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.H\ZRUGV� '\QDPLF IHHGEDFN� OLQHDUL]DWLRQ� SURORQ�
JDWLRQV� GL�HUHQWLDO JHRPHWU\�

$EVWUDFW

7KH SDSHU GHDOV ZLWK G\QDPLF IHHGEDFN OLQHDUL]DWLRQ
RI WZR LQSXW FRQWLQXRXV WLPH V\VWHPV� $ FRQVWUXFWLYH
SURFHGXUH EDVHG RQ SURORQJDWLRQV LV SURSRVHG� 7KH
DOJRULWKP� ZKLFK UHOLHV RQ QHFHVVDU\ JHRPHWULF FRQGL�
WLRQV� FRPSXWHV D VHW RI SURORQJDWLRQ LQGLFHV�

� ,QWURGXFWLRQ

7KH IHHGEDFN OLQHDUL]DWLRQ SUREOHP KDV EHHQ ZLGHO\
VWXGLHG ERWK LQ FRQWLQXRXV DQG LQ GLVFUHWH WLPH �VHH
>��@ DQG WKH UHIHUHQFH WKHUHLQ�� 7KH �UVW ZRUNV RQ
WKH WRSLF UHJDUG WKH H[DFW OLQHDUL]DWLRQ SUREOHP >�@�
>��@� >�@� >�@� >��@� >��@� 6XFFHVVLYH ZRUNV FRQFHUQ WKH
FRPSXWDWLRQ RI WKH ODUJHVW OLQHDUL]DEOH VXEV\VWHP RI
D JLYHQ G\QDPLFV >��@� >�@�

'\QDPLF IHHGEDFN VROXWLRQV ZHUH �UVW FRQVLGHUHG LQ
>�@� ,Q >�@� VX�FLHQW JHRPHWULF FRQGLWLRQV ZHUH JLYHQ
IRU WKH VROYDELOLW\ RI WKH SUREOHP YLD SURORQJDWLRQV
DQG GL�HRPRUSKLVP� 7KH VX�FLHQF\ UHJDUGV WZR DV�
SHFWV� WKH DSULRUL NQRZOHGJH RI D FDQGLGDWH VHW RI SUR�
ORQJDWLRQ LQGLFHV� WKH UHTXLUHPHQW WKDW WKH DVVRFLDWHG
GLVWULEXWLRQV� DUH WKH SURMHFWLRQ RI WKH FRUUHVSRQGLQJ
GLVWULEXWLRQV GH�QHG RQ WKH H[WHQGHG VSDFH� ,Q WKH
VDPH ZRUN QHFHVVDU\ DQG VX�FLHQW FRQGLWLRQV ZHUH
JLYHQ IRU V\VWHPV ZKHUH WKH QXPEHU RI VWDWHV PLQXV
WKH QXPEHU RI LQSXWV LV HTXDO WR RQH�

7KH HTXLYDOHQFH RI GL�HUHQWLDOO\ �DW QRQOLQHDU V\V�
WHPV WR G\QDPLF IHHGEDFN OLQHDUL]DEOH V\VWHPV ZDV
�UVW DGGUHVVHG LQ >�@� >�@ ZKHUH WKH FRQFHSW RI HQGRJH�
QRXV IHHGEDFN ZDV LQWURGXFHG� 5RXJKO\ VSHDNLQJ WKH
VROXWLRQ LV LQ WKLV FDVH EDVHG RQ WKH NQRZOHGJH RI D VHW
RI �DW RXWSXWV� L�H� OLQHDUL]LQJ RXWSXW IXQFWLRQV GH�
SHQGLQJ RQ WKH VWDWH� WKH FRQWURO DQG LWV GHULYDWLYHV�

