous but also
the derivative with respect of the arc length of the curvature is
overall continuous too. Adopting this path planning, as showed
in [6], the robot’s control inputs can be obtained by means of
a dynamic path inversion procedure ensuring the continuity of
velocities and accelerations. In particular, the overall continu-
ity of the robot’s linear and angular accelerations is achieved

by planning with theG3-splines whereas using theG2-splines
leads to the sole continuity of the robot’s velocities (in this case
accelerations can be discontinuous). Hence a definite benefit is
gained with theG3-splines. Moreover, this new spline depends
on a vector with six parameters (η) that can be used to finely
shape the robot’s path.

The paper is organized as follows. Section 2 introduces the
new concept ofG3-paths or paths with third order geometric
continuity and the related inversion based control of WMRs.
Section 3 is the core of the paper: theG3-splines are presented
with their explicit closed-form parameterizations and related
completeness and minimality results are included (Proposition
2 and Property 1). A result on the symmetry of the proposed
η-parameterization is exposed in Section 4 with path planning
examples. Concluding remarks are given in Section 5

2 G3-Paths and inversion based smooth control
of WMRs

A curve on the{x,y}-plane can be described by means of the
mapp : [u0,u1]→R2, u→ p(u) = [α(u)β(u)]T , where[u0,u1]
is a real closed interval. The associated “path” is the image
of [u0,u1] under the vectorial functionp(u), i.e. p([u0,u1]).
We say that the curvep(u) is regular ifṗ(u) ∈Cp([u0,u1]) and
ṗ(u) 6= 0 ∀u ∈ [u0,u1] (here and in the following the class of
piecewise continuous functions is denoted byCp). The curve
length measured alongp(u), denoted bys, can be expressed
with the functionf : [u0,u1]→ [0, f (u)], u→ s=

∫ u
u0
‖ṗ(ξ)‖dξ,

where‖·‖ denotes the Euclidean norm. Given a regular curve
p(u), the length functionf (·) is continuous over[u0,u1] and bi-
jective; hence its inverse is continuous too and will be denoted
by f−1 : [0, f (u1)]→ [u0,u1], s→ u = f−1(s).
Associated with every point of a regular curvep(u) there is the
orthonormal moving frame{τ (u),ν(u)} that is congruent with
the axes of the{x,y}-plane and whereτ (u) = ṗ(u)/‖ṗ(u)‖ de-
notes the unit tangent vector ofp(u). For any regular curve
such thatp̈(u) ∈ Cp([u0,u1]), the scalar curvature is well de-
fined according to the Frenet formuladτ

ds (u) = κc(u)ν(u) so
that we have the functionκc : [u0,u1] → R, u→ κc(u). The
scalar curvature can also be expressed as a function of the curve
lengths, i.e. κ : [0, f (u1)]→ R, s→ κ(s); evidently this func-
tion can be evaluated asκ(s) = κc( f−1(s)).

Definition 1 (G1-,G2- and G3-curves) A parametric curve



p(u) has first order geometric continuity and we sayp(u) is
a G1-curve if p(u) is regular and its unit tangent vector is a
continuous function along the curve, i.e.τ (·) ∈ C0([u0,u1]).
The curvep(u) has second order geometric continuity and we
sayp(u) is aG2-curve ifp(u) is aG1-curve,p̈(·)∈Cp([u0,u1])
and its scalar curvature is continuous along the curve, i.e.
κc(·) ∈C0([u0,u1]), or equivalently,κ(·) ∈C0([0, f (u1)]). The
curve p(u) has third order geometric continuity and we say
p(u) is aG3-curve ifp(u) is aG2-curve,

...
p(·)∈Cp([u0,u1]) and

the derivative with respect to the arc lengthsof the scalar cur-
vature is continuous along the curve, i.e.κ̇(·) ∈C0([0, f (u1)]).

G1- and G2- curves where introduced by Barsky and Beatty
[1] in a computer graphics contest and theG3-curves has been
recently proposed by the authors [6] for the inversion-based
control of WMRs. Moreover, a “natural” definition ofGi-paths
on the Cartesian plane is the following.

Definition 2 (G1-, G2- and G3-paths) A path of a Cartesian
space, i.e. a set of points of this space, is aGi-path (i = 1,2,3)
if there exists a parametricGi-curve whose image is the given
path.

Consider as a motion model of a wheeled mobile robot the fol-
lowing nonholonomic system:





ẋ(t) = v(t)cosθ(t)
ẏ(t) = v(t)sinθ(t)
θ̇(t) = ω(t)

(1)

wherex, y indicate the robot position with respect to a station-
ary frame,θ is the robot heading angle, andv , ω are its linear
and angular velocities to be considered as the control inputs of
the robot.
In order to achieve a smooth control of the robot the inputs
v(t) andω(t) must beC1-functions, i.e. the linear and angular
accelerations of the robot are continuous signals. It is useful
to define an “extended state” of model (1) that comprises the
inputs and their derivatives:

{x(t) ,y(t) ,θ(t) ,v(t) , v̇(t) ,ω(t) , ω̇(t)} .

Then, the following Smooth Motion Planning Problem (SMPP)
can be posed [6].
SMPP: Given any assigned travelling timet f > 0, find con-
trol inputs v̇(·), ω(·) ∈ C1 ([0, t f ]) such that the mobile robot
starting from an arbitrary initial extended state

pA = [xA yA]T = [x(0) y(0)]T , θA = θ(0),

vA = v(0), v̇A = v̇(0), ωA = ω(0), ω̇A = ω̇(0),

reaches the arbitrary final extended state

pB = [xB yB]T = [x(t f ) y(t f )]T , θB = θ(t f ),

vB = v(t f ), v̇B = v̇(t f ), ωB = ω(t f ), ω̇B = ω̇(t f ) .

The solution of the above problem, exposed in [6], can be used
in a motion control architecture based on the iterative steering

approach [7]. In such a way, swift high-performance motion
of the WMR can be achieved while intelligent or elaborate be-
haviours are performed. The solution to SMPP is based on a
path dynamic inversion procedure that needs a planning of a
G3-path connectingpA with pB. This relies on the following
result.

Proposition 1 [6] A path Γ on the Cartesian plane is gener-
ated by the model (1) with inputsv(·), ω(·)∈ C 1, v(t) 6= 0, ∀t ≥
0 if and only ifΓ is a G3-path.

TheG3-path connectingpA with pB must satisfy interpolating
conditions at the end-points that depend on the initial and final
extended states of the WMR. Consider, for example, the case
vA > 0 andvB > 0. Then the heading angles of the initial and
final pose of the WMR are the angles,θA andθB, with respect
to thex- axis of the unit tangent vectors at the path end-points
(see Fig. 1). Mooreover, the curvatures and the derivatives with
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pA, kA, kA

θA

x
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Figure 1: AG3-path connectingpA with pB and satisfying end-
point interpolating conditions.

respect to the arc length of the curvatures at the end-points can
be determined according to the expressions:

kA = ωA
vA

, kB = ωB
vB

k̇A = ω̇AvA−ωAv̇A
v3
A

, k̇B = ω̇BvB−ωBv̇B
v3
B

The critical casevA = 0 and/orvB = 0 and other cases are dis-
cussed in [6].

3 Polynomial G3-splines

In the context of the smooth iterative steering of WMRs, the
previous section has shown the necessity of planning with
G3-paths having arbitrary interpolating conditions at the end-
points. This justifies the introduction of the following problem.



The polynomial G3-interpolating problem: Determine the
minimal order polynomial curve that interpolates between
given pointspA = [xA yA]T andpB = [xB yB]T with associated
unit tangent vectors defined by anglesθA andθB, scalar cur-
vaturesκA andκB and the derivatives with respect to the arc
length of the curvaturėκA and κ̇b (see Fig. 1). All the in-
terpolating datapA,pB ∈ R2, θA,θB ∈ [0,2π), κA,κB ∈ R and
κ̇A, κ̇B ∈ R can be arbitrarily assigned.