�:RUN SDUWLDOO\ VXSSRUWHG E\ 08567 �3URJHWWR *LRYDQL

5LFHUFDWRUL�

$OJHEUDLF QHFHVVDU\ DQG VX�FLHQW FRQGLWLRQV IRU WKH
VROYDELOLW\ RI WKH SUREOHP ZHUH JLYHQ LQ >�@ ZKHUH
LW ZDV VKRZQ KRZ WR DVVRFLDWH DQ LQ�QLWHVLPDO
%UXQRYVNLL IRUP ZLWK D QRQOLQHDU V\VWHP� WKH H[LV�
WHQFH RI D VHW RI OLQHDUL]LQJ RXWSXWV LV HTXLYDOHQW WR
WKH H[LVWHQFH RI D GL�HUHQWLDO RSHUDWRU WUDQVIRUPLQJ
WKH LQ�QLWHVLPDO %UXQRYVNLL IRUP LQWR D V\VWHP RI H[�
DFW RQH�IRUP� +RZHYHU WKHVH FRQGLWLRQV DUH H[LVWHQFH
FRQGLWLRQV DQG DUH QRW FRQVWUXFWLYH WKXV QRW DOORZLQJ
D GLUHFW FRPSXWDWLRQ RI WKH G\QDPLF FRPSHQVDWRU�
)LQDOO\� D ERXQG RQ WKH QXPEHU RI LQWHJUDWRUV QHFHV�
VDU\ WR DFKLHYH OLQHDUL]DWLRQ ZDV JLYHQ LQ >��@�

,Q WKLV SDSHU ZH SURSRVH DQ DOJRULWKP IRU WKH FRPSX�
WDWLRQ RI D G\QDPLF FRPSHQVDWRU FRQVLVWLQJ RI SURORQ�
JDWLRQV� 7KH DOJRULWKP LV EDVHG RQ D VHW RI QHFHVVDU\
JHRPHWULF FRQGLWLRQV ZKLFK DUH DOVR VX�FLHQW ZKHQ
WKH SURORQJDWLRQ LQGLFHV DUH DW PRVW HTXDO WR �� 7KH
SURFHGXUH LV LOOXVWUDWHG RQ DQ H[DPSOH XVHG LQ >�@ WR
HQOLJKWHQ WKH VX�FLHQF\ RI WKH SURSRVHG UHVXOW�

7KH 3UREOHP� &RQVLGHU WKH FRQWLQXRXV WLPH V\VWHP
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PDSV GH�QHG RQ D RSHQ VHW RI ,5Q� )LQG� LI WKHUH
H[LVWV� D G\QDPLF IHHGEDFN
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LV VWDWLF IHHGEDFN HTXLYDOHQW WR D OLQHDU V\VWHP� L�H�
WKHUH H[LVWV D UHJXODU VWDWLF IHHGEDFN Y  ��[� �� �
��[� ��Z� VXFK WKDW WKH FORVHG^ORRS V\VWHP LV GL�HR�
PRUSKLF WR D OLQHDU V\VWHP� ,Q ��� $L DQG %L RI GL�
PHQVLRQ UHVSHFWLYHO\ �L ��L DQG �L � �� DUH JLYHQ E\
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5HPDUN�7KH LQGLFHV �L ZLOO EH FDOOHG SURORQJDWLRQ LQ�
GLFHV DQG V\VWHP ��� ZLOO EH VDLG G\QDPLF IHHGEDFN
OLQHDUL]DEOH ZLWK SURORQJDWLRQ LQGLFHV ���� ���� ,I WKH
V\VWHP LV G\QDPLF IHHGEDFN OLQHDUL]DEOH ZLWK SURORQ�
JDWLRQV RQO\� WKHQ DW OHDVW RQH SURORQJDWLRQ LQGH[ FDQ
EH VHW WR ]HUR� L�H� �  �� � �� �>��@�� 7KH QXPEHU
RI QHFHVVDU\ LQWHJUDWRUV LV UHODWHG WR WKH GLPHQVLRQ Q
RI V\VWHP ��� DQG WKH QXPEHU RI LQSXWV� ,Q WKH WZR

LQSXW FDVH
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� 3UHOLPLQDULHV

:H ZLOO �UVW UHFDOO WKH ZHOO NQRZQ UHVXOW FRQFHUQLQJ
WKH VWDWH VSDFH H[DFW OLQHDUL]DWLRQ SUREOHP DQG WKHQ
ZH ZLOO VWXG\ WKH SURSHUWLHV RI WKH H[WHQGHG V\VWHP
������ 6RPH SUHOLPLQDU\ UHVXOWV RQ WKH SURSHUWLHV RI
WKH GLVWULEXWLRQV DVVRFLDWHG ZLWK WKH RULJLQDO V\VWHP
��� DUH HQOLJKWHQHG� 7KHVH SURSHUWLHV DUH DW WKH EDVLV
RI WKH SURSRVHG DOJRULWKP IRU WKH FRPSXWDWLRQ RI D
G\QDPLF FRPSHQVDWRU VROYLQJ WKH SUREOHP�

��� 5HFDOOV DQG QRWDWLRQV

7KH IROORZLQJ QRWDWLRQ LV XVHG� *LYHQ D QXPEHU S� ESF
LV LWV LQIHULRU LQWHJHU� S� � S�S� �� � � � � LV WKH IDFWR�
ULDO QXPEHU� JLYHQ WZR VPRRWK YHFWRU �HOGV I DQG JL�
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JL LV WKH VWDQGDUG /LH

EUDFNHWV RI YHFWRU �HOGV DQG DGNIJL  DGI �DG
N��
I JL��

ZH GHQRWH E\ J  �J�� J��� E\ *  �*�� *��� E\ *L WKH
GLVWULEXWLRQ *L � VSDQIJ� � � � � DG

L
IJJ� E\

�*L� WKH LQYR�
OXWLYH FORVXUH RI *L� 7KH VHW RI GLVWULEXWLRQV *L SOD\V D
FUXFLDO UROH LQ WKH VROXWLRQ RI WKH UHJXODU VWDWLF IHHG�
EDFN OLQHDUL]DWLRQ SUREOHP� :H UHFDOO WKH IROORZLQJ
UHVXOW� VWDWHG LQ WKH JHQHUDO P^LQSXW FDVH�

7KHRUHP � >�@ 6XSSRVH WKDW WKH PDWUL[ J�[�� KDV
UDQN P� 7KHQ WKH VWDWH VSDFH H[DFW OLQHDUL]DWLRQ
SUREOHP LV VROYDEOH LI DQG RQO\ LI

L�� *L KDV FRQVWDQW GLPHQVLRQ QHDU [�� IRU � � L �
Q� ��

LL�� *Q�� KDV GLPHQVLRQ Q

LLL�� *L LV LQYROXWLYH� IRU � � L � Q� ��

7KH ORVV RI LQYROXWLYLW\ RI DQ\ RI WKH GLVWULEXWLRQV
*L GRHV QRW DOORZ WR DFKLHYH H[DFW OLQHDUL]DWLRQ YLD
UHJXODU VWDWLF VWDWH IHHGEDFN� $V IRU G\QDPLF IHHG�
EDFN OLQHDUL]DWLRQ� LQ >�@ WKH SUREOHP LV VROYHG E\
VKRZLQJ WKDW LI LW LV SRVVLEOH WR GH�QH D SDUWLWLRQ

RI WKH LQSXW YHFWRU GH�QHG E\ WKH VHW RI LQWHJHUV
�  �� � � � � � �P� V�W� WKH GLVWULEXWLRQV

��  VSDQIJM � �M  �J

�L��  �L � DGI�L � VSDQIJM � �M  L� �J� L � �

VDWLVI\ DSSURSULDWH SURSHUWLHV� WKHQ WKH SUREOHP LV
VROYDEOH YLD SURORQJDWLRQV� 0RUH SUHFLVHO\

7KHRUHP � >�@ ,I ORFDOO\ LQ D QHLJKERUKRRG 8� RI [�

L�� �L LV LQYROXWLYH DQG RI FRQVWDQW GLPHQVLRQ IRU
� � L � Q� �P � �

LL�� GLP��Q��P���  Q

LLL�� >JV��L@ � �L��� �V� VXFK WKDW �V � � DQG �L�
� � L � Q� �P � �

WKHQ V\VWHP ��� LV ORFDOO\ G\QDPLF IHHGEDFN OLQHDUL]�
DEOH ZLWK SURORQJDWLRQ LQGLFHV �� � � ��P�

$ SDUW IURP WKH DSULRUL NQRZOHGJH RI WKH SURORQJD�
WLRQ LQGLFHV� WKH VX�FLHQF\ RI 7KHRUHP � LV HVVHQ�
WLDOO\ OLQNHG WR FRQGLWLRQ LLL�� ZKLOH FRQGLWLRQV L� DQG
LL� DUH QHFHVVDU\� ,Q IDFW� FRQVLGHU WKH WZR^LQSXW FDVH�
7KHQ� IRU O  �� � � � � Q� �� � ��
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DVVRFLDWHG ZLWK WKH H[WHQGHG V\VWHP ����

&RQGLWLRQ LLL� FRUUHVSRQGV WR YHULI\ WKDW WKH YHFWRU
�HOGV DGV)*M KDYH WKH IRUP
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VR WKDW WKH SURMHFWLRQ RI *H
L LV JLYHQ E\ �L� L�H�

��*H
L �  �L � �� ZKLFK LV D SDUWLFXODU FDVH�

:LWK UHVSHFW WR WKH SUHVHQW UHVXOW ZH ZLOO SURSRVH DQ
DOJRULWKP ZKLFK DOORZV WKH IROORZLQJ LPSURYHPHQWV�

^ D FRQVWUXFWLYH FRPSXWDWLRQ RI D VHW RI SURORQJD�
WLRQ LQGLFHV ZLWK UHVSHFW WR ZKLFK WKH GLVWULEXWLRQV
�L VDWLVI\ FRQGLWLRQ L� DQG LL� RI 7KHRUHP ��

^ ZH ZLOO UHOD[ FRQGLWLRQ LLL�� VR WKDW WKH SURMHFWLRQ
RI *HL PD\ QRW FRLQFLGH ZLWK �L�

��� 7KH SURSHUWLHV RI WKH H[WHQGHG V\VWHP

/HW XV WKXV FRQVLGHU WKH H[WHQGHG G\QDPLFV ��������
DQG DVVXPH LW IHHGEDFN OLQHDUL]DEOH� $IWHU D SRVVLEOH



UHRUGHULQJ RI WKH LQSXWV� �  �� � ��� 7KH FORVHG^
ORRS V\VWHP LV JLYHQ E\
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7KH H[WHQGHG V\VWHP ��� LV WKXV FKDUDFWHUL]HG E\ WKH
IROORZLQJ YHFWRU �HOGV
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6LQFH WKH FORVHG^ORRS V\VWHP LV OLQHDUL]DEOH YLD UHJX�
ODU VWDWLF IHHGEDFN� WKH GLVWULEXWLRQV *HL PXVW EH LQ�
YROXWLYH DQG UHJXODU �7KHRUHP ��� 7KLV IDFW LQGXFHV
D FHUWDLQ QXPEHU RI SURSHUWLHV RQ WKH /LH EUDFNHWV RI
WKH YHFWRU �HOGV GH�QHG RQ WKH RULJLQDO V\VWHP� 0RUH
SUHFLVHO\ WKH IROORZLQJ UHVXOW KROGV WUXH�

3URSRVLWLRQ � /HW V\VWHP ��� EH G\QDPLF IHHGEDFN
OLQHDUL]DEOH ZLWK SURORQJDWLRQ LQGLFHV �  �� � ��

DURXQG �[�� ���  �[�� ��� &RQVLGHU IRU L  � � � � � Q�
�� � � WKH GLVWULEXWLRQ �L GH�QHG LQ ���� /RFDOO\
DURXQG [�� WKH IROORZLQJ SURSHUWLHV KROG WUXH

D� �L KDV FRQVWDQW GLPHQVLRQ DQG LV LQYROXWLYH� IRU
� � L � Q� �� � �
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7KH SURRI RI WKH UHVXOW ZLWK LWV WHFKQLFDO GHWDLOV LV
RPLWWHG� /HW XV LQVWHDG QRWH WKDW LI �  �� � �� � �
WKH FRQGLWLRQV RI 3URSRVLWLRQ � EHFRPH DOVR VX�FLHQW
DV XQGHUOLQHG LQ WKH IROORZLQJ 7KHRUHP�

7KHRUHP � 6\VWHP ��� LV ORFDOO\ G\QDPLF IHHGEDFN
OLQHDUL]DEOH DURXQG �[�� �� ZLWK SURORQJDWLRQ LQGLFHV
�  �� � �� � � LI DQG RQO\ LI WKH FRQGLWLRQV RI
3URSRVLWLRQ � DUH VDWLV�HG�

� 0DLQ 5HVXOW

7KH DOJRULWKP SURSRVHG KHUHDIWHU DLPV WR FRPSXWH
D VHW RI SURORQJDWLRQ LQGLFHV �� � �� ZLWK UHVSHFW
WR ZKLFK WKH DVVRFLDWHG GLVWULEXWLRQV �L VDWLVI\ WKH
QHFHVVDU\ FRQGLWLRQV RI 3URSRVLWLRQ �� $W WKH JHQHULF
VWHS V ZH ZLOO GHQRWH E\ �VL � WKH SURORQJDWLRQ LQGH[
�L DQG E\ �

V
L WKH GLVWULEXWLRQ �L�

7KH DOJRULWKP VWDUWV ZLWK ���  ���  � DQG FRQVLG�
HUV WKH �UVW LQGH[ N VXFK WKDW GLP ��N  Q� ZKLOH
GLP ��N�� � Q� ZKLFK FHUWDLQO\ H[LVWV GXH WR WKH
FRQWUROODELOLW\ DVVXPSWLRQ� 7KH JHQHULF 6WHS V VWDUWV
ZLWK D JLYHQ VHW RI SURORQJDWLRQ LQGLFHV �V��� � �V��� �
7KH FRUUHVSRQGLQJ GLVWULEXWLRQV �V��

M VDWLVI\ WKH FRQ�
GLWLRQV RI 3URSRVLWLRQ � IRU M � NV��� 7KH DOJRULWKP
FKHFNV LI WKH\ DUH VDWLV�HG IRU M  NV�� � � DOVR�
,I QRW� WKH SURORQJDWLRQ LQGLFHV DUH PRGL�HG DFFRUG�
LQJO\� 7KLV LV GRQH LQ WZR SKDVHV�

3KDVH � FRQFHUQV FRQGLWLRQ D� RI 3URSRVLWLRQ �� LI
�V��

NV����
LV QRW LQYROXWLYH� WKH DOJRULWKP FRPSXWHV LWV

LQYROXWLYH FORVXUH ZKLFK LV FRQWDLQHG LQ �V��
NV��

� %\
FRQVWUXFWLRQ� DIWHU D SRVVLEOH UHRUGHULQJ RI WKH LQSXWV
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3KDVH � FRQFHUQV FRQGLWLRQ F� RI 3URSRVLWLRQ �� 7KH
DOJRULWKP FKHFNV WKH FRQGLWLRQ DQG DGGV WKH QHF�

HVVDU\ HOHPHQWV DG
�NV����

V��

L

I JL LQ RUGHU WR VDWLVI\
LW� 7KLV RSHUDWLRQ FKDQJHV WKH SURORQJDWLRQ LQGLFHV
ZKLFK DUH XSGDWHG DFFRUGLQJO\� $V D FRQVHTXHQFH WKH
RSHUDWLRQ PXVW EH LWHUDWHG RQ WKH QHZ REWDLQHG GLV�
WULEXWLRQ XQWLO FRQGLWLRQ F� LV VDWLV�HG� 7KH SUHYLRXV
RSHUDWLRQ PD\ LQ JHQHUDO QRW SUHVHUYH WKH LQYROXWLY�
LW\ IRU WKH QHZ GLVWULEXWLRQV� VR WKDW WKH DOJRULWKP
FRPSXWHV WKH �UVW LQGH[ U VXFK WKDW a�aNV�U � �NV�U�

7KH DOJRULWKP

6XSSRVH WKDW WKH V\VWHP LV ORFDOO\ FRQWUROODEOH DURXQG
X  �� L�H� GLP *Q��  Q� DQG OHW N EH WKH �UVW LQWHJHU
VXFK WKDW GLP *N  GLP VSDQIJ� � � � � DGNIJJ  Q DQG

GLP *N��  GLP VSDQIJ� � � � � DGN��I JJ � Q� 1RWH

WKDW *N  *N�� � VSDQ IDG
N
IJJ�

6WHS � 6HW ���  ���  �� N�  N DQG FRQVLGHU
��N�  IJ� DGIJ� � � � � DG

N�
I JJ� %\ FRQVWUXFWLRQ ��N�

VDWLV�HV WKH FRQGLWLRQV 3URSRVLWLRQ � VLQFH LW KDV FRQ�
VWDQW GLPHQVLRQ HTXDO WR Q�

6WHS � &RQVLGHU ��N���  IJ� DGIJ� � � � � DG
N���
I JJ DQG

OHW ���N��� EH LWV LQYROXWLYH FORVXUH� 1RWH WKDW E\ FRQ�

VWUXFWLRQ ��N�  �
�
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� VSDQIDGN�I JJ�

3KDVH �� 6HW S�  GLP ���N��� � GLP ��N��� � �� ,I
S�  � ��

�
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LV LQYROXWLYH� VHW N�  N� � �� �
�
L  ��L

DQG JR WR QH[W VWHS� HOVH WKHUH H[LVWV S� YHFWRU �HOGV�
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$VVXPH WKDW DIWHU D SRVVLEOH UHRUGHULQJ RI WKH LQSXWV�
��N� � 
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I J�J ZLWK �

�
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FRQVWDQW GLPHQVLRQ� VR WKDW RQH JHWV WKH IROORZLQJ
WDEOH DVVRFLDWHG ZLWK ��N� �
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