To solve the posed interpolating problem, consider a seventh
order polynomial curvep(u) = [α(u) β(u)]T , u∈ [0,1] where

α(u) := α0+α1u+α2u2+α3u3+α4u4+α5u5+α6u6+α7u7

(2)
β(u) := β0 +β1u+β2u2 +β3u3 +β4u4 +β5u5 +β6u6 +β7u7

(3)
The interpolating conditions are the following:

p(0) = pA, p(1) = pB (4)

τ (0) =
[

cosθA

sinθA

]
, τ (1) =

[
cosθB

sinθB

]
(5)

κc (0) = κA, κc (1) = κB (6)

κ̇c (0) = κ̇A‖ṗ(0)‖ , κ̇c (1) = κ̇B‖ṗ(1)‖ (7)

τ (u) is the unit tangent vector and is given byṗ(u)/‖ṗ(u)‖.
The polynomial curve of the seventh order satisfying all the
above conditions has the following coefficients:

α0 = xA (8)

α1 = η1cosθA (9)

α2 =
1
2

η3cosθA− 1
2

η2
1κAsinθA (10)

α3 =
1
6

η5cosθA− 1
6

(
η3

1κ̇A +3η1η3κA
)

sinθA (11)

α4 = 35(xB−xA)−
(

20η1 +5η3 +
2
3

η5

)
cosθA

+
(

5η2
1κA +

2
3

η3
1κ̇A +2η1η3κA

)
sinθA

−
(

15η2− 5
2

η4 +
1
6

η6

)
cosθB

−
(

5
2

η2
2κB− 1

6
η3

2κ̇B− 1
2

η2η4κB

)
sinθB (12)

α5 = −84(xB−xA)+(45η1 +10η3 +η5)cosθA

−(
10η2

1κA +η3
1κ̇A +3η1η3κA

)
sinθA

+
(

39η2−7η4 +
1
2

η6

)
cosθB

+
(

7η2
2κB− 1

2
η3

2κ̇B− 3
2

η2η4κB

)
sinθB (13)

α6 = 70(xB−xA)−
(

36η1 +
15
2

η3 +
2
3

η5

)
cosθA

+
(

15
2

η2
1κA +

2
3

η3
1κ̇A +2η1η3κA

)
sinθA

−
(

34η2− 13
2

η4 +
1
2

η6

)
cosθB

−
(

13
2

η2
2κB− 1

2
η3

2κ̇B− 3
2

η2η4κB

)
sinθB (14)

α7 = −20(xB−xA)+
(

10η1 +2η3 +
1
6

η5

)
cosθA

−
(

2η2
1κA +

1
6

η3
1κ̇A +

1
2

η1η3κA

)
sinθA

+
(

10η2−2η4 +
1
6

η6

)
cosθB

+
(

2η2
2κB− 1

6
η3

2κ̇B− 1
2

η2η4κB

)
sinθB (15)

β0 = yA (16)

β1 = η1sinθA (17)

β2 =
1
2

η3sinθA +
1
2

η2
1κAcosθA (18)

β3 =
1
6

η5sinθA +
1
6

(
η3

1κ̇A +3η1η3κA
)

cosθA (19)

β4 = 35(yB−yA)−
(

20η1 +5η3 +
2
3

η5

)
sinθA

−
(

5η2
1κA +

2
3

η3
1κ̇A +2η1η3κA

)
cosθA

−
(

15η2− 5
2

η5 +
1
6

η6

)
sinθB

+
(

5
2

η2
2κB− 1

6
η3

2κ̇B− 1
2

η2η4κB

)
cosθB (20)

β5 = −84(yB−yA)+(45η1 +10η3 +η5)sinθA

+
(
10η2

1κA +η3
1κ̇A +3η1η3κA

)
cosθA

+
(

39η2−7η4 +
1
2

η6

)
sinθB

−
(

7η2
2κB− 1

2
η3

2κ̇B− 3
2

η2η4κB

)
cosθB (21)

β6 = 70(yB−yA)−
(

36η1 +
15
2

η3 +
2
3

η5

)
sinθA

−
(

15
2

η2
1κA +

2
3

η3
1κ̇A +2η1η3κA

)
cosθA

−
(

34η2− 13
2

η4 +
1
2

η6

)
sinθB

+
(

13
2

η2
2κB− 1

2
η3

2κ̇B− 3
2

η2η4κB

)
cosθB (22)



β7 = −20(yB−yA)+
(

10η1 +2η3 +
1
6

η4

)
sinθA

+
(

2η2
1κA +

1
6

η3
1κ̇A +

1
2

η1η3κA

)
cosθA

+
(

10η2−2η4 +
1
6

η6

)
sinθB

−
(

2η2
2κB− 1

6
η3

2κ̇B− 1
2

η2η4κB

)
cosθB (23)

The real parametersηi , i = 1, . . . ,6, appearing in expressions
(8)-(23) can be packed together to form the six-dimentional pa-
rameter vectorη = [η1 η2 η3 η4 η5 η6]

T , so that the
resulting parametric curve can be concisely denoted asp(u;η)
or, informally,η-spline.
Moreover denote withH the set given by the Cartesian prod-
uct (R+)2×R4. The main result of this section is given by the
following proposition.

Proposition 2 Given any interpolating datapA, θA, κA, κ̇A and
pB, θB, κB, κ̇B, the parametric curvep(u;η) satisfies condi-
tions (4)-(7) for allη ∈H . Conversely, any seventh order poly-
nomial curvep(u) with ṗ(0) 6= 0, ṗ(1) 6= 0) satisfying condi-
tions (4)-(7) there exists a parameter vectorη ∈ H such that
the curvep(u) can be expressed asp(u;η).

Proof. For brevity the proof is omitted. It can be found in [11].

Proposition 2makes evident that theη-spline is a complete
parameterization of all the seventh order polynomial curves
interpolating the given endpoint data.

Property 1 The curvep(u;η) is the minimal order polynomial
curve interpolating any arbitrarily given datapA, pB ∈R2, θA,
θB ∈ [0,2π), κA, κB∈ R andκ̇A, κ̇B ∈ R.

Proof. The seventh degree curvep(u;η) characterize all the
polynomial curves, interpolating the given endpoint data, till to
the seventh order. Hence, if a lower order polynomial curve
exists this must coincide withp(u;η) for some appropriateη ∈
H . Consider the following interpolating data (leading to a lane-
change path):

pA = [0 0]T , pB = [2 1]T ,

θA = θB = 0, κA = κB = 0, κ̇A = κ̇B = 0

α(u;η) = η1u+
1
2

η3u2 +
1
6

η5u3

+
[
70−20η1 +5η3 +

2
3

η5−15η2 +
5
2

η4− 1
6

η6

]
u4

+
[
168+45η1 +10η3 +η5 +39η2−7η4 +

1
2

η6

]
u5

+
[
140−36η1− 15

2
η3− 2

3
η5−34η2 +

13
2

η4− 1
2

η6

]
u6

+
[
−40+10η1 +2η3 +

1
6

η5 +10η2−2η4 +
1
6

η6

]
u7

β(u;η) = 35u4−84u5 +70u6−20u7

Evidently it is not possible to interpolate the given data with a
sixth or lower order polynomial curve for any arbitrary choice
of η ∈H . 2

The following result shows how theη-splines become line seg-
ments under particular interpolating conditions (for a proof see
[11]).

Property 2 (line segments generation) Defined = ‖pB−pA‖
and assume xB = xA + dcosθ, yB = yA + dsinθ,
θA = θB = θ ∈ [0,2π), κA = κB = 0, κ̇A = κ̇B = 0. Then
the path generated byp(u;η) is a segment line∀η ∈H .

4 Path planning with the G3-splines

The practical use of the devisedG3-splines requires, apart im-
posing the interpolating end-points condition, the setting of the
ηi parameters (i = 1,2, ...,6). From the relations‖ṗ(0;η)‖ =
η1 and‖ṗ(1;η)‖ = η2 the parametersη1 and η2 can be in-
terpreted as “velocity” parameters whereas the other ones (η3,
η4, η5 andη6) can be generically tagged as “twist” parameters.
The following property is useful in understanding the shaping
of theη-spline as affected by its various parameters.

Property 3 (symmetry) Assumeη1 = η2 = v ∈ R+, η3 =
−η4 = w∈R, η5 = η6 = z∈R and defineη = [v v w−w z z]T .
Moreover, considerθA = θB = θ ∈ [0,2π), κA = κB = 0, κ̇A =
κ̇B = 0 and

{
xB = xA +d1cosθ−d2sinθ
yB = yA +d1sinθ+d2cosθ

whered1 ∈ R+ ed2 ∈ R. Then it follows that

p(1−u;η) = pA +pB−p(u;η) (24)

∀u∈ [0,1], ∀v∈ R+, ∀w∈ R, ∀z∈ R.

Proof. By direct substitution into (8)-(23) of all the posed as-
sumptions and after some computations we obtain:

p(u;η) =
[

xA

yA

]
+v

[
cosθ
sinθ

]
u+

1
2

w

[
cosθ
sinθ

]
u2 +

1
6

z

[
cosθ
sinθ

]
u3

+
[

cosθ −sinθ
sinθ cosθ

][
35d1−35v− 45

2 w− 5
6z

35d2

]
u4+

+
[

cosθ −sinθ
sinθ cosθ

][ −84d1 +84v+17w+ 3
2z

−84d2

]
u5+

+
[

cosθ −sinθ
sinθ cosθ

][
70d1−70v−14w− 7

6z
70d2

]
u6+

+
[

cosθ −sinθ
sinθ cosθ

][ −20d1 +20v+4w+ 1
3z

−20d2

]
u7

(25)

Using the above expression (25) forp(u;η) we verify that re-
lation (24) holds∀u∈ [0,1], ∀v∈ R+, ∀w∈ R, ∀z∈ R. 2

The above symmetry property is illustrated in the figures 2,
3, and 4. All these plots describe the so called “lane change”



curve pA pB θA θB κA κB κ̇A κ̇B η1,η2 η3,η4,η5,η6

1

[
0.3
0.3

] [
1.3
3.3

]
π/2 π/2 0 0 −8 0 3.162 0

2

[
0.3
0.3

] [
1.3
3.3

]
π/2 π/2 0 0 0 0 3.162 0

3

[
0.3
0.3

] [
1.3
3.3

]
π/2 π/2 0 0 8 0 3.162 0

Table 1: Path data of figure 5.

curve pA pB θA θB κA κB κ̇A κ̇B η1,η2 η3,η4,η5,η6

1

[
0
0

] [
4.8764
0.8186

]
0 0.5 0 0,2 0,04 −0,36 4,944 0

2

[
0
0

] [
4.8764
0.8186

]
0 0.5 0 0,2 0,04 0,04 4,944 0

3

[
0
0

] [
4.8764
0.8186

]
0 0.5 0 0,2 0,04 0,44 4,944 0

Table 2: Path data of figure 6.

0 2 4 6 8 10 12 14 16 18 20
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1.5

2

2.5

3

[m]

[m]

η
1

=η
2

=5

η
1

=η
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Figure 2: A lane change withη3 = η4 = η5 = η6 = 0.

paths withpA = [0 0]T , pB = [20 3]T , θA = θB = 0, κA = κB = 0,
κ̇A = κ̇B = 0, and various choices for theηi parameters.

As exposed in [5] it is sensible to choose vectorη by solv-
ing a suitable optimization problem. For theG3-splines the
optimal smoothness of the path may be gained by minimiz-
ing the absolute value of the variations ofκ̇(s) along the path,
i.e. min

η∈H
max

s∈[0, f (1)]
|κ̈(s;η)|. This is a difficult minimax problem,

however a rough sub-optimal solution is given, in many typical
cases of the autonomous robot navigation, by the euristic rule
η1 = η2 = ‖pA−pB‖ andη3 = η4 = η5 = η6 = 0. In figure 5
we have applied this rule to a line change with perturbations on
the curvature derivative at the initial path point (see Table 1).
These perturbations have a marked effect on the initial shape
of theη-spline. The same rule is also used in figure 6 where
the central path is a very good approximation of a clothoid, i.e.
κ̇(s)' 0.04 ∀ s∈ [0, f (1)], and the other paths are obtained by
perturbingκ̇B = 0.04±0.40 (see all the path data on Table 2).

0 2 4 6 8 10 12 14 16 18 20
0

0.5

1

1.5

2

2.5

3

[m]

[m]

η
3
=−η

4
=−200

η
3
=−η

4
=200

Figure 3: A lane change withη1 = η2 = 20andη5 = η6 = 0.

5 Conclusions

We have presented a closed-form parameterization of seventh-
order polynomial splines that permits the planning of com-
posite paths ensuring an overall third-order geometric conti-
nuity. This new motion primitive appears especially useful for
the smooth iterative steering of autonomous wheeled mobile
robots.
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Parma.

[12] Scheuer, A. and Fraichard, T.: 1996, Planning
continuous-curvature paths for car-like robots,Proceed-
ings of the 1996 IEEE/RSJ International Conference on
Intelligent Robots and Systems, Osaka, Japan, pp. 1304–
1311.


	Session Index
	Author Index



